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SUMMARY 


An  in-depth  exposition  on  the  nonlinear  deformations  of  engineering  shell 
structures,  or  simply  shells,  is  presented  without  the  use  of  tensors.  First, 
the  mathematical  description  of  an  undeformed  shell  is  given  in  general 
nonorthogonal  coordinates,  which  includes  the  definition  of  a reference 
surface  that  is  the  basis  for  formulating  a two-dimensional  theory  of 
deformation.  Next,  the  geometry  of  the  reference  surface  and  associated 
vector  fields  are  presented.  After  defining  the  required  reference-surface 
attributes,  mathematical  descriptions  of  the  undeformed  shell  and  the 
corresponding  vector  fields  are  given  in  terms  of  the  reference-surface 
attributes.  Then,  a mathematical  description  of  the  deformed  image  of  the 
reference  surface  and  its  corresponding  geometry  are  presented.  The 
reference-surface  deformations  are  then  characterized  by  introducing  the 
primitive  concepts  of  elongation  and  shearing,  and  by  relating  these 
concepts  to  the  corresponding  Green-Lagrange  strains  of  continuum 
mechanics.  After  this  step,  the  strains  are  simplified  for  the  important 
practical  case  of  “small”  strains,  which  are  typically  exhibited  by  engineered 
load-bearing  shell  structures. To  add  physical  clarity,  the  linearized 
reference-surface  strains  and  rotations  are  derived,  followed  by  the 
linearized  curvatures  and  torsions  of  the  corresponding  deformed  reference 
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SUMMARY  - CONTINUED 


surface.  These  quantities  are  then  used  to  obtain  the  “small”  Green- 
Lagrange  strains  and  the  deformed-reference-surface  geometric  parameters 
in  terms  of  linearized  deformation  measures. 

In  the  next  major  part  of  the  present  study,  the  geometry  of  the  deformed 
shell  is  described  mathematically,  along  with  associated  vector  fields. Then, 
the  shell  deformations  are  characterized  by  using  the  primitive  concepts  of 
elongation  and  shearing,  and  by  relating  these  concepts  to  the 
corresponding  three-dimensional  Green-Lagrange  strains  of  continuum 
mechanics.  The  strains  are  then  simplified  for  the  case  of  “small”  strains. 
Next,  the  deformations  of  the  shell  and  its  reference  surface  are  related  by 
introducing  a kinematic  hypothesis. The  kinematic  hypothesis  used  in  the 
present  study  includes  transverse  shearing  deformations  and  contains  the 
classical  Love-Kirchhoff  kinematic  hypothesis  as  a proper,  well-defined 
subset.  To  add  more  physical  clarity,  an  alternate  formulation  of  the  shell 
strains  is  presented  next  that  emphasizes  the  geometric  parameters  of  the 
deformed  reference  surface. 
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SUMMARY  - CONCLUDED 


After  completing  the  fundamental  derivations,  resume's  of  the  essential 
equations  are  given  for  general  nonorthogonal  and  orthogonal  reference- 
surface  Gaussian  coordinates.  Then,  the  basis  for  further  simplification  of 
the  essential  equations  is  discussed,  and  the  equations  for  the  important 
case  of  “small”  strains  and  “moderate”  rotations  are  given.  In  addition, 

resume's  of  the  essential  linearized  equations  are  given  for  general 
nonorthogonal  and  orthogonal  reference-surface  Gaussian  coordinates. 
Moreover,  several  special  cases  of  the  linearized  shell  strain  are  discussed. 
Finally,  strains  are  derived  for  shells  with  “small”  initial  geometric 
imperfections.  The  corresponding  equations  are  also  given  for  the  practical 
case  of  “small”  strains  and  “moderate”  rotations. 
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PURPOSE  AND  SCOPE 


Nonlinear  shell  theories  generally  involve  the  use  of  nonorthogonal 
coordinate  systems  and  elements  of  differential  geometry.  As  a result, 
almost  all  treatments  of  this  subject  are  presented  using  generalized 
tensors. This  approach  provides  a concise  way  of  representing  lengthy 
expressions,  but  tends  to  obfuscate  the  physical  interpretation  of  certain 
mathematical  quantities  and  manipulations.  In  addition,  the  use  of 
generalized  tensor  analysis  typically  requires  a higher  level  of  mathematical 
maturity  than  most  practicing  engineers  possess  or  have  time  to  acquire. 
Thus,  these  drawbacks  greatly  reduce  the  size  of  the  audience  that  can 
benefit  from  a detailed  knowledge  of  nonlinear  shell  theories.  This  point  is 
particularly  important  to  the  aerospace  community  because  the  demand  for 
shell  structures  that  are  lightweight  and  exhibit  high  performance  leads  to 
thin-walled  members  that  exhibit  at  least  some  nonlinear  behavior. 

The  purpose  of  the  present  study  is  to  give  a detailed  exposition  of  the 
nonlinear  kinematics  of  shell  structures. Toward  this  purpose,  the  basic 
ideas  are  presented  and  the  corresponding  equations  are  derived  from  first 
principles.  In  addition,  many  intermediate  steps  are  presented  and  many 
visual  representations  of  mathematical  concepts  are  given. 
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PURPOSE  AND  SCOPE  - CONCLUDED 


The  scope  of  the  presenty  study  is  limited  to  the  nonlinear  kinematics  of 
shell  structures,  but  the  formulation  presented  is  based  on  general 
nonorthogonal  coordinates  and  avoids  the  use  of  tensors.  The  presentation 
is  physics  based  and  includes  details  of  the  differential  geometry  of  a shell 
in  its  undeformed  and  deformed  states.  Additionally,  the  basic  concepts  of 
deformation  are  presented  and  related  to  the  changes  in  shell  geometry  that 
occur  during  deformation.  The  kinematics  include  the  effects  of  transverse 
shearing  deformations  and  retain  the  equations  of  classical  Love-Kirchhoff 
shell  theory  as  a well-defined,  proper  subset.  Moreover,  simplifications  of 
the  key  equations  that  are  based  on  the  size  of  the  strains  and  the  rotations 
of  material  line  elements  within  a shell  are  given  and  related  to  several  well- 
known  published  theories.  Several  parts  of  the  presentation  are  redundant, 
by  design,  to  enhance  comprehension. 
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NOTATION 
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INDICIAL  NOTATION 


• Indicial  notation  is  used  in  the  present  study  because  it  provides  a 
compact  means  for  representing  lengthy  expressions 

• For  example,  the  expression  a.b,  + a2b2  + a3b3  is  written  concisely  as 

akbk , where  the  repeated  index  implies  a summation  over  the  values 
k = 1,  2,  and  3 

• Similarly,  the  expression  a)kbk  = cJ  is  used  to  represent  the  system  of 
linear  equations 


• Coordinates  such  as  the  usual  Cartesian  coordinates  (x,  y,  z)  are 
written  as  (x15  x2,  x3]  herein  to  facilitate  the  use  of  indicial  notation 
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INDICIAL  NOTATION  - CONTINUED 


• Herein,  the  following  convention  is  used  for  indicial  notation: 

• Repeated  indices  that  imply  a summation  can  appear  as 
superscripts  and  subscripts 

• A Latin  index  such  as  “k”  takes  on  the  values  1, 2,  and  3 unless 
noted  otherwise;  e.g.,  akbk  = a1b1  + a2b2  + a3b3 

• A Greek  index  such  as  “a”  takes  on  the  values  1 and  2 unless 
noted  otherwise;  e.g.,  aaba  = a1^  + a2b2 


Summation  implied  by  two  repeated  indices  is  suspended  if  one 
index  is  enclosed  in  parenthesis;  e.g.,  a “ba  implies  a'b,  or  a2b2 


• Any  index  that  is  not  a proper  repeated  index  is  called  a free  index 

• Free  indices  take  on  all  the  values  of  the  given  index;  e.g.,  in  the 

expression  aHba,  “a”  is  a free  index  (because  of  the  parenthesis) 
and  can  take  on  the  values  1 and  2 


16 


SET-THEORY  NOTATION 


• In  the  following  discussion  of  set  notation,  sets  are  denoted  by 

boldface  upper-case  letters  and  the  elements  of  a set  are  denoted  by 
boldface  lower-case  letters,  unless  indicated  otherwise 

• x e s indicates  that  x is  an  element  or  member  of  the  set  S 

• x^s  indicates  that  x is  not  an  element  or  member  of  the  set  S 


• A set  may  be  specified  explicitly  by  using  braces  and  listing  all  of  the 
elements 

• e.g.,  {2, 4,  6,  8}  indicates  that  the  numbers  2, 4,  6,  and  8 form  a set 

• This  type  of  set  specification  is  called  roster  or  tabular 
notation 
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SET-THEORY  NOTATION  - CONTINUED 


• In  giving  a complete  description  of  the  elements  of  a set,  one  often  uses 
a statement  that  specifies  some  conditions  or  restrictions 


• A shorthand  notation  used  to  indicate  a condition  in  set  theory  is 


aES 


condition  J 


• This  notation  reads,  “a  is  a member  of  the  set  S such  that  the 
specific  condition  is  fulfilled” 

• This  method  is  often  called  the  set-builder  or  property  method 


For  example,  |x  e fH  | x > 0 J indicates  that  x consists  of  the  set 
of  all  real  numbers  that  are  greater  than  zero 


• An  empty  set  is  a set  without  any  elements  and  is  denoted  by  0 
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SET-THEORY  NOTATION  - CONTINUED 


• A set  A is  a subset  of  a set  B whenever  every  element  of  the  set  A 
is  also  an  element  of  the  set  B 

• This  relationship  is  denoted  by  acb 

• In  general,  the  subset  A may  contain  all  the  elements  of  the  set  B; 
thus,  if  ACB  and  B c A then  A = B 

• When  the  sets  A and  B are  restricted  to  be  unequal,  the  set  A is 
described  as  a proper  subset  of  the  set  B - this  relationship  is 

denoted  by  acb 

• That  is,  acb  is  used  to  indicate  that  set  A is  included  in  set  B 
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SET-THEORY  NOTATION  - CONTINUED 

• The  common  elements  of  two  sets  A and  B are  denoted  by  A n B 

• When  there  are  no  common  elements  A n B = 0 and  the  sets  are 
described  as  disjoint 

• A n B is  the  “largest”  set  that  is  a subset  of  both  A and  B 


A n 0 = 0 for  any  set  A 


The  intersection  of  two  sets,  A and  B,  is  defined  as  the  set 


Ane  = /x 


xeA  and  x e 


\ 

/ 
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SET-THEORY  NOTATION  - CONTINUED 


• The  union  of  two  sets  A and  B is  another  set  denoted  by  A u B and 
consists  of  all  elements  of  both  sets  A and  B;  i.e., 


A U B = 


xEA  or  xEB 


= B U A 


• A u B can  be  thought  of  as  "addition"  of  the  sets  A and  B 


• A u 0 = A for  any  set  A,  and  aub  is  the  “smallest”  set  for  which 
A and  B are  subsets 

• The  Cartesian  product  of  two  sets  A and  B is  denoted  by  AxB 
and  consists  of  the  set  of  all  ordered  pairs  of  elements  (a,  b ) such 
that  a e A and  b e b 
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NOTATION  FOR  INTERVALS  OF  REAL  NUMBERS 


• Let  SR  denote  the  set  of  real  numbers  and  let  ^ e 

• The  open  interval  of  SR  given  by  ^a<^<^b  is  denoted  by  (?a,?„) 

• The  closed  interval  of  SR  given  by  ^ is  denoted  by  [?a,?b] 

• The  half-open  interval  of  SR  given  by  Ha  < ^ < ^b  is  denoted  by  [£a,£b) 

• The  half-open  interval  of  SR  given  by  Ha  < H < £b  is  denoted  by  (%a£b\ 


(S.£b) 

-I o o 

o s.  i 


(ia>ib] 
-I o o 

o i.  i 
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NOTATION  FOR  VECTORS 

• Vectors  are  indicated  by  an  arrow  above  a letter;  e.g.,  a 

• Unit-magnitude  vectors  are  indicated  by  a circumflex;  e.g.,  a 

y — > 

• The  symbolism  a _L  b is  used  herein  to  indicate  that  the  vector  a is 
perpendicular  to  the  vector  b 

• Similarly,  a ||  b is  used  herein  to  indicate  that  the  vector  a is  parallel 
to  the  vector  b 
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MATHEMATICAL  DESCRIPTION  OF  AN 
UNDEFORMED  SHELL 
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THE  PREMISE  OF  CONTINUUM  MODELING 


• In  order  to  obtain  solutions  to  practical  engineering  problems,  that 
involve  load-carrying  structures  made  of  solid  materials,  the  discrete 
atomic  structure  of  matter  is  replaced  with  a mathematical  construct 
known  as  continuum  modeling 

• In  continuum  modeling,  a body  of  material  is  idealized  as  contiguous 
collection  of  material  particles  that  are  placed  into  a unique 
correspondence  with  geometric  points  of  three-dimensional  Euclidean 

space  £3,  referred  to  herein  as  material  points 

• Thus,  one-dimensional  chains  of  material  particles  can  be 
envisioned  that  are  placed  into  unique  correspondence  with 

geometric  curves  in  £3,  referred  to  herein  as  material  curves 

• Likewise,  two-dimensional  collections  of  material  particles  are 

placed  into  unique  correspondence  with  geometric  surfaces  in  £3, 
referred  to  herein  as  material  surfaces 
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THE  PREMISE  OF  CONTINUUM  MODELING 

CONTINUED 


• Furthermore,  three-dimensional  collections  of  material  particles  are 
envisioned  and  placed  into  unique  correspondence  with  geometric 

regions  in  £3,  referred  to  herein  as  material  regions  or  material  bodies 

• With  these  correspondences,  each  point  of  Z 3 can  be  endowed  with 
the  physical  attributes  of  the  corresponding  material  particle,  which 
represents  a homogenization  of  the  properties  of  some  corresponding 
finite  collection  of  discrete  atoms 

• These  “pointwise”  properties  include  scalar  quantities  such  as  mass 
and  temperature,  which  are  characterized  by  magnitudes 

• Pointwise  properties  also  include  vector  quantities  such  as  force  and 
momentum,  which  are  characterized  by  magnitude  and  direction,  and 
tensor  quantities,  such  as  stress,  that  are  linear  functions  of  vectors 
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THE  PREMISE  OF  CONTINUUM  MODELING 

CONCLUDED 


• Thus,  the  physical  behavior  of  the  continuum  is  fully  characterized  by  a 

set  of  points  in  three-dimensional  Euclidean  space  Z 3 that  are 
endowed  with  the  algebraic  structures  of  scalar,  vector,  and  tensor 
fields 

• The  set  of  points,  and  corresponding  algebraic  structures,  used  to 
represent  a curved,  relatively  thin-walled  surface-like  material  body  is 
referred  to  herein  as  the  shell  space 

• Some  particular  information  regarding  the  shell  space  is  presented 
subsequently 
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THE  SHELL  SPACE, 

• A shell  structure  is  described  mathematically  as  a set  of  material 
points,  B,  that  occupy  a region,  JP , of  three-dimensional  Euclidean 

space  £ 3 at  time  t 

• Herein,  the  time  t = 0 is  defined  as  the  reference  configuration  or 
reference  state  of  the  shell,  which  occupies  C £z 

• In  the  reference  configuration,  the  shell  is  presumed  to  be 
undeformed  and  unstressed 

• The  subset  C £z  is  also  referred  to  herein  as  the  shell  space 

• Likewise,  the  subset  C £z  is  referred  to  herein  as  the  deformed 
image  of  the  shell  space  at  time  t 
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THE  SHELL  SPACE,  - CONTINUED 

• Points  of  the  shell  space  are  described  parametrically  by  the  Cartesian 
coordinates  (x15  x2,  x3) , with  respect  to  the  frame  O - xt  - x2  - x3 , 
where  the  Cartesian  coordinates  are  given  by 


x,  = x1(i1,  i2,  §3) 

X2  = X2(^2,  S3) 

X3  = X3(§„  i2,  i3) 

• The  corresponding  basis  of  the  Cartesian  coordinate  system  is 
denoted  herein  by  {t1s  t2,  t3} 

• The  parameters  |2,  and  are  interpreted  as  a set  of  points  (£;„  i=2,  £3) 
that  span  a cuboid  region  of  a three-dimensional  space  that  gets 
mapped  onto  JR0  C S3  in  a unique,  one-to-one  manner 

• The  cuboid  region  is  defined  as  the  domain  of  the  mapping 
specified  by 


x,  = x,(i„  i2,  i3) 

5 

x2  = x,(i„  |2,  |3) , and 

X3  = X3(|„  |2,  |3) 
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THE  SHELL  SPACE,  - CONTINUED 


1,-axis 


Domain,?, 


Mapping 

xk(l„  ?2,  |3) 


axis 


^-axis 


-axis 


Cartesian  coordinate  frame 


§raxis 
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THE  SHELL  SPACE,  - CONTINUED 

• Consider  the  plane  ^ = c,  in  the  domain  where  cA  is  a specified 
constant  value 

• For  this  case,  the  three  mapping  functions  xk  = xk(c15  §2,  §3) , defined  on 
the  implied  domain  for  the  points  (l=2,  §3) , yield  a parametric 
representation  for  a surface  within  the  shell  space  JR0  C S 3 

• Thus,  the  plane  ^ = c 1 in  the  domain  is  mapped  onto  a surface  in 

• Likewise,  the  planes  *=2  = constant  and  = constant  in  the  domain 

are  mapped  onto  surfaces  in 
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CONTINUED 


THE  SHELL  SPACE,  - 
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THE  SHELL  SPACE,  - CONTINUED 

• Now  consider  the  line  in  the  domain  *D v given  by  ^ = c1  and  = c2 , 
where  c1  and  c2  are  specified  constant  values 

• For  this  case,  the  three  mapping  functions  xk  = xk(c15  c2,  ^3) , defined 

on  the  implied  domain  for  the  points  given  by  £3 , yield  a parametric 
representation  for  a space  curve  within  the  shell  space 

• Thus,  the  line  given  by  ^ = c1  and  = c2  in  the  domain  is 
mapped  onto  a curve  in 

• Moreover,  as  the  numerical  values  of  £3  increase,  a positive 
direction  of  traversal  of  the  curve  is  implied  by  the  specific 
functional  form  of  the  three  mapping  functions 

• Likewise,  the  line  given  by  ^ = constant  and  = constant , and  the 
line  given  by  = constant  and  ^3  = constant  in  the  domain  are 
mapped  onto  space  curves  in  JR0  with  an  implied  direction  of  traversal 
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THE  SHELL  SPACE,  - CONTINUED 

• Therefore,  by  requiring  the  mapping  functions  xk  = xk(^15 1=2,  1|3)  to  map 

distinct  lines  in  the  domain  onto  distinct  curves  in  the  shell  space,  it 
follows  that  the  parameters  |2,  and  define  a system  of  curvilinear 

coordinates  for  the  shell  space  C S 


• In  the  figure  that  follows,  the  symbols  +*=, , +^2 , and  +^3  are  used  to 
indicate  positive  directions  of  curvilinear-coordinate  traversal 
associated  with  positive  increments  in  the  corresponding  parameters 


• In  addition,  the  position  vector  to  point  P shown  in  the  following  figure, 
with  coordinates  (X1S  X2,  X3) , defined  relative  to  the  Cartesian 

coordinate  frame  and  basis  (t,,  t2,  t3)  is  given  by  x = xk(^,  ^2,  ^3)\k 
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THE  SHELL  SPACE,  - CONTINUED 
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THE  SHELL  SPACE,  - CONCLUDED 

• As  an  example  of  a shell  space,  consider  the  set  of  points  given  by  the 
cylindrical  coordinates  (r,  0,  z) , where  R,  < r < ro  , o < 0 < 2je  , and 
0 < z < L 


• These  points  fill  a right  circular  cylindrical  shell  with  an  inner 
radius  R;,  an  outer  radius  R0,  and  length  L 


• Let  0^^2,  and  r 

• The  domain  with  points  (§1,  H2,  ?3) 
is  given  by  [0,  L]  x [0,  2jt)  x [Ris  R0] 

• The  mapping  functions  are 

X,  = cos|2 , X2  = sin^2 , and 

X3  = ^i 
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NATURAL  BASE-VECTOR  FIELDS  OF 

• To  model  pointwise  physical  attributes  of  a shell  that  have  magnitude 
and  direction,  the  ability  to  define  vector  fields  for  points  of  the  shell 
space  is  needed 

• In  courses  on  differential  geometry,  it  is  shown  that  a space  curve  is 
given  parametrically  by  x = xk(i)fk 


• Moreover,  it  is  shown  that  a vector  tangent  to  the  space  curve  is  given 


dX  _ i:m 

Xk(§  + A?)  - xk(l) 

A 

ik 

g r.  1 1 1 1 1 

A? 

, provided  that  the  limit  exists 


• For  this  limit  to  exist,  x = xk(^)Tk  must  be  continuous  and  its 
derivative  must  also  be  continuous;  that  is,  it  must  be  smooth 


• Thus,  a unique  set  of  vectors  that  are  tangent  to  the  curvilinear- 
coordinate  curves  can  be  defined  provided  that  mapping  functions 

Xk  = xk(g1s  g2,  g3)  and  their  partial  derivatives  are  continuous 
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NATURAL  BASE-VECTOR  FIELDS  OF  1Rn  - CONTINUED 


Therefore,  base-vector 
fields  of  the  curvilinear 

coordinates  (?1S  ?2,  ?3) 
are  defined  by 


{Mi.,  i..  13)  « 


for  k e {1,  2,  3} 

Each  base  vector  at 
point  P is  tangent  to 
the  corresponding 
curvilinear-coordinate 
curve  and  points  in  the 
direction  of  positive 
coordinate-curve  traversal,  as  shown  in  the  figure 
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NATURAL  BASE-VECTOR  FIELDS  OF  - CONTINUED 

• For  any  legitimate  curvilinear  coordinate  system,  the  three  coordinate 
surfaces  that  correspond  to  constant  values  of  §1S  t=2,  and  are 

noncoincident  at  every  point  of  JR0  C S 3,  and  as  a result,  the  three 
coordinate  curves  are  distinct 

• Thus,  the  vector  fields  (g„  g2,  g3}  are  linearly  independent  at  every 
point  of  ^0,  and  as  a result,  they  provide  a basis  for  quantitatively 
representing  vector  fields  associated  with  the  points  of 

• In  addition,  the  three  base-vector  fields  are  mutually  orthogonal  at 
every  point  of  when  the  curvilinear  coordinates  are  orthogonal 

• In  general,  any  three  linearly  independent  vector  fields  provide  a basis 
for  representing  all  other  related  vector  fields;  as  a result,  the  set  of 
three  linearly  independent  vector  fields  is  given  the  name  “basis” 
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NATURAL  BASE-VECTOR  FIELDS  OF  - CONTINUED 

• Because  the  set  (g15  g2,  g3)  appears  naturally,  or  inherently,  as  partial 

derivatives  of  the  of  shell-space  parametric  representation,  this 
particular  basis  is  called  the  natural  basis  of  the  shell  space 

• An  important  subset  of  (g1?  g2,  g3}  is  the  set  (T1S  \2 , t3}  , which 
corresponds  to  planar  coordinate  surfaces  and  Cartesian  coordinates 

• For  this  special  case,  the  orientation  and  magnitude  of  {i\,  t2,  \3}  are 
constant  throughout  the  region 
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NATURAL  BASE-VECTOR  FIELDS  OF  1RQ  - CONTINUED 
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NATURAL  BASE-VECTOR  FIELDS  OF  - CONTINUED 

• Another  convenient  form  of  the  natural  curvilinear-coordinate  basis  is 
the  set  of  unit-magnitude  vector  fields  {gi,  g25  g3}  defined  by 


g,(ii.  s*  i9)  - 

g2(ii.  i2.  - ~J2 

g2(ii.  §3)  - [j3 

where 


H,(g„  I2, 13)  ^ 

1 Si 

1 = vg,  • g, 

H2(§„  §2,  §3)  = 1 

g2| 

= V g2  • g2 

H3(§„  §2,  §3)  = I 

g3| 

= Vg3  • g3 

or  ?3j  = gk  = V9k*9(k)  , where  the  index  enclosed  by 

parentheses  indicates  suspension  of  the  summation  convention  for 
repeated  indices 
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NATURAL  BASE-VECTOR  FIELDS  OF  1RQ  - CONTINUED 


— 7 

Once  a specific  parametrization  x = xk(^15  ^3)fk  is  given,  gk  = ^ is 


expressed  in  Cartesian-component  form  as 


Then,  Hk=  ^gk  • g(k)'  becomes  Hk  = 


• In  particular, 
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NATURAL  BASE-VECTOR  FIELDS  OF  1RQ  - CONTINUED 


• Consider  the  previous  example  of  a cylindrical  shell  space  defined  by 
the  mapping  functions  x,  = cos^2 , x2  = ^3  sin^2 , and  x3  = ^ ; where 

o < ^ < l , o < ^2  < 2it , and  Rj  < < R0 


• The  natural  base-vector  fields  are  found  to  be 


9 2 — sin^2  i i ) 5 and 


g3  = cos^2  \ t + sin^2  \2 
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NATURAL  BASE-VECTOR  FIELDS  OF  1RQ  - CONCLUDED 


• The  magnitudes  of  the  natural  base-vector  fields  are  computed  as 


H,  = 

9i 

= 1 

, h2  = 

g2 

, and  h3= 

g3 

= 1 

• With  these  quantities,  the  unit-magnitude  natural  base-vector  fields  are 
given  by 


5 


g2  = 

g2 

h2 

= cos|2i2  sin§2i, 

/s 

g3  = 

g3 

H3 

= cos§2 1,  + sin|2 12 

, and 
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PARALLEL  SURFACES  OF 

• In  formulating  a shell  theory,  it  is  useful  to  envision  a shell  as  a two- 
dimensional  reference  surface,  defined  by  xk(^,  £2)  = Xk(?1,  §2,  o)  , with 

characteristic  areal  dimensions  ^ and  (2,  and  with  a finite  thickness 
distribution  h(^,  £2)  that  has  a maximum  value  hmax 

• Typically,  the  characteristic 
dimensions  t,  and  t2  are  much 
larger  than  the  maximum  shell 
thickness;  that  is,  (v  t2 » hmax 

• To  facilitate  this  approach,  the 

coordinate  is  defined  as  the 
distance  along  a line 
perpendicular  to  the  plane 
tangent  to  the  reference 

surface  at  the  point  £2) 
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PARALLEL  SURFACES  OF  - CONTINUED 

• For  a constant  value  of  the  |3  coordinate,  given  by  = c3 , the  mapping 

functions  xk(^,  ^2,  c3j  define  a surface  that  is  located  a distance  c3 
above  the  reference  surface  at  each  of  its  points 

• A surface  of  this  type  is  defined  herein  as  a parallel  surface 

• Thus,  in  this  approach  a shell 
is  modelled  mathematically  as 
a set  of  contiguous  parallel 
surfaces  that  fill  the  three- 
dimensional  region  of  space 

occupied  by  the  shell, 

• Note  that  the  particles  of  a 
shell  are  contained  within  and 
on  a top  and  a bottom 
bounding  surface,  that  are 
generally  not  parallel  surfaces 


Top  bounding 
surface 
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PARALLEL  SURFACES  OF  - CONTINUED 


• For  example,  consider  the  cross  section  of  a shell  shown  in  the  figure 
for  a constant  value  of 


• The  reference 
surface 

corresponds  to 
|3  = 0 and  several 
parallel  surface  are 
shown  that 
correspond  to 
constant  values  of 
the  coordinate  §3 

• For  this  particular 
shell,  the  top  and 
bottom  surfaces  are 
not  parallel  surfaces 
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PARALLEL  SURFACES  OF  - CONTINUED 


• Let  P denote  a 
generic  point  of  the 
reference  surface 
with  coordinates 

(i,>  0) 


• Likewise,  let  Q and 
R denote  the 
corresponding 
points  of  the  top 
and  bottom 
bounding  surface, 
respectively 


• The  coordinates  of  points  Q and  R are  denote  by  c^,  i2)>o  and 
c,"(?i,  ^2)  < 0 , respectively,  and  the  thickness  is  h(£„  ^2)  = cl  - c;  > 0 
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PARALLEL  SURFACES  OF  - CONTINUED 

• The  bounding  surfaces  are,  in  general,  defined  by  two  additional 
mappings  xk  = xk(iis  i2,  c2)  and  xk  = xk(iis  i2,  cj)  , where 

C3  = cl(^,  ^2)  and  c;  = c;(^,  ^2)  are,  in  general,  specified  functions  of 
the  reference-surface  coordinates 

• Typically,  the  middle 
surface  of  the  shell  is 
used  as  the  reference 
surface,  but  it  is  not  a 
necessary  condition 

• In  general,  the  reference 
surface  can  be  any 
surface  within  the  shell  or 
a convenient  ficticious 
surface  outside  the  actual 
shell 


Top  bounding  surface 

xR  = xR(i„  i2,  c;j 
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PARALLEL  SURFACES  OF  - CONTINUED 

• The  utility  of  defining  a shell  in  terms  of  a corresponding  reference 
surface  is  that  it  permits  the  pointwise  behavior  of  the  shell  to  be 
described  completely  in  terms  of  the  reference  surface  attributes 

• As  shown  previously,  the  coordinates  (£„  s=2,  o)  locate  points  of  the 
reference  surface,  and  values  of  the  coordinate  are  measured 
perpendicular  to  the  reference-surface  tangent  plane,  at  the  given  point 
of  the  reference  surface 

• For  this  case,  the  shell  thickness  distribution  is  also  given  by 


h(i„  i2)  = 

x(i„  i*  c;)  - x(g„  i2,  c3_) 

and 

^3  — ^3  — C3 

with  c;  = c^i, £2)  and  c3  =c3(^?2) 
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PARALLEL  SURFACES  OF  - CONCLUDED 
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MATHEMATICAL  DESCRIPTION  OF  THE 
SHELL  REFERENCE  SURFACE,  S0 
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MATHEMATICAL  DESCRIPTION  OF  S0 

• The  Cartesian  coordinates  of  the  two-dimensional  set  of  points, 
S0CJR0C  £ 3,  forming  the  reference  surface  are  specified 
parametrically  by  x1  = x^,  £2) , x2  = x2(i„  £2) , and  x3  = x3(£15£2) 

• The  parameters  ^ and  §2  are  typically  specified  over  two  generally 
different  intervals  of  the  real  line,  i1  and  i2,  respectively 

• The  domain  of  the  mapping  x,  = x,^,  £2),  x2  = x2(£15 t2) , and 
x3  = x3(^i5  ?2)  is  given  by  the  Cartesian  product  i1  x i2 

• The  set  of  ordered  parameters  (§1S  §2)  form  a coordinate  “net”  within 

the  surface,  as  shown  in  the  next  figure,  and  are  called  Gaussian 
coordinates  of  the  surface 


54 


MATHEMATICAL  DESCRIPTION  OF  S0  - CONTINUED 


55 


MATHEMATICAL  DESCRIPTION  OF  S0  - CONCLUDED 

• The  specific  form  of  the  functions  *k  = *k(^i,  £2)  define  implicitly  the 

positive  traversal  directions  of  the  corresponding  curvilinear  Gaussian- 
coordinate  curves 

• To  characterize  the  deformation  of  a shell,  it  is  convenient  to  use  a 
vector  description  of  the  reference  surface  and  its  deformed  image  at 

an  arbitrary  time  t>0 

• Therefore,  let  S0  be  an  arbitrary  smooth  surface  in  S 3,  in  proximity  of 
the  shell  space  JR0,  that  is  defined  by  the  position  vector  * = xk(^15  ^2)  \k 

• S0  is  referred  to  herein  as  the  undeformed  reference  surface 

• Points  of  S0  are  presumed  to  have  a unique  correspondance  with 
material  particles  of  the  shell  only  when  S0  Cl  C £3 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0 


• In  formulating  a two-dimensional  shell  theory,  the 
properties  of  a three-dimensional  shell  are 
represented  in  terms  of  the  attributes  of  a 

corresponding  reference  surface 

• Thus,  the  need  arises  to  define  vector  fields 
associated  with  the  points  of  S0 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0  - CONTINUED 

• Previously,  it  was  shown  that  the  natural  base-vector  fields  for  the  shell 

— > 

space  are  defined  by  gk(ii,  i2.  i3)  = £ and  that  the  reference  surface  is 
defined  by  xk(^,  £2)  = Xk(^,  §2,  o) 

• When  S0  is  not  a subset  of  j?0,  S0  is  defined  by  specifying  the 
mapping  functions  Xk(^, 12,  ^3)  to  include  points  outside  of 

• In  addition,  the  vectors  gk(^  are  tangent  to  the  coordinate  curves 
at  every  point  of  the  shell  space 

• Furthermore,  the  §3  coordinate  has  been  designated  as  a rectilinear 
coordinate  that  is  measured  perpendicular  to  the  tangent  plane  Tp^),  at 

every  point  PES0  of  the  reference  surface  with  coordinates  (^^o) 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0  - CONTINUED 


• Therefore,  the  vector  fields 


— > 

g„(?.>  o)  = 

. 3*  - S|6  t i 
“ nt  - <M5i>  52 j 

^ = 0 °9a 

and 

— > 

g3(i„g2,o)= 

tm 

II 

o 

form  natural  base-vector  fields  for  vectors  associated  with  points  of  the 
shell  reference  surface  S0 


• The  natural  base-vector  fields  of  S0,  that  span  the  tangent  plane, 


Tp (s0),  at  every  point  P G S0,  are 


and  a2(^15  ^2)  = 


To  complete  the  basis  for  points  of  S0,  it  is  also  convenient  to 


introduce  the  unit-magnitude  vector  field  n(^,  £2)  = 


a1  x a2 


->  — > 

a1  x a2 


that  is 


perpendicular  to  the  tangent  plane  at  every  point  P e50 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0  - CONTINUED 

• At  a given  point  of  S0,  the  base  vectors  a,  and  a2  are  tangent  to  the 
Gaussian-coordinate  curves,  as  shown  in  the  figure 


In  general,  the  base 
vectors  an  and  a2  are  not 
orthogonal 

The  angle  between  a,  and 

a2  is  denoted  by  012,  as 
shown  in  the  figure 

Note  that  generally 


012  = 012^1,  S2) 


Undeformed 
surface,  S0 


X = xk(^15  £2)  i 


a2fe,  S2) 


^2-axis 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0  - CONTINUED 


• The  magnitudes  of  a,  and  a2  are  defined  by 


-AJ?,,  i2)=  <Ja, 


Noting  that 


-> 

= 

o) 

, it  follows  that  Aa(^,  ?2)  = %2,  o) 

With  these  definitions,  the  unit-magnitude  natural  base  vector  fields  of 
the  undeformed  reference  surface  S0  are  defined  by 


and 


• It  is  important  to  remember  that  although  the  magnitudes  of  these 
vector  fields  are  constant,  the  directions  are  not  - thus,  aa  = aa(£„  £2) 

• The  angle  e12(s1s  s2)  is  computed  from  cose12  = an  • a2 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0  - CONTINUED 


The  Cartesian-component  forms  of  a^,  £2)  = 


are  given  by 

a,(g„g2)  = !Mi  + ^i2  + ^ i3  and  a2(g„  i2)  = ^ i,  + i2  + d*3 


a^2  d%2  d^2 


or  in  indicial  form  by  aa(^,  i2)  = ^ tk , where  xk(^,  ^2)  are  known 


• Thus,  Aa=  ^ aa  • a(a)'  yields 


or  in  indicial  form 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0  - CONTINUED 


• Similarly, 


ax 2 ax3 

W2 


dx3  ax2 

+ 


ii  + 


ax3  ax! 


ax!  ax 3 

d?i  a^2 


r ax!  ax2  ax 2 axi W 

ai;  ai;- ai;  ai;]'3 


A 


• The  components  of  the  unit-magnitude  vector  field  n = n Jk  are  given 
in  terms  of  the  reference-surface  parametrization  xk(s„  £2)  by 


1 

n — 

M1  “ 

x a2 

dx2  dXr 

WW; 


dX2  dX3 

a|,  a|7 


1 

n — 

ax.,  dx3  ax1  ax3 

"2  ” 

-*  -* 
x a2 

a|2 ai,  ai,ai2 

and 


1 

n — 

ax!  ax2  ax!  ax2 

1 13  — 

a1  x a2 

ai,  ai2  ai2  a|, 

where 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0  - CONTINUED 


2 r 

a.,  x a2 

V 


dX3 

d%2 


dXs  dxA 

3g,  3?J 


+ 


ax,  dX2 

W,W2 


1 dx3  ax,  ax,  ax3\ 

ai7  ail _ ai7  aiT  J 

ax2  ax,]2 

~W,W2j 


• Note  that  once  n(?„  e2|  = nk(e„  g2)  ik  is  known,  points  of  the  shell  space 


are  located  by  using  x(§,,  ga,  g3)  = x(i„  i2)  + n(i„  %„) 


• Moreover,  the  bounding  surfaces  of  the  shell  space  are  given  by 

x(i„  cl)  = x(?„  §2)  + c;(g„  |2)  n(i„  i2)  and 

x(i„  c")  = x(g„  i2)  + c;(l„  i2)  n(§„  i2)  , 


and  the  shell  thickness  is  given  by  h(§„  ?2)  = cj  - c3  > o 
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NATURAL  BASE-VECTOR  FIELDS  OF  S0  - CONCLUDED 


a2(i„  12)  S 3 

+i2 


^„-axis 

i,, 

^2-axis 


^3  n 

Shell  space,  JR0 

Undeformed 
surface,  S0 

x = xk(s1f  ^3)  K 

x = Xk(5„  ^2)  i k 


2^-axis 


• In  this  figure,  S0  C fR0  C S 3 
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VECTOR  FIELDS  DEFINED  ON  S0 

• The  set  {a15  a2,  n}  forms 
a natural  basis  for  vector 

fields  in  £ that  are 
associated  with  points  of 
the  reference  surface  S0 

• Thus,  any  vector  V(£„  £2) 

3 

in  £ that  is  associated 

with  the  point  P G S0 , 
can  be  expressed  as  a 
linear  combination  of 
the  three  base  vectors 

• In  addition,  the  set  of  unit  vectors  {a15  a2,  n}  forms  a basis  for  vector 
fields  associated  with  any  point  P e50 
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VECTOR  FIELDS  DEFINED  ON  S0  - CONCLUDED 


• Thus,  any  vector  V(^15  £2) 

3 

in  £ that  is  associated 

with  the  point  P G S0, 
can  also  be  expressed  as 
a linear  combination  of 

the  vectors  (a15  a2,  n} 

• In  the  present  study, 
vectors  associated  with 

points  of  S0  are 
expressed  as 

V = Vaaa  + V3n 


unless  indicated  otherwise 
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METRIC  COEFFICIENTS  OF  S0 

• Let  Sf(P)  denote  a small,  infinitesimal  neighborhood of  an  arbitrary 
point  P of  the  undeformed  reference  surface,  S0 

• Likewise,  let  point  Q be  in  Se(P)  and  let  C denote  a smooth  surface 
curve  that  connects  points  P and  Q 

• The  surface  curve  C is 
defined  generally  by  a 
parametrization  of  the 

form  £(t  = £a(n-)  , where 
is  a parameter 

• For  convenience,  let  the 
parametrization  of  C 

be  given  by  ^a  = ^a(s), 

where  0 ss  s <;  L is  the 
arc-length  coordinate  of 
C and  L is  its  length 
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METRIC  COEFFICIENTS  OF  S0  - CONTINUED 

• As  the  curve  is  traversed  by  an  infinitesimal  amount  ds,  from  point  P 
to  point  Q in  the  previous  figure,  a differential  increment  in  the  surface 

coordinates  = £„(s)  is  induced 

• The  position  vector  to  point  Q is  x(it  + d^19  i2  + d^2)  = x(i15  £2)  + dx  , 

where  dx  is  the  vector  from  point  P to  point  Q shown  in  the 
previous  figure 

• The  length  of  surface  arc  between  points  P and  Q shown  in  the 
previous  figure  is  given  by  ds  = PQ 

• The  differential  arc  lengths  PR  and  PS  of  the  coordinate  curves, 
shown  in  the  previous  figure,  are  denoted  by  PR  = ds(1)  and  PS  = ds(2) 
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METRIC  COEFFICIENTS  OF  S0  - CONTINUED 


• The  arc  length  ds  of  the  two  infinitesimally  close  points,  P and  Q,  is 

2 . 

given  by  the  dot  product  ds  = dx  • dx 


ax 


Noting  that  dx  = — d^( 
it  follows  that 
ds2  = (a„  • 


The  quantities  a, 


^ <ip 


are  called  the  components 
of  the  surface  metric  tensor 


• These  metric  quantities  enable  the  measurement  of  surface-curve 
lengths,  surface  areas,  and  angles  between  the  tangent  lines  of 
intersecting  surface  curves 
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METRIC  COEFFICIENTS  OF  Sn  - CONTINUED 


Thus,  the  arc  length  ds  is  expressed  as  ds  = aapd^ad^p  , or  in 


2 2 ' 

expanded  form  as  ds  sa^fd^)  + 2a12  d^d^2  + a22(d§2) 


• An  alternative  representation  of  the  arc  length  ds  used  herein  is  given 
by 

ds2  = (A!  d^)  + 2A^2  cos012  d^d^  + (A2  d^2) 


where 


A^,,  £2)  = \/ai  • a/  = a,  = v^n  , A2(^15  £2)  = \ a2  • a2  = a2  = va22'  , and 


rn<5ft  — 

-> 

a! 

• 

-» 

a2 

CM 

cc 

I 

i 

-> 

ai 

-> 

a2 

Vaiia22 
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METRIC  COEFFICIENTS  OF  S0  - CONCLUDED 


• The  functions  A1  and  A2  are  known  as  the  Lame'  parameters  of  the 
undeformed  reference  surface,  but  are  often  referred  to  as  metric 
coefficients  or  metric  parameters 


• For  the  special  case  of  orthogonal  Gaussian  reference-surface 
coordinates, 


0i2  = § and  ds2=  (A,  d^)2+ (A2d^2)2 
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RECIPROCAL  BASIS  OF  S0 

When  dealing  with  general  nonorthogonal  Gaussian  coordinates,  it  is 
also  convenient  to  introduce  the  unit-magnitude  vector  fields 


/\  1 /S  /V 

a = a2  x n 


and 


A XV 

a = n x a1 


for  the  reference  surface  such  that 


x"x  • x”x  — ^ XV ^ XV  — ^ x-->  - x" -v  x" — x--x  ■ x- x - x" x — x"x  x--x 

a • n = 0 , a • n = 0 , a • a2  = a • a1  = 0 , and  a x a = a,  * a. 


Noting  that  these  conditions  on  a and  a imply  that  the  angle 
between  a1  and  a,  , and  between  a and  a2 , is  f - o12  it  follows  that 


a •a1  = sine12  and  a • a2  = sin012  ; thus,  a“  • ap  = 6P  sin01 


XV 


XV  ~ (X 


Moreover,  it  follows  that 


XV 1 XV  _ A XV 1 XV  A xO  A XV 

a x a1  = cos012  n axa2  = n a x n = - a 


^2  /s  A /S  A A 

a x a,  = - n a x a2  = - cos012  n a x n = a1 
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RECIPROCAL  BASIS  OF  S0  - CONTINUED 


Tangent  plane, Tp^) 
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RECIPROCAL  BASIS  OF  S0  - CONCLUDED 


• Expressing  a and  a as  linear  combinations  of  a,  and  a2  and 
applying  these  additional  relationships  yields  the  results 


^ 1 ^ « /s  /s  a 

a = a1  csc012  - a2  cot012  = a2  x n 


and 


a = a2  csc012  - a1  cot012  = nxa. 


• Inverting  these  equations  gives 

and 

• It  is  important  to  note  that  the  vectors  {a1,  a,  n}  are  inherently  linearly 

independent  and,  as  a result,  also  constitute  a basis  for  vector  fields 
associated  with  points  of  the  reference  surface 

• These  vector  fields  are  referred  to  herein  as  reciprocal  base-vector 
fields  for  convenience  although  they  satisfy  a“  • ap  = s“  sin©12  and  not 

the  true  reciprocal  relation  a“  • ap  = 5“ 


a2  = a cot012  + a csc0 


12 


a1  = a csc012  + a cot0i: 
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CURVATURES  AND  TORSIONS  OF  S0 

• Consider  the  infinitesimal  changes  in  the  base-vector  fields  associated 
with  the  reference  surface,  depicted  in  the  figure 


S.(P) 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• The  changes  in  the  orientation  of  each  base  vector  initially  at  point  P 
depends  generally  on  how  the  surface  bends  and  twists,  and  how  the 
curve  being  traversed  bends  within  the  surface 

• The  term  “normal  curvature”  is  used  in  differential  geometry  to 
describe  the  bending  of  a surface  along  a given  infinitesimal  path 
of  traversal 

• Similarly,  the  term  “surface  torsion”  is  used  to  describe  the 
twisting  of  a surface  along  a given  infinitesimal  path  of  traversal 

• The  term  “geodesic  curvature”  is  used  to  describe  how  the 
infinitesimal  path  of  traversal  bends  within  the  surface 

• These  descriptive  terms  are  quantified  as  follows 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


• Let  t(P) , n(P) , and  b(P)  be  the  unit-magnitude  tangent,  normal,  and 
binormal  vector  fields,  respectively,  associated  with  the  surface  curve 

C and  the  tangent  plane  Tp(Se)  at  point  P with  coordinates  (£1,  S2) 


• Likewise,  let  t(Q), 

n(Q),and  b(Q)  be 
the  corresponding 
unit-magnitude 
tangent,  normal,  and 
binormal  vector 
fields,  respectively, 
associated  with  the 
tangent  plane  TQ(Se) 
at  a point  Q in  the 
infinitesimal  neighborhood  and  the  surface  curve  C 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• As  the  curve  C is  traversed  from  point  P to  point  Q,  the  three  vectors 
at  point  P come  into  coincidence  with  the  corresponding  ones  at  point 
Q,  and  the  tangent  plane  TP(SJ  becomes  coincident  with  TQ(Se) 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• In  general,  the  geometric  figure  formed  by  the  three  orthogonal  vectors 

t(P),  n(P),  and  b(p)  associated  with  the  tangent  plane  Tp(Se)  undergoes 
pitch,  roll,  and  yaw  as  the  surface  curve  is  traversed  by  an 
infinitesimal  amount 

• Pitch  is  associated  with  how  the  surface  curves  or  bends  in  the 
direction  of  traversal  from  point  P to  point  Q 

• Roll  is  associated  with  how  the  surface  twists  from  point  P to 
point  Q 

• Yaw  is  associated  with  how  the  differential  arc  PQ  bends  relative 
to  the  tangent  plane  TP(SJ  as  the  curve  is  traversed  from  P to  Q 


• The  definitions  of  the  quantities  used  in  differential  geometry  to 
characterize  the  geometric  properties  are  described  as  follows 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


• The  term  “normal 
curvature”  is 
used  in 
differential 
geometry  to 
describe  how 

(t,  n,  b}  pitch 

forward  as  a 
surface  curve  C 
is  traversed  by 
amount  ds 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• Note  that  in  the  previous  figure,  the  vector  n is  directed  away  from  the 
center  of  curvature 


• The  normal  curvature  is  defined  herein  by 


, where 


rn(^i>  £2)  is  called  the  radius  of  normal  curvature 


• Other  definitions  of  the  normal  curvature  appear  in  the  literature  in 
which  n is  directed  toward  the  center  of  curvature  shown  in  the 
previous  figure 

• The  particular  definition  given  above  for  the  normal  curvature  is  used 

herein  so  that  a sphere  with  n pointing  outward,  away  from  the  center 
of  the  sphere,  has  a positive  value  for  the  normal  curvature 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


• “Surface  torsion”  is  used  to  characterize  how  the  set  (t,  n,  6}  rolls  as 
a surface  curve  C is  traversed  by  amount  ds 


• In  this  figure,  C± 

is  the  surface 
curve  that  is 

tangent  to  b + db 
at  point  Q 


• The  radius  of 
torsion  rt(^,  £2) 
is  defined  by 


1 


r 


t 


dn 

ds 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• The  term  “geodesic  curvature”  is  used  to  characterize  how  the  set 
{t,  n,  b)  yaws  as  a surface  curve  C is  traversed  by  amount  ds 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• The  radius  of  geodesic  curvature,  pg(^i,  £2) , is  defined  by 


• In  general,  these  definitions  apply  to  any  arbitrary,  smooth  surface 
curve,  and  when  applied  to  the  !=,-  coordinate  curve, 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


• Likewise,  for  the  §2-  coordinate  curve, 


• Thus,  the  symbols  r^  and  r22  denote  the  radii  of normal  curvature 
along  the  and  §2-  coordinate  curves,  respectively 

• The  symbols  r12  and  r21  denote  the  radii  of  surface  torsion,  or  twist 
along  the  and  §2-  coordinate  curves,  respectively 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• And,  the  symbols  and  p22  denote  the  radii  of  geodesic  curvature 
along  the  and  S=2-  coordinate  curves,  respectively 

• Alternate  forms  for  the  surface  curvatures  are  obtained  by  using 

and  ^^(a2  • n)  = 0 to  get 


and 

• These  results  yield 


M A 

1 i an 

= a,  • 

r„  1 A,al, 

— 

1 i da, 

— = - * _ • n 

rn  A1  d^, 

1 an 

r22  A 2 a^2 

1 i da2 

— = - ' — — • n 

r22  A 2 a^2 

a i dn  -I  da 2 ^ 
a2  • J — — = - . — — • n 

A 2 A 2 d^2 


a i an  -i  da1  ^ 
a,  • ' — — = - ' — — • n 

A t a^1  A , a^1 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


• A very  useful  relationship  between  the  Gaussian-coordinate  curvatures 
and  torsions  of  the  reference  surface  is  obtained  by  using 

1 2 

a = a1  csce12  - a2  cote12  and  a = a2  csc012  - aA  cot012  with 


1 ✓sz  i an 

— = - a • — 

ri2  A1 


and 


to  get 


1 

fa  • 1 afi) 

COt012  - 

1 

^ i on 

o • 1 

CSC012 

ri2  " 

1 A,3gJ 

. 2 

1 

L -i  an  1 

g • 1 

CSC012  - 

/ ' 

^ i on 

a • 1 

COt012 

1*21  " 

1 A23|2J 

2 A2d£2 

and 


Next, 


M A 

1 1 an 

— g • 1 

and 

M A 

1 1 an 

r,i  1 A,al, 

r22  A 2 a^2 

are  used  to  get 
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CURVATURES  AND  TORSIONS  OF  Sn  - CONTINUED 


i cote12 

f \ 

^ i an 

o • 1 

CSC012 

1*12  I’ll 

2 A,ag, 

From  a„  • n = 0 , it  follows  that  -J 


^ /S 

da. 


n = - 


1 


an 


A (p)  d% 


ar 


As  a result, 


1 cote 


12 


1*12  I"  11 


1 aa2  ^ 

J — — • n 


csc012  and 


Then,  noting  that  for  a smooth  surface  -r§- 


a 

( ax  ] _ a 

( d * 

CM 

JJLP 

^0 

a?, j a£, 

^2  / 

, it  follows 


that 


aa  -|  aa ; 


a^2  a^1 


, or  equivalently,  ^-(A,a,)  = ^-(A2a2) 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


with  n 

and  simplifying  gives  J • n = J ^ • n 

A1  d51  A 2 0^2 

• Using  this  result  with  the  previous  expression  for  the  radii  of  surface 
twist  gives  the  relationship 


Taking  the  dot  product  of  both  sides  of 


= cote12 


i 


• Explicit  expressions  for  the  radii  of  geodesic  curvature  are  obtained  by 
first  noting  that  differentiating  a,  • a,  = 1 and  a2  • a2  = 1 gives  the 


results 


. 1 ^ _ 

1 A,  d% 


. J_  dSi  = 
A 2 dh, 


. 1 d^2  _ 


90 


CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


• In  indicial  form,  these  results  are  expressed  as 


Substituting  a = a1  csce12  - a2  cote12  and  a = a2  csce12  - a1  cote12  into 
the  previous  expressions  for  the  radii  of  geodesic  curvature  and  using 


and 


sin012 

/s 

— £1 

. 1 dS2 

i 

CM 

CM 

a 

«*i 

A2a?2 

Next,  taking  the  dot  product  of  each  side  of 


a , "I  6a  1 a . 

a,  and  using  ' • a,  = 0 gives 

2 6^2 


with 


1 

aA.  aA2  1 

i 6a  2 /s 

— 1 • o 

AiA2 

UUoUho 

ai2  a^,  J 

A,  a^,  1 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


Likewise,  taking  the  dot  product  of  each  side  of 


with  a2  and  using 


1 


_ A 

da 


2 _ 


A, 


• a2  = 0 gives 


1 

AiA2 


a a t 

W2 


COS012 


dA2 

^17 


From 

that 


it  follows 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 


• Similarly, 
yield 


1 a 

A2a|2 


(a,  • a2)  = 


1 a 

A2a?2 


(cos012) 


and 


a • 1 

da2  _ 

sin012 

1 A 
n2 

““ 

P22 

• Thus, 


1 

dA,  dA2  1 

1 da2  ^ 

— 1 • q 

AiA2* 

l/UOU-jo 

v d%2  , 

A,  3|,  1 

becomes 


CSC012 

A A 
" 2 


dA2 

ai7 


COS012 


aA, 

air 


93 


CURVATURES  AND  TORSIONS  OF  Sn  - CONTINUED 


Likewise, 


1 

f^’co-e  aAzl 

- 1 • a 

A ^2 

*6,  12  ag, 

A2  2 

becomes 


1 CSC0 


12 


P22  A.,A; 


d A 2 dA  1 


COS0 


12 


CSC012  d 

A2  dfe 


(cos012) 


These  two  expressions  for  the  geodesic  curvatures  can  be  solved  to 
obtain  the  following  useful  formulas 


sA'.aa 

cot012  csc012  csc012a012  cot012a012 

a§2  12 

P22  P11  A1  a^  A 2 a^2 

^.AA 

csc012  cot012  cot012a012  csc012a012 

■ 1 2 

P22  P11  A.,  a^1  A 2 a^2 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• Compact  expressions  for  the  radii  of  geodesic  curvature  are  given  by 


and 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• For  the  special  case  of  orthogonal  Gaussian  reference-surface 
coordinates, 


1 1 

M_  1 1 

— + — = COt012 

r r 

1 12  1 21 

t l“11  r22j 

1 cscO 


12 


'11 


aa 


[A2  cos612]  - 


dA1 

w 


1 


2 J 


'11 


1 dA, 

A,A2  d|2 


1 CSC012 

3 [a  cose  1 dA0 

P22  A iA2 

UiJ 1 12  J aij 

1 


'22 


1 dAs 

a,a2 
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CURVATURES  AND  TORSIONS  OF  S0  - CONTINUED 

• Another  special  case  of  practical  importance  consists  of  orthogonal 
Gaussian-coordinate  curves  whose  tangent  vectors  are  aligned  with  the 
principal  directions  of  surface  normal  curvature 

• This  class  of  Gaussian  coordinates  are  referred  to  herein  as 
principal-curvature  coordinates 

• In  general,  there 
exists  an  infinite 
number  of  smooth 
curves  that  pass 
through  point  P of  a 
smooth  surface,  each 
of  which  generally 
have  a different  value 
for  the  radius  of 
normal  curvature 
at  point  P 
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CURVATURES  AND  TORSIONS  OF  S0  - CONCLUDED 

• Sufficient  conditions  for  identifying  the  coordinate  curves  that 

correspond  to  the  directions  of  principal  curvature  are  that  they  are 
orthogonal  and  that 


• For  this  very  special  case,  the  following  notation  is  used  herein 


and 


98 


S0  GEOMETRY  EXAMPLE 


A parametric  representation  of  an  elliptic  paraboloid  is  given  by 

X1  = ^15  x2  = , and  x3  = -[2(^)2  + fe)2] 

where  ^1ei1  = [-i,i]  and  ^2ei2=[-i,i] 
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S0  GEOMETRY  EXAMPLE  - CONTINUED 


• For  this  parametric  representation,  x = 1,1,  + lj2  - [2(1, ) + (l2)  ]t3 

• The  natural  base-vector  fields  are  obtained  as 

and 


a2  = 


ax 

Wz 


= i 2 - 2^2  i : 


ai  = 


dx 

W, 


= i , - 41,  i: 


The  corresponding  metric  coefficients  are 


A,  = 

-> 

= V1  + (4?,)2 

and 

a2  = 

-» 

a2 

= V1  + i2^)2 

• Thus, 


a,  _ i 1 ~ 4'1,  i3 
A’  v'1  + (41, )2 


and 


• In  addition, 


cos012  = a,  • a2 


gp, 

Vi  + (4i,)2  Vi  + 12?*)2 


100 


S0  GEOMETRY  EXAMPLE  - CONTINUED 


Contours  of  012 


1.0 


1 35  deg 
120  deg 


0.5 


1 05  deg 


-0.5 


60  deg 


45  deg 


-1.0 

-1.0  -0.5 
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S0  GEOMETRY  EXAMPLE  - CONTINUED 


A A 


Next,  a,  x a2  = 4^  i,  + 2^2  i2  + i3  and  a^a,  = V1  + (41,)  + (2£2) 


Thus, 


A 

n — 

-» 

a! 

x a2 

1 1 — 

x a2 

A /V 


i + (4^,)  + (2  y 


• The  reciprocal  base-vector  fields 


a = a2  x n 


and 


A 

a = n x a1 


become 


• Also, 


gi_  [l+(2^2)2]f1-8^2i2-4^i3  and 
Vi  + (21  / Vi  +(4^)2+(2?2)2 
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S0  GEOMETRY  EXAMPLE  - CONTINUED 


• Moreover, 


cote12  = 


V1  +(4?,)2  + (2^)2 


• The  curvatures  and  torsions  are  given  by 

1 _ A , 1 _ 4 

r,,-3’  A,d%,  ~ + (4|,)2]  + (4^f  + (2^f 

J_  JL^L  32^ 

r12"  a A,a£,  - [i  + (4^,)2][l  + (4%,)2+  (2i2)2] 

r»  ~ 3 A°d^  ~ [l  + (2i|2)2][l  + (4?,)2  + (2?2)2] 

_1_  - . 2 

r22  32  A2d|2  [!  + (2|2)2]  v'l  + (41,)’  + (2%/ 
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S0  GEOMETRY  EXAMPLE  - CONTINUED 
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S0  GEOMETRY  EXAMPLE  - CONTINUED 
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S0  GEOMETRY  EXAMPLE  - CONTINUED 

• Likewise,  the  geodesic  curvatures  are  given  by 

# 8^ 

P"  A,3?1  [l  +(4^)2]§  Vi  +(^,)2  + (2^2)2 

J_  _ _ # 1 da,  _ -8|, 

P22-“3  ’A.86.-^  .]i^  , 
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S0  GEOMETRY  EXAMPLE  - CONCLUDED 


Contours  of  1/p 


22 


i, 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S0 

• The  set  of  vector  fields  {a„  a2,  n}  are  functions  of  the  Gaussian 

reference-surface  coordinates  that  form  a pointwise  basis  for 
representing  vector  fields  associated  with  the  points  of  the  shell 
reference  surface 

• Thus,  to  determine  the  derivatives  of  a reference-surface  vector  field, 
the  derivatives  of  (a1s  a2,  n}  are  needed 

• Because  {a15  a2,  n}  form  a basis  at  a given  point  of  the  reference 
surface,  the  partial  derivatives  of  (a,,  a2,  n ) evaluated  at  that  point  can 
be  expressed  as  a linear  combination  of  (a15  a2,  n } ; that  is, 

and 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S, 


CONTINUED 

In  expanded  form,  the  linear  combinations  are  given  by 


/s 

1 _11^s  _ 12^  _ 13^ 

1 = C,  a,  + C,  a2  + C,  n 


Ai 


1 d&2  21  /s  22/s  23^ 

= a,  + C,  a2  + C,n 

Ai 

I an  _ 31/s  _ 32 — _ 33/s 

^^  = 0,  a,  + C,  a2  + C,  n 

Ai  091 


/v 

1 f^1  _ 11/s  _ 12/s  _ 13^ 

1 = C2  a1  + C2  a2  + C2  n 


A 2 


1 da 2 ^21  /s  _ 22/s  23^ 

' — — ^ = C2  a«  + C2  a2  + C2  n 

A2a^2 

I an  _ 31/s  32/s  33/s 

' — = C2  a,  + C2  a2  + C2  n 

A2a^2 


Jk 


■M 


The  functions  C,  are  found  by  using  a • ap  = sp  sine12  and  a • n = 0 
In  particular, 


13  -1  da 1 /s 

Cl  = it — 7T1  • n 
A,  a^1 


c12- 

-|  da,  /sz\ 

• 0 pcrfl 

U1  - 

. c Cl  I UOUUi  9 

[a,  as,  j 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S, 


CONTINUED 


11  -|  dSL i ^i  I __ 

C2  = ' — — • a CSC012 

A2a^2 


j • a2  csc0 

A2a?2 


C13  -|  dSL,  ^ 

— ! • n 

- 2 A2a?2 


c,  = 


21  j -j  aa2 


A,  a?, 


a Icsc0,2  C,  = 


..  ( <)  :*2  . 


A,  a?, 


a CSC0-, 


23  1 d8L2  ^ 

:i  = . — _ • n 

! A -\V- 


a,  a|, 


A2ai|: 


Cf  = • a'  csc0„  cf  = • a2  csc0„  cf  = 1 ^ • n 


A ,3^ 


A 2 aE,; 


_ 31  1 3n  ^1  1 32  I 1 dn  ^2 

Ci  = J — — • a csc012  C,  = I 1 • a 

\ A ! 


A1 


a csc0, 


33  i dn  ^ 

;i  = » — <_  • n 


31  / -i  an  ^i  32  -i  an  ^ 

C2  = — — • a csc012  C2  = — — • a csc0 

A2a?2  2 A2a?2 


1 an  ^ 
= — • n 

A2a^2 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S0 

CONTINUED 

• Explicit  expressions  for  the  functions  cf  are  found  by  using  the 
following  previously  derived  results 


a = a,  csc012  - a2  cot012 

^ sine 


a = a2  csc012  - aA  cot012 


1 daA  ^ 

■ • 0 — n 

1 aaT 

_ r Q h ™ w 

At  a^i 

A , if%. 

1 da,  ^ _ 

1 • 0 — n 

1 aa, 

• r Cl  H — U 

A 2 a^2 

A2a^2 

a2  = 


12 


Pll 


i da,  ^ 1 

' — — • n = 


a2  = J * (cose,2)  + sin°12 

A 2 P22 


1 da,  sin012  cos012 

I • n — _ _ 

A 2 0^2 


21 


22 


1 aa2  ^ 

■ J • a2  = 0 

At 


1 da2  ^ 

' — — • n = 

At^t 


sin012  cos0 


12 


12 


11 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S0 

CONTINUED 


• In  addition,  differentiating  n • n = i gives  the  additional  results 

and 

• Applying  these  dot-product  relations  yields  the  following  results  for  the 
dot  products  involving  the  reciprocal  basis 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S, 


CONTINUED 


i da, 

1 1 • a = - 

A,  d'%, 


COS0 


12 


Pll 


-i  da, 

— - • a = - 

A2a^2 


cote12  a 


(cose12)  - 


COS0 


12 


P22 


1 da^  1 

J • a = — 


At 


P11 


-I  da,  -A.  2 

— • a = 

A2a^2 


CSC012  d 


(cos012) 


1 


P22 


i aa2  a1  csc012  a t \ 1 

• a = — . 12  - (cos012) 


A , 01, 


1 


A,  01, 


'11 


1 aa2  ^1 
— — — • a = - 

A 2 P22 


1 da2  £ 2 cos012  cot012  a , x 1 da2  Q 2 cos012 
A.a^  Pl1  At  a^1  1 A2a^2  p22 


-1  an  ^1 

1 • a = 

At^t 


sin012  cos0 


12 


11 


12 


1 an  Ai  1 

1 • a = — 

A 2 a^2  r21 


1 an  a2  1 
— • a = — 

ATa^  r 


1 an  ^2  sin012 
• a = 


COS0 


12 


A2dl; 


12 


22 


21 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S, 


CONTINUED 


In  addition, 


cote, 


cr= 


CSC0, 


cr=-- 

r,, 


c” = + 


CSC0, 


cr= 


csc012  cote12  a 


(cos012) 


cote, 


13  _ sin012  cos012 

V,  


r = csce^a  ( _ csce^ 

A,  a£/  '2l  Pll 


22  cote.,  csce12cote12  a . . 

c,  = ^Hi a ~-cose12 

p„  a,  a§,'  1 


.23  sin012  cos012 


C,  = 


c2,  _ _ CSC012 


c22  _ cote12 


cr=- 


_ 31  1 COt012 

C,  = — + 

r r 

1 11  1 12 


cr=- 


CSC0, 


_ 33  _ 

c,  = o 


c»i  _ CSC012 

2 r„ 


c32  _ J cote12 


_ 33  _ 

C2  = 0 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S0 

CONTINUED 

Thus,  the  derivatives  of  the  unit-magnitude  base-vector  fields  become 


j_da1  = 

A2a^2 


csc012cote12  acos012  cot012 


v 


a?2 


'22 


a,  + 


y 


esc  0ioacos012  csc01 


'22 


A 

a, 


sin012  cos0 


12 


V ^21 


n 


22 


1 ^a2_ 

csc2012  acos012  csc012 

A 

3i  + 

COt012  CSC012 

cot012  acos012 

At  ai^ 

a,  d i,  p„  J 

Pn  A 

sin012  cos012 

1" 

r12  r„  J 

A 

a. 
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DERIVATIVES  OF  BASE-VECTOR  FIELDS  ON  S0 

CONCLUDED 


1 afi  _l 

i | cotej 

^ CSC012  ^ 

A,a?,  1 

r12  J 

1 r12  32 

1 3n  _ csc012  a _ 1 

i cote12  ] 

a2 

A2d£2  r„  " 1 

cm 

1 

CM 

CM 

• For  the  special  case  of  orthogonal  Gaussian  reference-surface 
coordinates,  these  expressions  reduce  to 


i da  -|  1 / — "I  /s 

' — — = — a2  — n 

A,  a^  Pn  rtl 


i aa2  "1  1 /s 

' — — = a1  + — n 

Pn  r12 


1 

an  1 ^ 

— o 

1 ^ 

o 

A, 

1 

T- 

3 

ij- 

1 

JULP 

Cl  o 

r 2 

1 12 

1 aa,  = 1 

A2a^2  p22 


a 2 + 


n 


12 


where 


i i aA1 

, and 

1 _ 1 aA2 

Pll  ^1^2  ^2 

P22  ^1^2  ^1 
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DERIVATIVES  OF  VECTOR  FIELDS  ON  S0 

• Let  ia)  denote  any  vector  field  that  is  associated  with  the  points  of 
the  reference  surface,  P G S0,  and  that  occupies  three-dimensional 
Euclidean  space  S3 

• In  general,  V(^,  %2)  has  several  component  forms  that  are 
convenient  for  various  purposes 


• As  indicated  previously,  V(^,  y is  expressed  herein  in  terms  of  the 
unit-magnitude  base  vector  fields  as 

%1S  i2)  = v0(5„  S2)aa(S1f  £2)  + V,(S„  ia)fi(5„  S2) 


• The  derivatives  of  the  vector  field  are  then  given  by 


1 dV 

A (p) 


1 d 

A (p) 


(V„aa  + 
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DERIVATIVES  OF  VECTOR  FIELDS  ON  S0  - CONTINUED 


• The  product  rule  of  differentiation  gives 


1 dV 

A (6) 


— + v J_^  + J_^Fi  + v — — 

A(p)a?p  “ “ A (p)  d%  A(p)a?p  3 A(p)a^p 


• The  previously  derived  expressions  for  the  derivatives  of  the  reference- 
surface  base  vector  fields  are  then  used  to  obtain 


1 dV  _ y<1} 
Ai^i 

a + V 2 

(i)  ai  T v 

a + V 3 

(1)  C*2  T V 

<u" 

i av  _ ^(i) 

A23|2  - 

a + V(2) 
(2)  T v 

a + V(3) 
(2)  a2  T V 

n or 


l M y(«> 


A(P) 


a + V 

(P)  T V 


(3) 


<P> 


n 


where 
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DERIVATIVES  OF  VECTOR  FIELDS  ON  S0  - CONTINUED 


V 


(1) 


1 dV!  V2CSC012  d012  CSC0 


12 


lO) 


A,  dl, 


'11 


(v,cos012  + V.)  + Va 


1 COt0 


12 


vrn 


12 


V 


(2) 


1 av,  csceWw  ^ . V2cot012  ae12  v csc012 


l{1>  A,a^  p 


ii 


I V,  + V2COS0,2)  + 


A,  d%. 


12 


V 


(3) 


i av3 

A,  agt 


COS012] 
r11  ) 


V 


(i) 


1(2) 


i av1  v^ote 

+ — — — 


12  ^012 


CSC0 


12 


A2a^ 


P22 


(v,cos012  + V2)  + V; 


CSC0 


12 


21 


V 


(2) 


1 av2  v.csco,,  ao12 


1(2) 


A2a^: 


CSC0 

P22 


12 


w „ a w 1 cote 

V,  + V2COS012  + V3  — 

v / I 22  *21 


12 


1 ay3 

A2d?2 


119 


DERIVATIVES  OF  VECTOR  FIELDS  ON  S0  - CONTINUED 

• For  orthogonal  Gaussian  coordinates,  these  expressions  reduce  to 


v<2> 

_ i av2  ( v,  v3 

(1>  A,  a?,  p„  r12 

v(1> 

_ 1 av,  v2  v3 

<2>  A2ai2  P22  r,2 

V<3> 

1 av3  v,  v2 
“ 1 

<2>  A2a|2  r12  r22 

v(1> 

_ 1 3V,  V2  ( V3 

(1>  A,d%,  P„  r„ 

V<3) 

_ 1 av3  v,  v2 

(1>  A,  a?,  r„  r12 

V2 

_ 1 av2  v v3 

(2>  A 2 ai|2  p22  r22 

• Likewise,  the  expressions  for  the  derivatives  reduce  to 


1 

t> 

ro 

1 av,  v2  ( v3 ' 

A 

3i  + 

f 1 av2  ( V,  V3 ' 

A 

a2  + 

1 av3  v,  ( v2 ' 

As 

n 

A,  a?. 

v A 1 P11  **11 1 

^ ^ 1 P11  **12  y 

v ^ 1 **11  **12  j 

1 

t> 

r© 

< 

< 

< 

As 

3i  + 

1 av2  v v3 ' 

A 

a2  + 

f 1 av3  ( v,  v2 1 

As 

n 

A2a^2 

A 2 0^2  P22  **12  ) 

T T 

A 2 ds2  P22  *"22  y 

A 2 **12  **22  } 
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DERIVATIVES  OF  VECTOR  FIELDS  ON  Sn  - CONCLUDED 


From  these  derivative  expressions,  it  also  follows  that 

„ 1 av 


• 


n • 


i av 
A 

i av 


1 a / w \ V2sin012  V3 
|V,  “F  V2COS012)  — - + 3 


A.a^ 

( 


i av,  v3 

+ 


\ 


A,a^,  r„ 

V 

1 aV3  V, 


COS012  + 


I 


Pi, 

i av2 

A,  a?, 


/ V, 

v3] 

, Pll 

f"l2  ; 

sin0,2 

* 


a2« 


n 


A,a^  A,a^,  r 

i av  i av, 


+ v. 


sin0,2  cos0,2 


12 


11  / 


A2a^2  A2a^: 

1 av  la 


i av2  v3 

+ 


A2a^ 


2 ^22 


COS0,2  + 


V V 

v3  v2 


V ^21 


'22  / 


sin0 


12 


A2a^2  A2a^: 


i av  i av. 


(V2  + V,cos012)  + 


V,sin012  | V3 


'22 


22 


A2a^2  A2ai- 


-v, 


sin0,2  cos0,2^ 

v2 

T 

r r 

V 1 21  ' 22  ) 

r 

■ 22 
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COMPATIBILITY  CONDITIONS  FOR  S, 


So  far  in  the  present  study,  it  has  been  shown  that  when  a simple 
surface  is  given  by  x = xk(^,  ^2)  \k , in  order  for  the  vector  fields  a1 

and  a2  = d*  to  exist  and  be  continuous,  x(£„  £2)  must  have 

^S2 


continuous  first  partial  derivatives;  denoted  by  x(£„  £2)  e C 


It  follows  that  a,  x a2  is  a continuous  vector  field  and 
a continuous  function  of  (Si,  S2) 


x a2 


is 


a1  x a. 


Thus,  n(Si,  S2)  = 

a1  x a2 

i(S„  ^2)  eC  is  satisifed 


is  also  a continuous  vector  field  when 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 

• For  a,  and  a2  to  be  unique  at  every  point  of  the  reference  surface, 
they  must  also  be  single-valued  vector  fields 

• Let  vfc,  £2)  be  any  arbitrary  differentiable  vector  field  associated  with 
the  reference  surface 

• From  the  calculus  of  vector 
functions,  it  follows  that  the 
value  of  the  vector  field  at 

point  R is  v + ^d^1  and 

the  value  at  point  S is 

v + 

OC,2 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 


• As  the  surface  is  traversed  from  point  R to  point  Q,  the  value  of  the 


• Similarly,  as  the  surface  is  traversed  from  point  S to  point  Q,  the  value 


• For  the  vector  field  to  be  single  valued,  it  follows  that  v12  = v21  is  a 
necessary  condition 

• Therefore,  for  v(s„  £2)  to  be  a single-valued  vector  field,  defined  for 

points  of  the  reference  surface,  the  following  necessary  condition  must 
be  met 


vector  field  becomes 


of  the  vector  field  becomes 


d d\/  _ d dV 


\ / d%2 \ j 
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COMPATIBILITY  CONDITIONS  FOR  Sn  - CONTINUED 


Thus,  single-valuedness  of  a,  and  a2  requires 


a 1 

da / 

_ a 

aa, ' 

*.ai2J 

d? 2 

[a|,  j 

and 


and  ensures  single-valuedness  of  n 


a 

raa2' 

_ a da, 


1 


In  terms  of  x(^,  £2) , single-valuedness  of  a,  and  a2  requires 


a f dx 


aUaUa^ 


_ a 


f a ( 4^ 

d dx 


ags 


ag, 


and 


a 

a | 

ax  ] 

v a^2l 

a^2  j 

36s 


ax 


ag,  a^ 


V ^2  / 


that  is,  £2)  is  required  to  have  continuous  third  partial  derivatives, 


which  is  denoted  herein  by  x(£„  £2)  e C 


Note  that  differentiability  of  a,  and  a2  ensures  differentiability  of  n 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 

• Consider  the  following  formulas  for  the  geometric  quantities  associated 
with  the  reference  surface,  expressed  in  terms  of  x(s„  %2) 


12)=  Va i * a/ 
A2(^,  i2)  = Va2  * a2 


A2(^u  12)  “ 


ax  . ax 

ai, 

ax  . ax 

ai2  a^2 


CQo0  _ ai  * a2 

poqH  — "1 

f ax  . ax  \ 

COSo12  - - - 

” 1"  2 

I/UoUho  — 

A A 

" i«2 

, aii  at=2  j 

n(li,  12)  = 


a!  x a 


a1  x a2 


( — > -4  \ 

ax  w ax  1 

rl|>15  *=2]  - . . . 

A1A2sin012 

CM 

< 

JJLP 

f© 

1 


1 aa,  . 

= - ' — — • n 


rn  Ai  ai. 


1 _ 1 3 

(A  ax] 

A 

• n 

rn  A.a^ 

’ 3§,J 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 


1 -i  da2  A 

— = — • n 

A 2 d£2 


22 


1 _ 1 d 

(a  8 i) 

•n 

Y22  A 2 6^2 

i cote 


12 


ri2  ru 


/ ea2  A 

• n csc0 


1 


12 


1 COt012 

— + 

1 8 

( 

A _ 

1*12  ^11 

A ,3g, 

H 2 

— 

1 

1 5 ( 

A di) 

A 

• n 

r21  " 

A 2 c)'E,2  1 

' ag,] 

dX 


A 

• n 


CSC0 


12 


CSC012  - 


cote 


12 


22 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 


• In  addition, 


1 CSC012 

f^rA  cose  l-aA’) 

Pn  A.|A2 

^^[A2cose12j  alj 

and 


(dr  1 

6A2) 

[^2[A,c°se12]- 

as, ) 

Examination  of  these  equations  indicates  that  if  x(^,^2)ec  , then 
every  element  the  set  of  geometric  quantities 


Au  A 2,  012,  r115  r12,  r21,  r22,  Pn,  p22)  is  differentiable 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 


• Now  suppose  that  |a  15  A2j  0125  ^*115  ^"l25  ^215  1*225  Pi 1 5 p22}  are  given,  without 

any  reference  to  a surface  defined  by  x(£„  £2)  , but  are  required  to  be 
single-valued  functions 

• The  issue  of  surface  compatibility  is  concerned  with  determining 
inter-relation  requirements  for  these  geometric  quantities  that  must  be 
enforced  in  order  for  them  to  correspond  to  a well-defined  simple 

smooth  surface  x(s„  £2) 


• First  note  that  p„  and  p22  are  not  independent  variables,  as  indicated 
by  their  definitions 


Next,  recall  that  x(^,^2)ec  must  be  fulfilled  for  x(s„  £2)  to  be  a valid 
surface,  which  implies  that  the  necessary  conditions 


a ( da, | 

_ a 

da, ' 

a?2 

i 

and 


a 

aa2 

CM 

t(B 

1 

a?2 1 j 

must  be  satisfied 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 

• Therefore,  surface  compatibility  requirements  can  be  obtained  by 
expressing  the  partial  derivatives  of  a,  and  a2  in  terms  of  the 

geometric  quantities  (a  ij  A 2,  0-125  r115  r12,  r21,  r22|  and  then  enforcing 

- a Ida,]  a da2  \ _ a ( aa2 ' 

agj  agj  ana  agAaiJ  ag2lagj 

• In  terms  of  the  unit-magnitude  vector  fields,  these  expressions  are 


a,  i 

l«gj 

= A,  » 

dg2 

faa,] 

lagj 

+ 

d 

2 

fdA,] 

l dg,  j 

d 

ag, 

f dA,  y 

i ag,  j 

A 

3i 

a2  t 
ag, 

f da2 ' 

Ug2J 

= A2  9 

Sg2 

[aaj 

Ug.J 

+ 

a 

' dA  2 ' 

dg,  I 

a 

[3A2] 

ag2  j 

A 

a2 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 


• Because  A1  and  A2  are  required  to  be  single-valued  functions,  it 


follows  that 


a 

[0Al] 

- t 

and  -jr~ 

_ a 

[aA2] 

• Therefore,  compatibility  of  the  surface  geometric  quantities  is  also 
ensured  by  enforcing 


d 

faS,] 

_ d 

fas,] 

CM 

JJ/' 

ro 

CM 

JJLP 

1 

Uii  j 

and 


d 

da2 

_ d 

da2 

CM 

JJ/I 

CM 

JJLP 

ro 

1 

Uii  J 

• Recall,  that  the  general  expressions  for  the  derivatives  of 
are  given  by 


1 aa1  cote12  ^ csce12  ^ i ^ 

' — — = a1  + a2  - — n 

A,  at=t  Pn  Pii  rtl 


a! 


and  a2 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 


1 a^1  _ 

csc012cot012  acos012  cot012 1 

A 

ai  + 

' csc2e12  acos012  csc012 

A 2 a^2 

CM 

CM 

Q. 
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v A 2 a^2  p22  ) 
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CSC20123COS012  CSC0,2' 
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hi 
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\ P11  A 
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A 
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A2al2  P22  P22  r22 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 


• Enforcing  the  requirement  that 
nontrivial  scalar  equations 

• The  coefficients  of  a,  and 


a / 

da,  j 

a 1 

da ,] 

~ agj 

^2  / 

yields  three 


a2  are  identical  and  reduce  to 


^ 1 

'A,j 

a 
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COS012 

CM 

JJLT 
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h 

CM 
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CM 

JJLT 

CC 

• The  simplified  coefficient  equation  of  n is  given  by 


a / A 


*iiU 


COS012  + 


a I A, 


22  ) 


AiA2 

P22ri2 


21  / 


a (a, 

sin012-  — — — 1 

^2lrn 


COS012  - 
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COS0 
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sin0 


12 


21 
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sin0 


12 


= 0 
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COMPATIBILITY  CONDITIONS  FOR  Sn  - CONTINUED 


a (da. 


Likewise,  enforcing  the  requirement  that  j = 

yields  three  nontrivial  scalar  equations 


a ( da. 


also 


The  coefficients  of  a,  and  a2  are  identical  and  reduce  to 


J_(Ai 

d§2\Pn 


a A 


d%AP 


A^Jsine^  cos01 

^11  \ ^22  ^21 


a,a2  sine12  | cose12  | a ae12 


d?i  \ ai= 


= o 


The  simplified  coefficient  equation  of  n is  given  by 


a A2 


2 d AA  . 

- + — 1 SI 


d^2\r 


sin0'2-i(^)cos9'2- 


A,A2/  cos012  sin0, 


Pi/: 


A, A,  /A,  |a0,2  A,  A,  . 

+ — ^ + — — - + — cos012  + — - sin012 


*2 1 j 3i, 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 

Thus,  three  independent  compatibility  equations  are  obtained: 


JJA, 

V Pii 


a I A 


l p22 


A^Jsine^  cos01 

1*11  k I"  22  ^21 

A1A2(  sin012  cos012 


a ao, 
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d^\r 
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P22ri2 
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2 / A2  a012  A 1 A,  . 

- + hr-  ^ cos0,2  + — sin012 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONTINUED 


• In  addition,  recall  that  previously, 


d&L-i  d£t2 

<fc2 


was  enforced,  which 


yields 


1 1 

1 

— + — = COt012 

r r 

1 12  1 21 

r22) 

• Thus,  there  are  three  independent  compatibility  equations  and  six 
independent  surface  geometry  quantities 

• The  first  compatibility  equation,  known  as  Gauss’  equation,  is 
sometimes  expressed  as 


alAA 

- H 

ia2) 

* aJ 

ae12 

1“ 
l “ 

Q. 

CM 

JJLP 

ro 

, P22  J 

CM 

JJLP 

= A,A2  sin012  Kc 


where 


kg  = 


*"l1**22 


1*12^21 


+ cote 


fJL  M 

12\  r12r22  rt1r21j 


is  called  the  Gaussian  curvature 
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COMPATIBILITY  CONDITIONS  FOR  S0  - CONCLUDED 


• For  orthogonal  Gaussian  reference-surface  coordinates, 
the  compatibility  equations  reduce  to 


1 

1 

r21 

ri2 

, and 
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A 
n 2 
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[A, 

ri2  j 
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for  the  five  surface  geometric  quantities  {a„  A2,  r115  r12,  r22| 
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MATHEMATICAL  DESCRIPTION  OF  THE 
SHELL  SPACE,  ^0,  IN  TERMS  OF 
REFERENCE-SURFACE  PROPERTIES 
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MATHEMATICAL  DESCRIPTION  OF 

• Previously,  a shell  was  defined  herein  as  a family  of  contiguous  parallel 
surfaces  that  fill  the  three-dimensional  region  of  space  occupied  by  the 

shell;  that  is,  the  region  %0  C £3 

• As  such,  points  of  are  located  herein  by  the  position  vector 

X = xk(^,  ^2,  ^ 3)\k , where  a specified  ordered  pair  (£„  ^2)  corresponds 
to  a given  point  of  the  reference  surface,  P G S0,  and  a specified  value 
of  the  coordinate  §3  defines  the  corresponding  parallel  surface  in 

• Coordinate  values  of  l=3  are  measured  perpendicular  to  the  tangent 
plane  Tp(5,0),  as  shown  in  the  following  figure 

• Thus,  a generic  point  of  the  shell  corresponds  to  a given  point  of  a 
parallel  surface,  R 6 50(|)  C 
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MATHEMATICAL  DESCRIPTION  OF  1RQ  - CONTINUED 


The  reason  for  using  this 
approach  to  locate  points  of  the 
shell  is  that  the  metrical 
properties,  derived  from  a generic 
differential  arc  length  emanating 
from  point  R in  the  figure,  are 
determined  from  base-vector 
fields  associated  with  the  parallel 

surface,  S0(§3),  and  the 
corresponding  normal  vector  field 

These  vector  fields  can  then  be 
related  to  corresponding  vector 
fields  for  the  reference  surface, 

S0,  which  gives  the  metrical 
properties  of  the  shell  in  terms  of 
those  of  the  reference  surface 
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MATHEMATICAL  DESCRIPTION  OF  1RQ  - CONTINUED 

• Thus,  points  of  the  parallel  surfaces  are  located  by  the  curvilinear 

coordinates  (£1,  £3) , where  (?1S  s=2)  are  specified  to  be  the 

corresponding  Gaussian  coordinates  of  the  reference  surface 

• A family  of  parallel  surfaces,  S0(|3),  are  defined  by  constant 
values  of  the  coordinate  §3 

• The  position  vector  to  a point  R of  a given  parallel  surface  S0(?3)  is 
specified  as 

X(£„  %2,  &)  = 5(1,,  i2)  + i3n(ii,  S2)  with  c,-(i„  i2)  < ^ clfa,  s2) 

• The  shell  thickness  is  then  given  by  h(£1f  i2)  = c;  - c;  > 0 

• With  the  coordinate  !=3  held  constant,  this  representation  induces 
curvilinear  surface  coordinates  on  the  parallel  surface  S0(§3) 
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MATHEMATICAL  DESCRIPTION  OF  1RQ  - CONCLUDED 

• The  corresponding  Cartesian  coordinates  (X15  x2,  x3) , with  respect  to 
the  frame  o - x,  - x2  - x3 , are  given  by 


Xk(?i,  ^25  — Xk(i15  ^2)  + ^3  nk(?15  ^2) 


where  nk  = n • i 
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VECTOR  FIELDS  DEFINED  ON 

• Henceforth,  let  S0(%3)  C C £3  be  a smooth  parallel  surface  that  is 
defined  by  the  position  vector  x(^,  s2,  ^3) 

• The  corresponding 
natural  base-vector 

fields  of  S0(i3),  that 
span  the  tangent  plane, 

Tr(s0N)  > at  every  point 

R G S0(%J,  are  then 
given  by 


and 


g,(§„§2,  ? 

\ _ ax 

’>  a§, 

g2(l„  % 

\ _ ax 

’’  ~ a?2 

g2(^,  ^3) 
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VECTOR  FIELDS  DEFINED  ON  1RQ  - CONTINUED 

• At  a given  point  of  S0(l3),  the  base  vectors  g1  and  g2  are  tangent  to 
the  Gaussian-coordinate  curves,  as  shown  in  the  previous  figure 

• Using 

2(5,,  i3)  = x(^„  ?2)  + £3n(5i,  W and  aate1f  £2)  = ^ , it  is  found  that 

— > , \ ()  n 

9a(^1>  ^2J  ^3)  = + ^3  — 


• Writing  the  last  equation  as 

derivative  expressions 


and  using  the 


1 dn  _ 
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A CSC0-J2  a 
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A,  d§,  " 

k  •  **11  **12  j 

1 r12  2 

1 an  csc012  ^ 

■ — g _i_ 

1 COtO^ 

a2 

A2a^2  r21 

k **22  **21  j 

and 

gives 
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VECTOR  FIELDS  DEFINED  ON  1RQ  - CONTINUED 


i3cote12' 

1 X J- 
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Likewise, 


product  is  given  by 


for  all  values  of  E,  and  the  cross 


9i  x92  _ 

AiA2 


1 + 


■3  cote12 
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§3  §3  cote 
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VECTOR  FIELDS  DEFINED  ON  - CONTINUED 


• The  cross-product  equation 
verifies  that  the  tangent  plane 
of  the  parallel  surface, 

spanned  by  g,  and  g2,  is 
indeed  parallel  to  the  tangent 
plane  spanned  by  a,  and  a2 

• That  is,  TR(s0(y)  is  parallel  to 

TP(  >o) 
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VECTOR  FIELDS  DEFINED  ON  1RQ  - CONTINUED 

• Because  g,  and  g2  span 
the  tangent  plane  TR(S0{ y) 

at  every  point  R e S0(y , 

and  the  vector  g3  = n(i„  i2) 

is  perpendicular  to  the 
tangent  plane,  it  follows  that 


form  a basis  for  vector 
fields  associated  with  the 

points  of  the  shell  space  JR0 
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VECTOR  FIELDS  DEFINED  ON  1RQ  - CONTINUED 


• Previously,  unit-magnitude  vector  fields  {g15  g2,  g3}  were  defined  by 


g,(ii.  i2.  i3)  = 

g2(ii.  i2.  is)  = h2 

n2 

g3(ii.  is.  is)  = h3 

■"■3 

where 


h„(^,  s2,  s3)  - 1 g„  I = Vs-  * 9 


Using 


1 + 


^3  cote 
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g2  = A2 a,  + 
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g3  = S.)  gives 
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VECTOR  FIELDS  DEFINED  ON  1RQ  - CONTINUED 


H,  = A,  sj 

' i3coteJ 

2 

+ 

csce12 1 

2 1 

IT  T 

k r„  r12  t 

, **12  j 

h2  = A2  f\^J 

^ ^3  COt012 

2 

+ 

£3  csc012 ' 

2 1 

k **22  **21  J 

r21  j 

H3  = 1 


The  unit-magnitude  vector  fields  {g1s  g2,  g3}  are  now  given  by 


1 + 


§3  COt012 
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a ^3  csce12  A 
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VECTOR  FIELDS  DEFINED  ON  1RQ  - CONTINUED 


is  CSC012  ^ 

o -1- 

H , £3  is  COt012  1 

A 

a2 

til  T 

r 

1 21 

CM 

1 

CM 

CM 

h 

»2  r 
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H . £3  ^cote12l 

2 

+ 

is  CSC012 

2 1 

CM 

S— 

1 

CM 

CM 

h 

T»  j 

and 


It  is  convenient  to  introduce  the  following  quantities,  that  are  often 
referred  to  in  the  technical  literature  as  “shifters”  or  “translators,” 
such  that  the  first  two  unit-magnitude  base  vectors  are  given  by 


CJi  — ^A-,-1  3-,  + |X-|2 


and 


9 2 “ 1^21  1^22  ^2 


where  m*  = ?2,  ?3) 
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VECTOR  FIELDS  DEFINED  ON  - CONTINUED 

• The  expressions  for  the  shifters  are  given  by 


151 


VECTOR  FIELDS  DEFINED  ON  1RQ  - CONTINUED 


1 + 


|3  COt012 


• Thus,  the  shifters  relate  the  vectors  {g15  g2J  g3} , at  point  R of  the 

parallel  surface  «S0(i3),  to  the  corresponding  vectors  (a15  a2,  n)  of  the 
reference  surface,  at  the  corresponding  point  P 
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VECTOR  FIELDS  DEFINED  ON  1RQ  - CONTINUED 
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VECTOR  FIELDS  DEFINED  ON  - CONCLUDED 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 


• Let  Se(R)  denote  a small,  infinitesimal  neighborhood of  an  arbitrary 
point  R of  a parallel  surface,  S0(§3) 

• Likewise,  let  point  S be 
that  connects  points  R 

• The  position  vector  to 
point  S is 

X(ii  + d§„  §2  + di2,  §3)  = 

X(?„  %„  §3)  + dX 

• The  vector  from  point  R 

to  point  S is  dX  and 

the  corresponding 
length  of  surface  arc  is 

ds(^3)  = RS 


in  S(R)  and  C denote  a smooth  surface  curve 
and  S 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 


• The  arc  length  ds(^3)  of  the  two  infinitesimally  close  points,  R and  S,  is 
given  by  the  inner  product  [ds(^3)]2  = dx  • dx 

• Noting  that 

it  follows  that  [ds(^3)]2  = (ga  • gp)d£ad£p 


Using  the  previous  definitions  Ha(£i,  ^2,  ^3)  = | ga  \ = V9«  * 9m , yields 


ds(ia)]  = (H1d^1 ) + 2H1H2cos012  d^d^2  + (H2d^2)' 


where  it  is  noted  that  h.h^os©^  = g,  • g2  = 1 9.  II  g2  |cos©12  and 

©12  = ©i2(ii»  s3) 


• The  functions  Ha(ii,  i2,  i3)  are  called  the  Lame'  parameters  of  the 
parallel  surface,  but  are  often  referred  to  a metric  coefficients 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 

• 012(ii,  ^2,  i3)  is  the  angle  between  g^i,  i2S  i3)  and  g2(ii>  i2S  i3) , as 

shown  in  the  following  figure 


(i) 

<2> 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 

• Noting  that  cos©12  = g1«g2  and  using  g,  = ^ a,  + ^12  a2  and 

Q 2 ™ ^ 1 ^ |X.22  a2  gives 

cos012  = ji11jA21|a1  • 31  j + |X-| |x22  + M-i2M’2i](^i  * a2j  ^■12^22(^2  * a2j 

• Then,  using  at  • a,  = 1 , a2  • a2  = 1 , and  a1  • a2  = cose12  gives 


• Next,  using  the  expressions  for  the  shifters  yields 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 


In  addition,  using 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 


• The  arc  length  RS  is  expressible  as 


• Along  the  ^-coordinate  curve,  §2  is  a constant  value  and,  as  a result 
d^2  = 0 ; thus,  ds(^)(1>  = H.d^  or 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 


• Likewise, 
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f p3  cote12 ) 
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l r 21  ) 

• For  orthogonal  Gaussian  reference-surface  coordinates, 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 


• In  addition, 


[ds(s,)]  = 


1 + 


L V 


rn 


V * 12  / J 
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along  the  ^-coordinate  curve, 
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along  the  ^-coordinate  curve 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 

• The  shifters  reduce  to 


• Furthermore,  the  unit-magnitude  natural  base  vector  fields  reduce  to 

and 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 


• Another  useful  quantity  is  the  differential  surface  area  dA(^)  enclosed 
by  the  arcs  RT  , RV , fs  , and  VS  shown  in  the  figure 


• To  a first  approximation  in 
differentials,  dA(y  is  given  by 


• Using 


gives 


dAfe) 


9i  xg2 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 


Then,  using 
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For  orthogonal  Gaussian  reference-surface  coordinates, 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONTINUED 


• For  orthogonal  reference-surface  Gaussian  coordinates  with  negligible 
torsion,  cos©12  = o ; thus,  the  coordinate  mesh  on  every  parallel  surface 
is  also  orthogonal 

• This  simplification  is  why  Principal-Curvature  Coordinates, 
which  are  orthogonal  and  have  no  torsion,  are  often  used 

• For  these  coordinates  — = 0 , r„  R, , and  r22  R2 

*"l2 


• Thus,  for  Principal-Curvature  Coordinates,  g,  = a,  and  g2  = a2 
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METRIC  COEFFICIENTS  OF  A PARALLEL  SURFACE 

CONCLUDED 


• Likewise,  for  Principal-Curvature  Coordinates, 


[ds(l,)]2  = 

K) 
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(A,d^)2  + 

(’>] 

2 

(A2d^2)2 

ds(i3)(1>  — 

k 

A ,d'S, 

ds(^3)<2)  — 

K 

1 A 2d£2 

and 


and 


dA(^)  = 

K) 

1 + R 

H2) 

A,A2  d£,d£2 

167 


METRIC  COEFFICIENTS  OF 

• Metric  coefficients  for  the  undeformed-shell  configuration,  ^0,  are 

the  quantities  that  are  needed  to  measure  the  arc  length  of  material 
particles  forming  curves,  the  area  of  material-particle  surfaces,  and  the 
volumes  of  material-particle  regions  within  the  undeformed  shell 

• In  particular,  consider  a differential  element  at  point  R e S0(§3),  with 
coordinates  (t=1s  %2,  £3) , that  is  bounded  by  the  parallel  surfaces  S0(^3) 
and  S0(% 3 + dS=3),  as  shown  in  the  next  figure 

• Se(R)  denotes  a small,  infinitesimal  neighborhood of  R 

• The  point  P shown  in  the  figure  is  the  corresponding  point  of  the 
reference  surface,  S0 , and  SE(P)  denotes  a corresponding  small, 

infinitesimal  neighborhood of  the  point  P 
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METRIC  COEFFICIENTS  OF  - CONTINUED 


Differential  volume  element,  dV 
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METRIC  COEFFICIENTS  OF  1Rn  - CONTINUED 


The  position  vectors  to  points  P and  R are  x = x„(^i2]ik  and 
x(§„  ?3)  = x(^i.  ?2)  + ^3  n(i„  %2) , respectively 

The  position  vector  to  point  S is 

X(^!  + ^2  + d^2,  ^3  + d^3)  = 

X(i„  ?2I  S3)  + dX 

The  vector  from  point  R to  point  S is  dX 

The  arc  length  of  the  material  curve 
between  points  R and  S is 

dL  = RS  = | dX 

to  a first  approximation  in  differentials 
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METRIC  COEFFICIENTS  OF  - CONTINUED 

• The  chain  rule  of  differentiation  gives 

— > 

dX(l„  §2,  §3)  = Jgd|k  = gk(§„  §2,  §3)d^k 


• From 


dL  = dx  , it  follows  that 


dL2  = dX  • dX  = (gj  • gk)d?id?k 


• Using  Hk(^,  ^2,  ^3)  = • g(k)'  and  the  presumption  of  nonorthogonal 

coordinates  on  1R0  gives  the  general  form 

dL2  = (H1d^1)2  + 2H1H2cos©12  d^d^2  + (H2dy 2 + 

2H1H3cos©13  d^,d^3  + 2H2H3cos©23  d^2d^3  + (H3d^3)2 

• In  this  equation,  0jk(ii,  l3)  are  the  angles  between  the  generally 
nonorthogonal  intersecting  coordinate  curves  of  the  undeformed  shell 

that  are  defined  by  HjHkCos©^,  = gj  • gk 
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METRIC  COEFFICIENTS  OF  1RQ  - CONCLUDED 

• Next,  recall  that  g3  = n(i15 12)  and  h3  = Vg3  • g3  = i for  the  shell 
space  defined  by  x(^15  t,2,  ^3)  = x(?1s  £2)  + ^3  n(^15  £2) 

• In  addition,  the  vectors  g,  and  g2  are  perpendicular  to  g3 ; thus, 

H^cos©,,  = g,  • g3  = 0 and  h2h3cos©23  = g2  • g3  = 0 

• Therefore,  b13  = ©23  = ^ and  the  general  expression  for  the  arc  length, 
dL  C jR0,  of  the  material  curve  between  points  R and  S reduces  to 


dL2  = 

+ 2H1H2cos012  + 

(H2d^2) 

+ 

(di,l 

2 

for  this  very  special  coordinate  system 
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DIFFERENTIAL  AREAS  AND  VOLUMES  IN  1RQ 


• The  differential  area  of  the  face  §2  = 0 of 
the  differential  volume  element  shown  in 
the  figure  is  given  by 


to  a first  approximation  in  differentials 

-*  riX 

Substituting  gk  = into  the  previous 
expression  gives 


d A ^2)  — 


9i  xg 


d^d& 


Next,  ii  = A1 


/ 


v 


cote12 

i + — + 

r 


a ^3  csce12  A 

a1 a2 


12 


/ 


12 


and  g3  = n are  used 
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DIFFERENTIAL  AREAS  AND  VOLUMES  IN 


CONTINUED 


to  get  d A <2>  = A , 


£3  '§3  cote 

1 + + 

rn  r 


12 


12  7 


\2 

2 1 

£3  csce12  \ 

+ 

— - dlid|3 

ri2  j 

Similarly,  the  differential  area  of  the  face  of  the  differential  element 
given  by  ^ = 0 is  given  by 


dA(1)  - 


f * ds2  X f d^3 


g2  x g: 


d?2d  1 


Then,  g2  = A 
used  to  get 


cscO 


12 


a,  + 


21 


1 + 


'§3  '§3  cote 


12 


1*22  r 


21  ) 


and  g3  = n are 


dA^ = A2 


1 + 


S3  cote 


12 


1*22  r21  j 


§3  csc912 

r21  ) 


d?2d?; 
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DIFFERENTIAL  AREAS  AND  VOLUMES  IN 

CONTINUED 

• The  volume  of  the  differential  element  is  given  by 

dV  = (g,  x g2)  • g3  d^d|2d|3 

• Using 
and  g3 


= n gives 


dV  = 


1 + 


cote 


12 


1 + 


is  cote12 


ii 


12 


22 


21 


V ri2 


53  lcsc2e 

21 


12 


A1A2di1di2d|: 
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DIFFERENTIAL  AREAS  AND  VOLUMES  IN 

CONTINUED 

• For  orthogonal  reference-surface  Gaussian  coordinates, 


A1A2d?1d^3 
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DIFFERENTIAL  AREAS  AND  VOLUMES  IN 

CONCLUDED 

• For  principal-curvature  Gaussian  coordinates, 


dA(1)  = A2 

(’>) 

d|2d|3 

d A (2)  = A , 

K) 

' d&dl. 

dV  = 


1 + 


R1 


1 + ^ A1A2di1di2di8 
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RECIPROCAL  BASIS  FOR 

• A reciprocal  basis  is  an  algebraic  construct  that  is  particularly  useful 
when  the  curvilinear  coordinates  for  are  non-orthogonal 

• They  are  defined  to  provide  orthogonality  relations  that  simplify 
algebraic  computations 

• Let  the  vector  fields  (g  , g , g } be  defined  such  that 


9i  Xg2  = A3g3 

g3xg,  = A2g2 

g2xg3  = A1g1 

_ » 

^ m 

g 

• g n 

= 5n 

is  the  Kronecker  delta  symbol 


• Since  {g1?  g2,  g3}  form  a basis  at  each  point  of  j?0,  it  follows  that 
{g1,  g2,  g } can  be  expressed  by  the  linear  combinations  gk  = gkpgP 
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RECIPROCAL  BASIS  FOR  - CONTINUED 


• The  orthogonality  relations 


-> 

^ m 

g 

• gn 

= 8„ 

and  g =gkpgP  give 


• In  addition,  applying  the  commutative  property  of  dot-product 

k ^ n kri  kn  nk 

multiplication  to  g • g = g yields  the  symmetry  property  g = g 


_»m  m 

• Next,  the  orthogonality  relations  g *gn  = on  are  applied  to  the 
previous  cross-product  definitions  to  get 


(92X93) 

| • 9,  = A,  g1  * 9,  = A, 

(g.xg,) 

| • g2  = A2g2  • g2  = A2 

(g,  xg2) 

| • 9s  = A3g3  • g3  = a3 
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RECIPROCAL  BASIS  FOR  - CONTINUED 


Noting  that  (a  Xbj  *c  - |bxc|  ’a  - Jcxaj  • b for  any  three 
distinct  vectors  a , b , and  c it  follows  that 


• Applying  the  equalities  to 


(92X93) 

I • 9,  = A,  g'  • g,  = A, 

(g.xg,) 

| • g2  = A2g2  • g2  = A2 

(g,  xg2) 

| • g3  = A3g  • g3  = a3 

yields  a1  = a2  = a3  = a , which  is  determined  as  follows 
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RECIPROCAL  BASIS  FOR  - CONTINUED 

• First,  consider  the  Cartesian  representations  of  the  basis  {g,,  g2>  g3}  , 

■ . -*  dX  o 

given  by  gk  = ^iP 

• For  any  three  distinct  vectors  defined  by  a = aptp,  b = bptp,and 

c = cptp  the  product  (a  X b j • c has  the  following  determinant 
representation 


; thus, 


ax, 

ax2 

ax3 

(g,  xg2)  *§3  = 

ax, 

<n2 

ax2 

a§2 

ax3 

ax, 

ax2 

ax3 

a|3 
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RECIPROCAL  BASIS  FOR  - CONTINUED 

• Next,  consider  the  general  expression  for  nonorthogonal  coordinates 
on  given  by 


dL2  = (H,di,)2  + 2H,H2cos012  d|,d|2  + (H2d|2)2  + 

2H1H3cos013  d^,d^3  + 2H2H3cos023  d£2d£3  + (H3d£3)2 


• This  expression  is  re-written  in  matrix  notation  as  the  quadratic  form 


(H,)2 

H1H2cos©12 

H^gCOS©^ 

[d|il 

dL2  = { di,  d|2  d§3 } 

H,H2cos012 

(h2)2 

H2H3cos©23 

d|2 

H,H3cos0,3 

H2H3cos023 

(h3)2 

Idlsj 

• The  expression  for  the  square  of  the  arc  length  also  has  the  Cartesian 
form  dL2  = (dXj2  + (dX2)2  + (dX3)2 
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RECIPROCAL  BASIS  FOR  - CONTINUED 

• The  Cartesian  form  is  expressed  in  matrix  notation  as 

1 o 0 1 j dX,  | 
dL2  = (dX,  dX2  dX3 } 0 1 0 j dX2  \ 

[o  0 1 J \ dX3  j 

• Next,  the  chain  rule  of  differentiation  gives 

ax,  ax2  ax3 

d£i 

ax,  ax2  ax3 

a^2  ^2  ^2 

ax,  ax  2 ax  3 

ag3  a?3  ^3 

where  the  matrix  superscript  denotes  transposition 
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RECIPROCAL  BASIS  FOR  - CONTINUED 


The  Cartesian  form  is  now  expressed  as 


{ d|,  d^2  d|3 } 


aX, 

dX2 

ax3 

aii 

aii 

ax, 

ax2 

ax3 

a?2 

a?2 

ax, 

ax2 

ax3 

a|3 

d|3 

d%. 

dX , 

ax2 

ax3 

aii 

aii 

ai. 

ax, 

ax2 

ax3 

a?2 

a|2 

ax, 

ax2 

ax3 

a|3 

a§3 

a§3 

Comparing  this  form  with  the  similar  previous  one  yields 


(HJ2 

H1H2cos012 

H,H3cos0,3 


H,H2COS0,2 

(h2)2 

H2H3cos023 


H,H3cos0,3 

H2H3cos023 

(h3)2 


ax, 

ax2 

ax3 

aii 

ait 

aii 

ax, 

ax2 

ax3 

a|2 

a?2 

a§2 

ax, 

ax2 

ax3 

a§3 

al3 

a|3 

ax, 

ax2 

dX3 

ai. 

aii 

ai, 

ax, 

ax2 

ax3 

s%2 

a?2 

a|2 

ax, 

ax2 

ax3 

a|3 

a?3 
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RECIPROCAL  BASIS  FOR  - CONTINUED 


• Noting  that  the  determinant  of  a matrix  is  identical  to  the  determinant  of 
its  transpose  gives 


(Hi)2 

H1H2cosG12 

H,H3cos©,3 

ax, 

all 

ax2 

ax3 

H1H2cos@12 

(h2)2 

H2H3cos©23 

2 

= 

ax, 

ax2 

ax3 

a|2 

H,H3cos©,3 

H2H3cos©23 

(H.) 

ax, 

aX2 

ax3 

a§3 

• Now,  let 


2 

(H,)2 

H,H2cos©,2 

H,H3cos013 

H = 

H,H2cos0,2 

(h2)2 

H2H  3cos0  23 

h,h3coso,3 

H2H3cos©23 

(h3)2 

to  get 


ax, 

ax2 

ax3 

H = 

ax, 

ax2 

ax3 

a|2 

a§2 

a§2 

ax, 

ax2 

ax3 

a?3 

a?3 

a|3 
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TO) 


RECIPROCAL  BASIS  FOR  - CONTINUED 


Then 


and 


dX, 

ax2 

dX3 

ax, 

dX2 

ax3 

ail 

ail 

*ii 

*ii 

dXA 

ax2 

dX3 

and 

H = 

aX, 

dX2 

dX3 

a§2 

9^2 

a§2 

dX , 

ax2 

dX3 

ax, 

dX2 

dX3 

^3 

^3 

a?. 

a§3 

give  a = H 


(gi  x g2)  • g3=  (g 


g,  = (g 


i)  • g2  = H 


xg 


• The  explicit  form  for  H is  given  by 


H = H1H2H3  ^/[sin2©12  + sin2©13  + sin2©23  + 2(cos©12cos©13cos©23  - 1 )] 
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RECIPROCAL  BASIS  FOR  - CONTINUED 


• From 


and  gk  = gkpgp , it  follows  that  gkp(gp  • gn)  = 8n 


kp  / \ _ m 

• The  matrix  form  of  g (gp  • gn)  = on  is  given  by 


11  12  13 

g g g 

3i  • ii  gi  • g2  9,  • g3 

1 0 0 

12  22  23 

■4  -4  “4  -4  -4  -4 

U) 

U) 

U) 

gi*g2  g2*g2  g2#g3 

= 

0 10 

13  23  33 

[g  g g J 

gi  • g3  g2  • g3  g3  • g3 

0 0 1 

• Thus, 


i 

r 

- 1 

11 

g 

12 

g 

13 

g 

gi  *gi 

gi  • g2 

gi  • g3 

12 

22 

23 

■4  -4 

—4  —4 

g 

g 

g 

= 

gi  • g2 

CM 

U) 

• 

CM 

U) 

g2*  g3 

13 

23 

33 

■4  -4 

—4  —4 

■4  —4 

[g 

g 

9 J 

gi  • g3 

g2*g3 

g3*g3 
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RECIPROCAL  BASIS  FOR  - CONTINUED 

• Using  HjHkcos©(jk)  = g,  • gk , it  follows  that 


11 

12 

13 

g 

g 

g 

12 

22 

23 

g 

g 

g 

= 

13 

23 

33 

[g 

g 

g J 

(H,) 

H^cos©^  (H2) 
H1H3cos©13  H2H3cos© 


H^COS©^  H.,H3COS© 


13 


H2H3cos©23 


23 


(H3) 


• Since  {g15  g2,  g3}  form  a basis  at  each  point  of  /R0,  and  gk  = gkpgp 
yields  three  distinct  linear  combinations  of  {g„  g2,  g3}  , it  follows  that 

{g1,  g2,  g } is  also  a basis  at  each  point  of  /&0 
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RECIPROCAL  BASIS  FOR  - CONTINUED 


Now,  recalling  that  h3  = i and  013  = 023  = § for  the  (^,  £3) 


coordinate  system  based  on  parallel  surfaces,  yields  H = h1h2  sin©! 


From 


9i  x 92  _ 
A i A2 


1 + — + 


^3  cote12 


11 


i + 


^3  cote 


12 


12 


22 


21 


?3 

CM 

UJ 

CSC  0 


12 


n 


and  H1H2sin©12=  g,  x g2  , it  follows  that 


H = A,A 


^3  cote12 
i + — + — 

rn  r12  j 


1 + 


i,  §3  cote 


12 


22 


21  ) 


vr  r 

V 1 12  J V 1 21 


CSC  6 


12 


Note  that  the  volume  of  the  differential  element  given  by 


dV  = | 

9i  xg2 

1 * g3  d5,d^2d^ 

becomes 

dV  = H 
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RECIPROCAL  BASIS  FOR  - CONTINUED 

• Additionally, 


- 1 

11  12  13 

g g g 

(HO' 

H.,H2cos©12 

0 

12  22  23 

g g g 

= 

H^cos©^ 

(h2)2 

0 

13  23  33 

[g  g g J 

0 

0 

1 

which  yields 


33  . 

,9=1 

, and 

11  12 

g g 

12  22 

[g  g 

_ 1 
"h2 

(H2)  - H^cos©^ 

- h^HgCOS©^  (Hj 
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RECIPROCAL  BASIS 


g1  _L  g2  and  g3 
g _L  g,  and  g3 

3 9 

g _L  g,  and  g2 

li 

[ = perpendicular 


FOR  - CONCLUDED 


Surface 
§3  = constant 
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MATHEMATICAL  DESCRIPTION  OF  THE 
DEFORMED-SHELL  REFERENCE-SURFACE  GEOMETRY 
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MATHEMATICAL  DESCRIPTION  OF  THE  DEFORMED-SHELL 

REFERENCE-SURFACE  GEOMETRY 


• Previously,  it  was  shown  that  the  properties  of  a 
parallel  surface  within  the  shell  space  can  be  given  in 
terms  of  the  properties  of  a corresponding  reference 
surface 

• In  a similar  manner,  the  deformation  of  the  shell 
space  will  be  related  herein  to  the  deformation  of  the 
corresponding  reference  surface 
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THE  DEFORMED  REFERENCE  SURFACE,  Sf 

• Let  s,  be  a smooth  surface  that  is  obtained  by  displacing  and 
deforming  the  initial  smooth  undeformed  reference  surface  S0  in  some 
manner 

• s\  is  referred  to  herein  as  the  deformed  reference  surface  and 

V 

it  occupies  a subset  of  the  same  Euclidean  space  at  time  t > 0 

• The  undeformed  configuration  of  st  is  the  surface  s0  and  herein 
it  corresponds  to  time  t - 0 

• The  Gaussian  coordinates  of  the  reference  surface  s0  are 
presumed  to  be  nonorthogonal 

• Points  of  the  deformed  surface  have  the  Cartesian  coordinates 

(*15  z2,  *3) , with  respect  to  the  same  © - coordinate  frame 
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THE  DEFORMED  REFERENCE  SURFACE,  S-  CONTINUED 


• By  using  the  Lagrangian  description  of  motion  and  deformation,  it 
follows  that  *k  = *k(x1f  x2,  x3,  t] , and  as  a result,  the  deformed  surface 


has  the  parametric  representation  *k  = *k(^  £2»  *) 


• In  addition,  the  Gaussian  coordinates  (§„  §2)  of  a point  PG50 

become  coordinates  for  the  image  of  P in  the  deformed  configuration; 
that  is,  PG5, 

• As  deformation  progresses,  the  Gaussian  coordinate  net  associated 

with  the  undeformed  surface  s0  gets  convected  through  S 3 as  part  of 
the  deformed  image  of  s0,  that  is,  the  surface  st 

• It  is  important  to  observe  that  the  convected  Gaussian  coordinates 
are  generally  nonorthogonal,  even  if  they  are  orthogonal  at  t-  0 
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THE  DEFORMED  REFERENCE  SURFACE,  S ' - CONTINUED 

• This  convected  nature  of  the  Gaussian  coordinate  net  enables  one  to 
define  vector  fields  (and  tensor  fields)  associated  with  the  deformed 
surface  in  a manner  analogous  to  that  for  the  undeformed  surface  S0 


• Mathematically,  xk  = *k(£i,  t)  represents  an  invertible  mapping  of  the 
undeformed  surface  s0  onto  the  deformed  surface  st 

• This  mapping  is  referred  to  herein  as  the  deformation  mapping 
and  is  denoted  herein  by  T>,(  ) 

• The  invertibility  of  the  mapping  is  inherent  because  of  the  physical 
requirements  that  every  material  point  P of  the  undeformed  surface 
S0  possess  only  one  material-point  image  in  the  corresponding 

deformed  configuration  at  a given  time  t > 0 5 and  that  no  point  of 
S0  have  more  than  one  image  in  st,  and  vice  versa 
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THE  DEFORMED  REFERENCE  SURFACE,  Sf  - CONCLUDED 
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NATURAL  BASE-VECTOR  FIELDS  OF  Sf 


• To  characterize  the  geometry  of  the  deformed  reference  surface,  and 
any  associated  vector  fields,  such  as  material-point  velocity  and 
acceleration,  it  is  convenient  to  introduce  the  time-dependent  position 


vector 


x = *k(^15  ^2,  t)  tk , with  respect  to  the  same  @ - 


coordinate  frame 


• This  vector  locates  the  deformed  image  of  a generic  material  point 
PG50  that  is  denoted  by  P = Vt(9)  E st  and  defines  the  trajectory 

of  point  P through  S 3 


• The  undeformed  and  deformed  reference  surfaces  are  related  by 

introducing  a vector  field  u(^,  t ) that  defines  the  displacement  of 
each  material  point  P G50  such  that 


x(^,  5a,  t)  = x(?15  y + u(?15  %2,  t ) and  *(£„  ^ 0)  = x(s„  £a) 
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NATURAL  BASE-VECTOR  FIELDS  OF  S-  CONTINUED 
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NATURAL  BASE-VECTOR  FIELDS  OF  S-  CONTINUED 

• By  direct  analogy  with  the  undeformed  reference  surface  S0,  it  follows 
that  the  natural  base-vector  fields  of  S , that  span  the  tangent  plane, 

T Js),  at  every  point  P G S¥,  are  given  by 

and 

• In  terms  of  the  deformation  mapping,  the  base  vectors  are  given  by 

^2 > *)  — ^))  5 such  that 

• The  unit-magnitude  vector  field  t]  shown  in  the  previous  figure 

is  perpendicular  to  the  tangent  plane  at  P = &/P)  £ St  and  is  given  by 

, where 


0)  = n(i„  i2) 


t t t\  _ 

4 -4 

X 

Si  J S2J  ^ j “ 

"4  “4 

X 

ao(^^2,0)  = ao(^y 
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NATURAL  BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 


In  terms  of  the  displacement  vector,  the  base-vector  fields  of  S ' are 


where  the 

parentheses  around  the  subscript  is  used  to  indicate  suspension  of  the 
repeated-index  summation  convention 

In  general,  the  displacement  vector  field  u(£„  c2,  t]  has  several 
component  forms  that  are  convenient  for  various  purposes 


Herein,  u(^,  t)  is  associated  with  points  P ES0  and  is  expressed  in 
terms  of  the  unit-magnitude  vector  fields  for  s0  as 

u(S«  ^2,  t)  = u0(S«  *)aa(^,  £2)  + w(i„  r)n(it,  £2) 


• ua(i„  ^2,  t]  and  w(|„  £2,  t)  are  referred  to  herein  as  the  tangential 
displacements  and  normal  displacement,  respectively 
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NATURAL  BASE-VECTOR  FIELDS  OF  S-  CONTINUED 

• Previously,  it  was  shown  herein  that  derivatives  of  a vector  field 

y = V0(£lf  ^)aa(^15  £2)  + V3(S1f  ^2)h(^,  y 


defined  on  the  undeformed  reference  surface  s0  are  given  by 


• Thus,  it  follows  that 


1 dU  _ u0) 

✓n  (2) 

(1>a.  + u 

^ (3) 

(1>a2+  “ 

/N 

«>" 

a,  as, 

1 au  _ uo> 

^ (2) 
(2>ai  + u 

✓s  (3) 

(2>a2+  “ 

A23?2 

where,  for  general  reference-surface  Gaussian  coordinates, 
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NATURAL  BASE-VECTOR  FIELDS  OF  S-  CONTINUED 


U 


(i) 


i ai^  u2csc812  ae12  csce 
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NATURAL  BASE-VECTOR  FIELDS  OF  S-  CONTINUED 


For  orthogonal  Gaussian  coordinates  these  expressions  reduce  to 
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NATURAL  BASE-VECTOR  FIELDS  OF  S,  - CONCLUDED 

f 


• Using  the  general  expressions  for 


and  the  expression 


du 


= A 


a..  + 1 


du 


a 


A a dl=a  ’ 


the  base-vector  fields  of  the  deformed  surface  at  time  t are  given  in 
terms  of  the  displacement  components  by 


4 

^1  (1} 

\ ^ (2) 

"S  (3) 

/s 
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, a2  + u 
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A,  \ 
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(i) 
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^ (2) 

W (3) 
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METRIC  COEFFICIENTS  OF  Sf 

• Recall  that  Se(P)  denotes  a small,  infinitesimal  neighborhood of  an 
arbitrary  point  P of  the  undeformed  reference  surface,  SQ 

• Likewise,  point  Q is  a “nearby”  point  in  S£(P)  and  ds  = PQ  is  a 
smooth  differential  surface  arc  connecting  points  P and  Q 

• As  the  reference 
surface  deforms, 
material  points  P and 
Q become  P and  2, 
respectively 

• Likewise,  the  material 
curve  C becomes  the 

curve  and  the 

infinitesimal 

neighborhood  SE(P)  becomes  Se(P),  as  shown  in  the  next  figure 
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METRIC  COEFFICIENTS  OF  S ' - CONTINUED 

• Just  as  the  reference-surface  coordinates  (li,  i2)  become  convected 

surface  coordinates  for  the  deformed  reference  surface  Se,  the  arc- 
length  coordinate  s becomes  a convected  arc-length  coordinate  for  the 
curve  & C St  shown  in  the  previous  figure 

• Thus,  the  differential  ds  = PQ  becomes  the  differential  d<*  = P2 

• The  position  vectors  to  points  P and  2 of  the  deformed-reference- 
surface  curve  & are  given,  respectively,  by 

x - *)  ik  and  x(^A  + d^19  + d^2,  t ) = ^2,  t ) + d J 

• The  arc  length  tid  of  the  two  infinitesimally  close  points,  P and  2 , is 

2 4 4 

given  by  the  dot  product  d<*  = d*  • d % 
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METRIC  COEFFICIENTS  OF  Sf  - CONTINUED 


dz  n-* 

• Noting  that  d % - ——  d^a  and  2a(^,  t)  - , it  follows  that  the  arc 

OSa  dH(l 

length  d*  is  given  by  d<*  = (2a  • 2p)d^ad^p 

• For  the  undeformed  reference  surface,  the  arc  length  ds  is  expressed 

as  ds2  = ( A1d^1)2  + 2A1A2  cose12  d^d^2  + (A2d^2)2 , where  012  is  the 
angle  between  the  nonorthogonal  Gaussian  coordinate  curves 

• In  addition,  A„(^15  £2)  = a/ aa  • a(a)'  = | aa  | and  a,  • a2  = A,A2  cos012 


• Again,  for  the  deformed  reference  surface,  it  is  important  to  note  that 
the  convected-coordinate  curves  are  generally  nonorthogonal 


The  angle  between  the  convected  Gaussian  coordinate  curves  is 
denoted  by  012  = 012(?i,  %2,  *) , where  012  = V \ 


209 


METRIC  COEFFICIENTS  OF  S ' - CONTINUED 

• Using  notation  similar  to  that  used  for  the  undeformed  reference 

surface,  the  arc  length  d4  is  expressed  in  terms  of  Lame'  parameters 
of  the  deformed  reference  surface  as 


2 2 

d/  = & ) + 2^^2cos 012  d^,d^2  + (^2d^2) 


• Comparison  of  = (*a  • 2p)d^ad^p  and  the  previous  equation  reveals 
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and 
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METRIC  COEFFICIENTS  OF  S ' - CONTINUED 
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A 2 a? 


/ ~ — > \ 

A 1 6ll 
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1 du  . jl 
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a,  a?,  A2a|; 
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• With  the  Lame'  parameters  of  the  deformed  reference  surface  defined,  a 
set  of  convected  unit-magnitude  base-vector  field  is  defined  by 


-* 

✓s  ^1 

= 

-» 

and 

A ^ 2 

Ifco  = 

- *2 

*1 

CM 

M 
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METRIC  COEFFICIENTS  OF  S.  - CONTINUED 


■ ■■  1 <p) 

USlng  A 

^ (a) 


^ (3) 

(a)3.  + U 


(«) 


n gives  the  following  complicated 


expressions  for  the  Lame'  parameters  of  the  deformed  reference 
surface  in  terms  of  the  displacements 


v Al  ) 


= 1 + 2 u 


(i) 


(i) 


+ u 


(2) 


(1) 


COS012)  + u 


(1) 


(1) 


u 


(1) 


(1) 


+ u 


(2) 


(1) 


COS0 


12 


+ u 


(2) 


(2) 

u 

m+  u(,) 

COS012 

(3) 

+ u 

(3) 

u 

0) 

<1> 

(!)  12 

1 

(1) 


V A2  ) 


= 1 + 2^u 

(2) 

+ u 


(1) 


(2) 


COS012+  u 


(2) 


(2) 


u 


(2) 


(2) 


+ u 


(2) 


+ u 


(1) 


(1) 


(2)  COS012 


(2) 

+ u 


u 

<3> 


(1) 


(2) 


+ u 


(2) 


(2) 


COS0 


12 


(2) 


u 


(3) 


(2) 


212 


METRIC  COEFFICIENTS  OF  Sf  - CONCLUDED 

• In  addition, 


AiA2 


cos012  = u 


<i) 
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+ u 
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+ 1 + u 
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+ u 
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• It  is  important  to  remember  that  although  the  magnitudes  of  ^ 
£2  are  constant,  the  directions  are  not  - thus,  £a  = *) 


and 
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ALTERNATE  NORMAL-VECTOR  FIELD  FOR  Sf 


A convenient  alternate  form  of  £2>  t)  is  given  by  where 


^ = A1A2sine12  and  #»  = #»1a1  + #»2a2  + #»3n  is  free  of  metric  quantities 


Here, 


J*  - 


■4  “4 

X <5^2 


is  defined  such  that  £(^,  t)  = — 


the  orthogonality  relations  31  • w = 0 and  *2  • w = 0 


Also,  from  £ = x ancj  £ = — w it  follows  that 


JCL 
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/a 
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ALTERNATE  NORMAL-VECTOR  FIELD  FOR  Sf 

CONTINUED 


In  addition;  a,,*a,2  , a,  = 

, and 

S2  = s4£2  yield 

- s4^/42  it  xj2  = s4 2 sintf12  « 

or 

M-  /4V >4 2 sin012 

za  A.A-sinO*, 

• Moreover,  — = and 

J*  sin012 


Using  this  equation  for  with 
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ALTERNATE  NORMAL-VECTOR  FIELD  FOR  Sf 

CONTINUED 
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1 + u 

nxa, 
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ml 

• Using  x a2  = sin012  n ? n x a1  = a2  csc012  - a,  cot012 , and 

a2  x n = a,  csc012  - a2  cot012  with  w = #«1a1  + w2a2  + w3n  yields  the 
following  results 
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ALTERNATE  NORMAL-VECTOR  FIELD  FOR  Sf 

CONCLUDED 
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(2) ) 
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• Inspection  of  the  components  of  ^ given  above  reveals  that  they  are 
quadratic  in  the  derivatives  of  the  reference-surface  displacements 


217 


RECIPROCAL  BASE-VECTOR  FIELDS  OF  S, 

• As  a prelude  to  characterizing  the  geometry  of  the  deformed  reference 
surface,  it  is  convenient  to  introduce  the  ’’reciprocal”  base-vector  fields 

1 2 
A /S  A | A A A 

a,  = x * and  * = « x 
for  the  deformed  reference  surface  such  that 


A1  -Aft 

a,  • — 0 
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1 2 
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Z*  • Z2  = sin012 

i 

1 2 

A A A A ft 

« • a 2 - cl  * = u 

• These  conditions  yield 


a,  = csc012  - cot012 


and 


a,  = csc012  - cot012 
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RECIPROCAL  BASE-VECTOR  FIELDS  OF  S, 

CONCLUDED 


nfe,  i.) 
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DEFORMATION  CONTINUITY  CONDITION  FOR  S, 


• A useful  relationship  between  the  convected  base-vector  fields  is 

obtained  by  differentiating  the  orthogonality  conditions  £ • = 0 and 

* • a,2  = 0 as  follows 


gives 

1 A A 

ai2  s%2 

gives 

d«r  oa, 

m xs  /N  _ ^ 

• • 

a?,  2 a?, 

dx 


• Because  = — and  <t2  = — , continuity  of  deformation  ensures 


that 


d£. 


d^2 


$=, 


, or  equivalently, 
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DEFORMATION  CONTINUITY  CONDITION  FOR  S 


CONTINUED 


d d 

Expanding  ) = -^-{s42£2)  and  taking  the  inner  product  with  « 

0^2  V C'Sl 


gives 
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• Using 
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with  the  last 


equation  yields  the  following  alternate  expression 
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DEFORMATION  CONTINUITY  CONDITION  FOR  S, 

CONCLUDED 


Previously,  it  was  shown  herein  that 


da. 


a i da,  a 

AlW,  ' " ,0r,he 


undeformed  reference  surface,  which  yields  the  identity 


Thus,  by  direct  analogy,  * 


requires 
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+ = COt  0,2 
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CM 

where 


'op 


are  the  curvatures  and  torsions  of  the  deformed  reference  surface 


associated  with  the  convected  Gaussian-coordinate  curves 
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CURVATURES  AND  TORSIONS  OF  S ' 

f 

• For  the  reference  surface  S0,  the  surface  curvatures  along  the 
Gaussian-coordinate  curves  have  been  given  as 

and 

• Likewise,  the  surface  torsions  were  given  as 


• By  direct  analogy,  the  curvatures  of  the  deformed  reference 

surface  St  along  the  convected  Gaussian-coordinate  curves  are  given 

and 
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CURVATURES  AND  TORSIONS  OF  S-  CONTINUED 


Similarly,  the  corresponding  torsions  of  the  deformed  reference 
surface  St  along  the  convected  Gaussian-coordinate  curves  are  given 
by 


and 


i i ^ i 

— = X « • — = a,  • — 

*21  ] ^2^ 


• These  equations  illustrate  the  utility  of  defining  the  reciprocal  base- 
vector  fields 
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CURVATURES  AND  TORSIONS  OF  S ' - CONTINUED 


• Next,  using 


V3  . A 

* = and 


gives 


with 


and 


\ 

, 

( 

and 

1 Ja 

A 

— — 

*2  * 

y 

^22 

V 

Likewise,  the  torsions  are  expressed  as 
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CURVATURES  AND  TORSIONS  OF  S-  CONTINUED 

• Moreover,  using  the  following  expressions  for  the  convected  reciprocal 
basis  for  S ' 

1 2 

a = csc012  - a2  cot012  and  a = a2  csc012  - cot012  gives 
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CURVATURES  AND  TORSIONS  OF  S-  CONTINUED 


• The  expressions  for  the  derivatives  of  = #»1a1  + #»2a2  + #»3n  are 
needed  next  and  are  given  by 
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where,  for  general  reference-surface  Gaussian  coordinates, 
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and  where  for  orthogonal  reference-surface  Gaussian  coordinates 


(1) 

1 ^*1  «2  _ **3 

,1>_  A,  a§,  Pl1  + r„ 

(3) 

1 

— -J- 

<’>  A,  a|,  r„  ' r12 

(2) 

ftt 

1 W,  *3 

1 _|_  1 _|_ 

(2>  A 2 a^2  ' p22  ■ r22 

(2) 

m 

1 a«2  <»,  <*3 

w " A,  d|,  + Pll  r12 

(i) 

m 

1 d<K,  <*2 

<2>  ~ A 2 a^2  P22  r,2 

(3) 

*K 

1 fW3  «»2 

<2>  A 2 a^2  ' r,2  r22 

229 


CURVATURES  AND  TORSIONS  OF  S-  CONTINUED 

• The  curvatures  and  torsions  for  the  deformed  reference  surface  S ' 
are  now  given  by 
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• At  this  point,  it  is  convenient  to  express 
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• Then 
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• The  curvatures  of  the  deformed  reference  surface  become 
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where  = has  been  used 

sin012 
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CURVATURES  AND  TORSIONS  OF  S-  CONTINUED 

Likewise,  the  torsions  become 
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CURVATURES  AND  TORSIONS  OF  Sf  - CONTINUED 
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where  it  is  recalled  that  the  Lame'  parameters  of  the  deformed  surface 
and  the  corresponding  trigonometric  functions  of  012  are  complicated 
irrational  functions  of  the  displacements 
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CURVATURES  AND  TORSIONS  OF  S-  CONTINUED 

• The  changes  in  surface  curvature,  *)  and  k°22(^,  ^ t) , and 

the  change  in  surface  torsion,  k°2(^,  *) , caused  by  deformation  are 

defined  by 

o 1 1 


o 1 

1 

K„- 

*11 

I'll 

• Examination  of  the  previously  derived  expressions  for  «af!  indicates 

that  the  changes  in  surface  curvature  and  torsion  are  complicated 
nonlinear  functions  of  the  surface  displacement  field 

• Thus,  these  expressions  appear  to  have  very  limited  practical  value 

• These  expressions  also  have  no  implicit  limitations  on  the 
magnitude  of  the  displacements  that  may  occur  during  deformation 
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CURVATURES  AND  TORSIONS  OF  S-  CONTINUED 

• For  orthogonal  Gaussian  coordinates  the  change  in  surface  torsion 
reduces  to 
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• In  addition,  the  components  of  ^ reduce  to 
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CURVATURES  AND  TORSIONS  OF  S-  CONTINUED 

• Moreover,  the  curvatures  reduce  to 
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and  the  torsions  reduce  to 
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CURVATURES  AND  TORSIONS  OF  Sf  - CONTINUED 
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• Furthermore,  the  Lame'  parameters  of  the  deformed  surface  reduce  to 
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In  addition, 
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CURVATURES  AND  TORSIONS  OF  S ' - CONCLUDED 

• To  obtain  practical  expressions  that  characterize  the 
geometry  of  the  shell  reference  surface,  it  is  first 
noted  that  deformation  can  be  partitioned  in  strain 
and  rotation  of  material  line  segments,  areas,  and 
volumes 

• Thus,  simplification  of  the  previously  derived 
deformed-surface  expressions  can  be  obtained  by 
examining  practical  limitations  on  the  magnitudes  of 
the  strains  and  rotations 
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CHARACTERIZATION  OF 
REFERENCE-SURFACE  DEFORMATIONS 
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ELONGATION  AND  SHEARING  OF  S0 

• Two  primitive  aspects  of  deformation  are  elongation  and  shearing 

• Consider  the  differential 
reference-surface  arc 

ds(n)  = PQ  shown  in  the 
figure 

• This  arc  is  part  of  a surface 
curve,  defined  parametrically 
by 

X(M-)  = Xk(^i(|i),  ^2(M-))ik 

where  \i  is  a parameter 

• The  corresponding  unit-magnitude  tangent  vector  is  denoted  by  t 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 

• Other  surface  curves  are  given  by  different  parametrizations  of  the 
surface  coordinates  (^,  £2) 

• During  deformation,  the  material  points  forming  the  reference-surface 
region  in  the  neighborhood  of  point  P,  S (P),  generally  change  their 
spatial  orientation  and  their  relative  positions 

• As  a result,  the  arc  of  material  points  PQ  also  generally  undergoes  a 
rigid-body  motion  and  either  elongates  or  contracts  (negative 

elongation)  into  the  deformed  image  P2.  shown  in  the  next  figure 

• The  differential  arc  length  of  P2.  is  denoted  by  d*(|i)  and  the 
corresponding  unit-magnitude  tangent  vector  is  denoted  by  tf(n) 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 

• The  elongation  ^ few.  <)  of  the  differential  arc  PQ,asit 


deforms  into  the  differential  arc  P2  , is  defined  as 


d<*  - ds 
^tin) — ds 


• Note  that  in  this 
definition,  the  unit- 
magnitude  vector  field 

t(^iM,  ^2(n))  = t(|x)  = ^ 

defines  the  initial 

orientation  of  PQ 
with  respect  to  the 
Gaussian  coordinates 
of  the  point  P 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 


d<*  - ds 

• From  the  definition  = — ds — , it  follows  that 

and 

• Using  d/  = (*a  • 2p)d^ad^p  and  ds2  = (aa  • ap)d^ad^p  gives 


• Noting  that 


_ dx  _ ax  d^a  _ ^ d^a 
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ELONGATION  AND  SHEARING  OF  Sn  - CONTINUED 


Thus 
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. a \ / /s 


til*)  • a t(n)  • a 
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The  three  independent  quantities  given  by 
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Also,  (i  +efw)  -1  = 


2 2 

d<*  - ds 


ds 


gives 


2 2 

- ds 


ds 


= 2e 


(tc)  • a”) 


A ✓sPA 

t(ii)  • a 


«P 


sin  0 


12 


248 


ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 


• Now  consider  the  intersecting  differential  arcs  associated  with  the  two 
distinct  surface  curves  passing  through  point  P of  the  undeformed 
reference  surface,  as  shown  in  the  figure 


• The  arc  ds(n-)  = PQ  is  defined 

P/ 

parametrically  by 

X(n)  = Xk^i(jA),  ^2(M-))ik 

dS(,i)>\  / 

/ R ° f °Q  +^2 

• The  arc  ds(-n)  = PR  is  defined 

/ t(ri)  0(1,,  i2) 

parametrically  by 

+il  S.(P) 

X(ri)  = Xk(^{r\),  ?2(r|))fk 

• The  vectors  t(jx)  and  t(-n)  have  unit  magnitude  and  are  tangent  to  the 
arcs  PQ  and  PR,  respectively,  and  are  presumed  to  be  distinct 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 


• The  angle  efsi.i*)  between  t(n)  and  t(-n)  is  given  by 

cose  = t(n-)  • t(r|)  and  sine  = (t(n)  x t(M-) )•  n 


• As  the  reference  surface  deforms,  the  angle  e(5i>  §2)  generally  changes 
into  a different  angle,  given  by  0(si>  s2, *) 

• That  is,  0 = *D  t Q)  such  that  0(5 « 0)  = e(^,  s2) 


The  arc  ds(i*)  = PQ  deforms  into  the  arc  d a(\i)  = P2  and  the  arc 
ds(ii)  = PR  deforms  into  the  arc  cU(ti)  = 


Unit-magnitude  vector  fields  that  are  tangent  to  the  deformed  arcs  P2 

„ v /v  d2(|i)  ^ dj  (t|) 

and  P&  are  given  by  t(v)  = > and  ffa)  = y , respectively 


250 


ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 


d=‘D.(Q) 


Undeformed  reference 
surface,  S (P) 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 


Using  the  previously  derived  relations  A(0)  = t(n)  * a“csc012  and 


= 1 + eiw  ds(ji) , it  follows  by  direct  analogy  that 


Aw  = t(-n)  • a°csc012  and  d<t(ri)  = (l  + «tw)ds(ri) 


• Therefore, 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 


• Next,  noting  that  cos0  = £(n)  • i(r\)  gives 
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Also,  from  the  definition  a - aa  • ap  s 2eap(£1,  %2,  t]  and  from 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 

• Now,  using 


«tw=  V1  + 2C  (*(•*)• 

(t(n)  • aP)csc2012  - 1 

«tw=  V1 + 2«C  (‘w  * s“) 

(t(r|)  • aP)csc2012  - 1 

gives 


nn.Q  f)  — 

* a“) 

(t(-n)  • aP) 

2e 

°(S  + 6all+  (l  - Sa|1)cos012 

V1  t2(('W,A' 

(t(n)  • ax’ 

V1  + 2{C  (tfi)  * ^ 

(t(ri)  • aP) 

• cose  = t(ii)  • t(ri)  and  the  previous  expression  show  that  the  three 
independent  quantities  £°p  also  completely  defined  the  change  in  angle 

• The  shear  or  scissoring  of  the  arcs,  y°(?  - ^ t) , is  defined  by  y°  = Q-  0 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 

• For  the  special  case  where  t(-n)  = a1  and  t(n)  = a2 , the  two  differential 
arcs  of  the  undeformed  reference  surface  are  aligned  with  the  and  §2 
Gaussian-coordinate  curves  and  are  denoted  by  ds(1)  and  ds{2) , 
respectively 

• During  deformation,  ds(1)  and  ds(2)  deform  into  d<*{1)  and  d<*(2), 
respectively,  as  shown  in  the  next  figure 


• The  angle  between  intersecting  convected  differential  arcs  is  given  by 


sin2012 

2e°2  + cos012 

/ 02'/  o 

y l + 2e„  sin  012  y 1 + 2e22 

sin2012 
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ELONGATION  AND  SHEARING  OF  S0  - CONTINUED 

• Likewise,  the  elongations  of  two  differential  arcs  are  obtained  from 


and  are  given  by 

ea,  = = \Z^  "I"  2^11  ' _ ^ Ca2  = e2  = \J ^ 22  “ ^ 
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ELONGATION  AND  SHEARING  OF  S0  - CONCLUDED 
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GREEN-LAGRANGE  REFERENCE-SURFACE  STRAINS 


• The  previous  analysis  shows  that  the  changes  in  lengths  of  material 
line  segments  and  changes  in  angles  between  intersecting  material  line 

segments  are  specified  entirely  by  the  three  independent  quantities 


• These  three  quantities  are  defined  by  ^ — = 2e°p  (t  • aa)(t  • ap) 

and  constitute  the  physical  components  of  the  Green-Lagrange  strain 
tensor,  referred  to  herein  as  simply  the  Green-Lagrange  strains 

• The  Green-Lagrange  strains  for  the  shell  reference  surface  are  also 
given  by 

2*C( A (a)d£a)(  A (P)d^p)  = d/  - ds2 


where  parentheses  around  the  subscript  is  used  to  indicate  suspension 
of  the  repeated-index  summation  convention 
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GREEN-LAGRANGE  REFERENCE-SURFACE  STRAINS 

CONTINUED 

• Previously,  it  was  shown  that 

ds2  = (A.d^)2  + 2A1A2  cosO-,2  d^d^  + (A2d^2)2  and 

2 2 

d a = (^d^j  + 2^^2cos012  d^,d^2  + (^2d^2) 

where  012  = 012(£ %2,  t]  is  the  angle  between  the  convected  Gaussian- 
coordinate  curves 

• Thus, 

d/  - ds2  = - A' jd^d^  + (s#22  - A2jd^2d^2 

+ 2|^^2  cos012  - A,A2  cos012  jd^d^2 

• Comparing  the  previous  equation  with  the  strain  definition 

2£!P(AMd^«)(A o)d^e)  = d<*  - ds2  gives 
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GREEN-LAGRANGE  REFERENCE-SURFACE  STRAINS 

CONTINUED 
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• Next,  the  strains  are  expressed  in  terms  of  the  displacement-vector  field 

u(£i,  £2,  t)  of  the  reference  surface  by  using  the  previously  derived 
relationships 
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GREEN-LAGRANGE  REFERENCE-SURFACE  STRAINS 

CONTINUED 


• Therefore, 


o 


£ 


11 


1 dip 

Ai  d?i ; 


+ 


1 

1 3u 

2 

i,  A1  a^1 

i aiT 

A!  d^  j 


o 

p = 

*“"22 

l ! atn 

g • 1 

+ 1 

f 1 au  ^ i au  ^ 

2 A2d?2j 

+ 2 

v A 2 a^2  A 2 a^2 J 

o 

2£  = 

°12 

L i au| 

* 

L i au  1 

+ 

/ -»  ->  \ 

■j  dll  -|  dll 

1 A2ap 

2 A,ap 

A2a^2^ 

or,  in  indicial  notation, 
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• In  addition,  it  follows  that 

= A,  ^/l  +2e“'  = A2  0 + 2e°2  s4,s42cosO,2  = A1A2(2e°2  + cos012) 
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GREEN-LAGRANGE  REFERENCE-SURFACE  STRAINS 

CONTINUED 


In  addition,  using  1 ^ = u(p) 
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GREEN-LAGRANGE  REFERENCE-SURFACE  STRAINS 

CONTINUED 


where,  for  general  reference-surface  Gaussian  coordinates, 
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GREEN-LAGRANGE  REFERENCE-SURFACE  STRAINS 

CONTINUED 


The  corresponding  indicial  form  is 
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For  orthogonal  reference-surface  Gaussian  coordinates,  the  strains 
expressions  reduce  to 
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GREEN-LAGRANGE  REFERENCE-SURFACE  STRAINS 

CONCLUDED 

where,  for  orthogonal  reference-surface  Gaussian  coordinates, 
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“SMALL”  GREEN-LAGRANGE  STRAINS 


• Up  to  this  point  of  the  present  study,  the  size  of  the  reference-surface 
strains  that  occur  during  deformation  have  been  unrestricted 

• However,  a broad  range  of  engineering  shell  structures  exhibit 
nonlinear  deformations  for  which  the  magnitude  of  the  strains  are  very 
small  compared  to  unity 

• The  size  of  the  corresponding  reference-surface  strains  are 

characterized  by  | e°p  | « 1 and  described  herein  as  “small” 
strains 


As  will  be  seen  subsequently,  it  turns  out  that  I c I « 1 provides  a 

means  for  simplifying  the  equations  characterizing  reference-surface 
deformation  by  converting  irrational  quantities  into  rational  quantities 
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“SMALL”  GREEN-LAGRANGE  STRAINS  - CONTINUED 


• For  the  very  important,  practical  class  of  deformations  that  exhibit 
“small”  strains,  the  Green-Lagrange  strains  are  described  as  terms  of 

second  order,  denoted  by  the  symbol  0(e2),  where  e indicates  that  the 
order  symbol  applies  to  strain-related  quantities 


In  particular,  0(*2)  means  that  the  strain  magnitudes  are 


approximately  102  times  smaller  than  unity;  i.  e.,  £ 


Ctp 


«1 


• Hence,  for  any  “small”  strain  quantity  y,  binomial  series  are  used 
to  get  + y'  = 1 + i-y  + 0(e4)  and  , 


where  0(e4)  signifies  terms  104  times  smaller  than  unity 
• Thus,  for  “small”  strains 


and 
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2 = A 2| 
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“SMALL”  GREEN-LAGRANGE  STRAINS  - CONTINUED 


In  addition,  s4As42coso,2  = a1a2(2e°2  + cos012)  becomes 


COS012  = 2e°2  + COS012i;  1 - E°u  - e22J  + 0(e4) 


Moreover,  the  elongations  along  the  coordinate  curves  become 

2 = E22  + 0(e4) 


t = eu  + 0(e4)  and 
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“SMALL”  GREEN-LAGRANGE  STRAINS  - CONTINUED 


• For  a positive-valued  0(£2)  change  in  angle  (shear)  between  the 
convected  coordinate  curves  during  deformation  equal  to  y°2,  the 
resulting  angle  is  given  by  #i2  = O12  - y°2 

• Application  of  trigonometric  identities  and  trigonometric  series  to 
siny°2  and  cosy°2  yields  the  results 


sin012  = sin012  - cos012  y°2  + #(e4)  and  cos012  = cos012  + sin012  y°2  + 0(e6) 

Combining  the  last  expression  with 

cos012  = 2e°2  + cose12(l  - e°u  - e22j  + 0{*)  yields  the  shearing  strain  as 


Y°2  = 2e°2  csce12  - cote,2(e°  + e22)  + 0(e4) 


for  “small”  strains 
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“SMALL”  GREEN-LAGRANGE  STRAINS  - CONTINUED 

• Then,  substituting  y°2  = 2b°2  csce12  - cote^e^  + e22)  + 0{z)  into 
sin012  = sin012  - cos012  y°2  + 0[ £4)  gives 


sin012  = sin012  - cot012 


- COS0 


for  “small”  strains 


• In  addition, 
gives 


t(M-) 


< 1 


and,  as  a result,  a binomial  series  expansion 
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“SMALL”  GREEN-LAGRANGE  STRAINS  - CONTINUED 


• Thus,  the  general  form  of  the  elongation  is  given  by 


^t(H  ^ap 

[t(n)  • a“) 

(t(ii)  • aP 

ICSC2612  + 0(e4) 

for  “small”  strains 

• For  a positive-valued  change  in  the  angle  (shear)  0( ii>  ^ t)  between 
intersecting  differential  surface  arcs  at  a point,  that  occurs  during 

deformation,  the  shearing  Y°(?1’ ?2>  *)  5 's  defined  by  y°  = 0 - 0 

• Thus,  cos0  = cos0  cosy°  + sine  siny°  = cos0  + sine  y°  + OW) 
for  “small”  strains,  which  yields 
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“SMALL”  GREEN-LAGRANGE  STRAINS  - CONTINUED 


• Likewise,  the  previous  expression 


is  expressed  as 
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• Furthermore,  cose  = t(n)  • t(-n)  and 
t(|i)  = [t(ix)  • aa]csce12  aa  and 


sine  = (t(ri)  x t(|i)j*  n , and 
t(-n)  = [t(ii)  • aP]csce12  ap 


are  used  with  a,t  • a,,  = 6(t|,  + ( 1 - 6aP)cose12  to  get 
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“SMALL”  GREEN-LAGRANGE  STRAINS  - CONTINUED 
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• Thus,  for  “small”  strains, 


where 
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“SMALL”  GREEN-LAGRANGE  STRAINS  - CONCLUDED 


• In  many  practical  cases,  known  values  of  the  linearized  strains  and 
rotations  provide  useful  measures  of  the  degree  of  nonlinearity  in  given 
problem 

• Thus,  it  is  useful  to  express  the  nonlinear  Green-Lagrange  strains  in 
terms  of  the  linearized  strain  and  rotation  measures 

• In  addition,  for  most  engineering  applications,  nonlinear  and  buckling 
analyses  need  only  consider  the  class  of  deformations  in  which  the 

strains  are  0(e2)  and  the  rotations  are  0(e) 

• Thus,  products  of  strains  and  products  of  strains  and  rotations  can 
be  neglected 

• The  nonlinear  deformation  state  of  interest  is  presumed  to  be 
“near”  the  linear  deformation  state  and  can  be  assessed 
adequately  in  terms  of  the  strains  and  rotations  of  the  linear  state 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS 


For  infinitesimal  displacements,  characteristic  of  linear  behavior,  the 
magnitude  of  the  displacement  gradients  are  such  that  1 
which  is  small  enough  for  their  products  to  be  negligible 

For  this  class  of  deformations,  linearization  of 
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Here,  e°p  are  presumed  to  be  “small”  quantities  of  0[*‘ 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 

In  explicit  form, 


O i 


^ i au 

= a • — 


©22  = «*2 


A 2 d%. 


_ o ^ 1 dU  ^ 1 dU 

2e12  s a1  • V — — + a2  • ‘ — — 

A2a?2  A,  ag, 


Now,  consider  linearization  of  the  unit-magnitude  convected  base- 
vector  fields  obtained  from  *a(£i,  %2,  t)  = A, 


First,  e°p  = e°p  + tf(e4)  yields 


^ = A,(l  + e,,)  + 0(e4)  and  /42  = A2(l  + e°2)  + 0[* 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


Likewise,  cos012  = 2e°2  + cose12(l  - e°,  - e22)  + 0(e4)  and 


sin012  = sine,,  - cote 
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Next,  unit-magnitude  convected  base-vector  fields  are  defined  by 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• As  the  shell  deforms,  the  vector  n(^,  £2)  at  point  P of  the  reference 
surface  translates  to  point  P of  the  corresponding  deformed  surface, 

and  n(^,  i2)  undergoes  a rigid-body  rotation  into  £2>  t) , as  shown 
in  the  next  figure 

• This  rotation  corresponds  to  the  rotation  of  the  tangent  plane  at 
point  P into  the  tangent  plane  at  point  P 


Now,  consider  a rigid-body  rotation  of  n(^,  £2)  into  ^ t)  that  is 
the  same  order  of  magnitude  at  the  strains  e°p 


Thus,  for  the  difference  vector  cp(£i,  ^ t) , defined  by  cp  = * - n , it 
follows  that  $ is  0(t2) 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• By  using  * = cp+h  and  £*£  = 1 , it  also  follows  that 
and  is  negligible 

• Therefore,  the  linearized  difference  vector  $ is  given  by 


qp  = qp^  + cp2a2 


• Note  that  ai_La  indicates  that  the  component  corresponds  to  a 
right-handed  rotation  of  amount  ^ about  the  reciprocal  base  vector  a 

• Likewise,  the  component  cp2a2  corresponds  to  a right-handed  rotation 
of  amount  q>2  about  the  reciprocal  base  vector  - a1 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• By  introducing  the  linear  rotation  vector  field  3(1,,  t)  given  by 

I 1 2 

co  = - qp2a  + q^a  + cpn 


and  using  a x ri  = - a2  and  a'  x n = a,  , it  is  found  that 
as  shown  in  the  next  figure,  and  that  # = n + (wxnj 


qp 


= co  x n 


• An  important  rotation  appearing  in  ©(£„  £2,  t]  is  the  rotation  about  the 
normal  vector  n , given  by  the  component  <p(^,  t] 

• The  definition  of  <p(^i>  £2J  t)  is  obtained  by  noting  that  the  rotation  field 
of  a continuum  undergoing  infinitesimal  deformations  is  characterized 

by  the  curl  of  the  displacement  vector  field;  that  is,  v x 0 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• To  obtain  the  expression  for  the  surface  gradient  operator,  V , 
consider  the  differentiable  function  F(s„  £2) 

• The  chain  rule  of  differentiation  gives  dF  = ^ d^  + ^ d^2 


1 d 

Noting  that  the  gradient  operator  has  the  form  v = a ' + nr.  7 
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and  that  it  must  satisfy  dF  = vf  • dx  , where 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• Therefore,  the  surface  gradient  operator  is  given  by 


V = CSC0  J a 


The  dot  products  a • ap  = &p  sine12  and  a • n = 0 are  used  next  to  get 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


The  cross-product  terms  are  given  by 
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• Using  these  equations,  Vxu  is  expressed  in  component  form  as 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 
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By  using 


a = a!  csc012  - a2  cot012  = a2  x ri  and  a = a2  csc012  - a^  cot012  = n x a^ 
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it  is  also  found  that 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• To  obtain  a form  for  v x u that  is  similar  to  (D  = - <p2a 
v x u is  expressed  as 

V x u = ( V x u)^1  + ( V x u)2a2  + ( V x u ) n 

( V x u)l  = ( V x u ) csc012  + (v  x u]  cot012 

1 2 

(v  x u)2  = jvxu)  COt012  + (v  x u)  CSC012 


+ q^a  + cpn 


where 


and 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


Using 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 

• Now,  consider  the  deformation  and  rotation  of  the  reference  surface 


A 

ft 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• As  the  reference  surface  deforms,  the  unit-magnitude  vectors  a,  and 

a2  are  convected  into  the  unit-magnitude  vectors  and  i2,  which 
also  rotate  as  the  reference  surface  deforms 


• For  the  class  of  very  small  deformations  with 


1 au 

A(a)  a^c 


« i 


, the 


rotation  of  a,  and  £2  is  represented  by  the  rotation  of  the 

corresponding  tangent  plane  and  the  rotation  of  each  vector  within  the 
tangent  plane  that  is  caused  by  deformation 


• The  rotations  ^ and  q>2  quantify  the  rotation  of  the  tangent  plane 
as  the  reference  surface  deforms 


• Let  and  p2  denote  the  rotations  of  and 

within  the  tangent  plane,  respectively,  as  depicted  in  the  next  figure 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


/s 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• In  the  previous  two  figures,  the  base  vectors  {a15  a2,  n)  , associated 
with  point  P G SQ,  have  been  translated  to  the  corresponding  point  of 
the  deformed  surface,  P = V(P)El  S ' 

r 


• The  positive  directions  of  and  p2  shown  in  the  figures  correspond 
to  a decrease  in  the  angle  between  a,  and  a2  as  they  are  convected 
into  £1  and  i2,  consistent  with  a positive-valued  shearing  deformation 


Like  cpt  and  q>2 , for 


the  rotations 


presumed  to  be  of  0(t2) 


and  p2  are  also 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• For  rotations  that  are  0{z) , it  is  shown  in  textbooks  on  rigid-body 
dynamics  that  the  rotation  of  a vector  a into  a vector  b is  given  by 
b = a + r x a , where  r is  a rotation  vector  with  | r | « 1 

• Thus,  the  rotation  of  a,  into  is  given  by 


“ 31  + 

( ^ o ^ 1 A 

iq^a  - qp2a  + ^n  xan 

• Similarly,  the  rotation  of  a2 

into  *2  is  given  by 

A 

*2  - a2  + 

( s*.2  ,,  \ ✓v 

1 q^a  - cp2a  - p2n  l x a2 

294 


LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• Upon  performing  the  cross-product  operations,  the  convected  base- 
vector  fields  are  obtained  as 

= a,  + p^2  - (qp,  + (p2  cos012)n  + 0{z) 

Z2  = P2S1  + a2  - (qp,  cos012  + (p2)n  + 0(e3) 

H - qp.a,  + (p2a2  + n + 0(e3) 


Here,  0(t3)  = 0(z3)(a,  + a2  + n} 


is  introduced  for  convenience 


From  these  expressions,  it  follows  that 


sin012  - p^os©^  + 0{e3)  = a1  • £1 

Pt  + 0(t3)  = a • i1 

2 

sin012  - p2  cos012  + 0(e3)  = a • *2 

p2  + 0(e3)  = a • £2 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


Likewise, 

cp1  + cp2  cos012  + 0(b3)  = - n • cp,  cos012  + cp2  + 0(b3)  = - n • 


Applying  the  binomial  series 
of  the  last  equation  gives 


= 1 +Y  + 0(e4) 


to  the  left-hand-side 


[l  + e°,  + + <9(e3)]  = a2  • — — 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• Similarly,  using 


gives 


[l+e“2  + <9(E4)][p2  + <9(s3)]=a.  ^ 


[l  +e°,  + 0(E4)] 

cp.,  + tp2  COS012  + #(e3) 

^ 1 dU 

— n • 1 

“ II  _ c 

A,  d^i 

[l  + e22  + <?(E4)] 

cp1  COS012  + cp2  + ^(e3) 

- n.  1 du 

A2d£2 

[l  +e°,  + <9(E4)] 

sin012  - p^osO^  + 0(e3) 

i au 

— on  x a • 1 

“ will  U -i  o T Q 

[l  +e22  + <5(E4)] 

sin012  - p2  cos012  + 0(e3) 

A2  i au 

— Qinil  x a • 1 

™ w II  IO-|9  T Q 

A2a^2 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 

• Noting  that  products  of  rotations  and  strains  are  at  most  0(<=4) , the 
following  expressions  are  obtained 


✓O  1^3  o . _ 

a • 1 = e„  sin012  - 

Ai  oq1 

-P 

, COS012  + 0(e3) 

_ 

✓O  1 dll  „ 3x 

3 *A20i2  = p3  + <9(E) 

^2  1 0U  „ 3 \ 

3 *a1^=p'  + <9(e) 

a2  1 dU  o 

a • » — _ = e22 

A 2 d\2 

sin012  - p2  cos012  + 0(s3) 

n • = - (q>,  + q>2  cos012)  + <?(e3) 


n • = - (<Pi  COS012  + tp2)  + <?(e3) 


A 2dl 
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1 dll  i o 

A1aS,"(e,,-P,cote” 

j a,  + ft,  csc812  a2  - 

|q).,  + cp2  COS012 

)n  + 0(e3) 

1 dll  A / 

. ,t  = p2  csc012  a,  + 

” 2 *^32 

e°2  - p2  cot0,2)a2  - ( 

q)1  COS012  + q)2J 

n + 0(b3) 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 

• Next,  these  expressions  are  used  to  obtain 

(V  x u)1  = - <p2  + 0(e3)  |Vxu)!  = ip,  + (J(s1] 

3 

(v  x u)  = p,  - p2  + (e°n  - e22)cote12  + 0(e3) 


• Thus,  (vxu)i  and  (vxu)2  define  the  rotation  of  n into  « 


• For  the  convection  of  a , and  a2  into  £1  and  *2,  (vxu)  represents 

twice  the  average  value  of  the  rotation  about  n that  occurs  during 
deformation;  therefore, 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


The  next  step  is  to  eliminate  the  parameters  p,  and  p2  from  the 
previous  expressions  for  the  displacement  derivatives 


First,  note  that 


p,  + p2  + <9(e3)  = a2  • 


1 dU 

' — + a • 

A,a|, 


■j  dU 

A2a^2 


Using 

a = a1  csc012  - a2  cot012 

2 

and  a = a2  csc012  - a1  cot012  gives 

Pi  + P 2 

+ <9(e3)  = 

^ 1 3u  A 1 6u 

a2  • ~r — v-  + a<  • « — 7T- 
k A , A 2d^2j 

C5CO»-(a',A,a!,'fa--A,S!,)CO,e» 

Then,  using  the  definitions  for  the  linearized  strains  yields 

p!  + p2  = 2e°2  csc012  - (e°!  + e22)cot012  + 0(e3) 


LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• Likewise,  2cp=(vxu)  = pn  - p2  + (e°,  - e22)cot012  + #(e3)  gives 


Pi  - p2  = 2<p  - [e°u  - e22)cot012  + 0(e3) 


• Therefore, 


p1  = cp  + e°2  csc012  - e°u  cot012  + #(e3) 


p 2 = e°2  csc012  - cp  - e22  cot012  + 0(e3) 


• In  addition, 


V x u = - qp2a  + q^a  + 2qp  n + ^(e3) 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 
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• Using 


p,  = 1 

( o . _ 1 

le,2  + (psin012 

|csc012  - e°t  cot012  + 0(e3) 

II 

CM 

C£L 

e12  - q)  sin012 

|csc012  - e22  cot012  + #(e3) 

and 

gives 


1 du 


e°!  csc012  - (e°2  + q)  sin012jcot012 


csc012  a ! 


(e°2  + q)  sin012)csc012  - cot012  csc012  a2  - (q?.,  + q)2  cos012)n  + 0 (e3) 


+ 


e22csc012 


q)  sin012jcsc012  - e22 
(e°2  - q)  sin012)cot012 


cot012 

csc012 


csc012  a, 
a2  - (q)1  COS012 


+ q)2)n  + 0 (e3) 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• Expressions  for  the  linearized  rotations  in  terms  of  the 

displacements  are  obtained  by  using  the  previously  derived  general 
expressions  for  the  components  of  the  derivatives  of  a vector  field 
given  by 


V2sin012 

Pn 


„ i av 

o • — 

f i av,  v3] 

1 av2 

pncifl  4-  + 

< 

—k 

1 

< 

sin012 

2 a,  a?, 

(a,  a?,  r„  J 

wUO  Uho  1 _ ffl 

a,  a?, 

, Pll  ^*12  j 

/s 

n • 


i av  i av3  v, 


A1  a^1  r 


+ V, 


11 


sin012 

COS012^ 

r12 

) 

a,  * 


1 SV  1 aV, 


A 2 ff%2  A 2 d'E,. 


i av,  v. 


A2a^: 


22 


\ 

c 

> 

c 

> 

COS012  + 

O £. 

sinO^ 

) 

^ ^ 21  P22  ) 
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+ 


N^sine^ 

P22 


n 


1 av 


1 av. 


A2a^2  A2a^2 


-v, 


sin012  cos012 

v2 

T 

k 1*21  1*22  ) 

1*22 

along  with  the  identity 


= cote 


• In  particular,  using  these  expressions  for  the  dot  products  with 


^ 1 au 

n • — 

Ana^ 


+ <p2  COS012)  + 0(e3) 


gives 
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ROTATIONS  - CONTINUED 


<Pi  = 


u1  1 aw 

rTT  ” A7ai7 


CSC  012  - U ! 


i cote, 


J 


V ^21 


22  / 


V 


cote12aw  u2 

— — + — 

A 2 a^2 


q)2  = 


u 


22 


1 aw 

A2a^2 


CSC  012  + u2 


i cote, 


v I"  12 


11  7 


cote12aw  u, 

A -i  ag,  r12 


Similarly,  using  the  expressions  for  the  dot  products  with 


2cp=  (vxu)  = 


A 

a. 


I au 


a 1 


1 au 

A2a^2 


CSC0 


12 


/ 3\ 
(E  ) 


U3) 


gives 
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1 au, 

ATai; 


1 dll2 

a2  a^2 


COt012  + 


1 au2 


where 


1 

Pn 


CSC012 

A A 


a 


[a2  cos012j 


3A, ' 


1 

P22 


CSC012 

A A 


• Moreover,  the  linearized  Green-Lagrange  strains  are  obtained  in 
terms  of  the  displacements  by  using  the  dot  product  expressions  with 


1 au  ^ i au 

‘ — — + a2  • ‘ — — 

A 2 a^2  A -1  a^ 


to  get 
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o 

e„  = 


16/  \ u2sin012  w 

■ u,  + U2COSei2 + — + <9(e  ) 

v ’ Mil  *11 


A1  ^1 


©22  — 


1 6 

A2^; 


(u2  + u^osO^j  + 


i^sine^  w 


'22 


+ ^ + 0(e’) 

I 22 


— o 

1 

6U1 

1 du2 

i du. 

1 dU2) 

2e12 

1 + 

2 + 

1 + 

COS0.„ 

a2 

Ai  6?1 

A1  6?1 

A2  6^2  j 

\£. 

f ui 

U 2 1 

i 1 1 

fj_  Jj 

^ / o\ 

+ 

sin012  + w 

+ 

COS012 

+ w 

sin012  + 0(e 

i Pn 

P22  j 

k ^11  ^22  j 

, I"  21  **12  ) 

• These  expressions  are  in  complete  agreement  with  the  corresponding 
tensor  equations  given  in: 

Sanders,  J.  L.:  Nonlinear  Theories  for  Thin  Shells.  Quarterly  Journal 
of  Applied  Mathematics,  vol.  21,  no.  1, 1963,  pp.  21-36. 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONTINUED 


• For  the  special  case  of  orthogonal  reference-surface  Gaussian 
coordinates,  the  linearized  rotations  and  linearized  Green- 
Lagrange  strains  reduce  to 


1 aw 

a 


1 aw 

A2a^2 


+ 0(c3) 
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LINEARIZED  REFERENCE-SURFACE  STRAINS  AND 

ROTATIONS  - CONCLUDED 

• Furthermore,  the  derivatives  of  the  displacement-vector  field  reduce  to 


1 au 


for  orthogonal  reference-surface  Gaussian  coordinates,  where  it  is 
noted  that  Pi  = e?2  + <p  + 0(e3)  and  P 2 = e°2  - <p  + 0(e3) 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 


• The  general  expressions  for  the  curvatures  and  torsions  of  the 
deformed  reference  surface  presented  previously  herein  are 
complicated  nonlinear  functions  of  the  reference-surface  displacement 
fields 

• To  aid  in  simplification  of  these  expressions,  it  is  convenient  to  have  the 
corresponding  linearized  curvatures  and  torsions,  expressed  in  terms 
of  the  linearized  strain  and  rotation  parameters 

• Previously,  it  was  shown  herein  that  the  normal  curvatures  of  the 
deformed  reference  surface,  along  the  convected  Gaussian-coordinate 
curves,  are  defined  by 


and 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  S ' 

CONTINUED 

• Likewise,  the  torsions  are  defined  by 

i ^ i J 1 -1  i a* 

— — — <t  • — and  — — • — 

*12  *21 


Consider  the  first  curvature  expression  given  on  the  previous  page 


Using  ^ 
gives 


^ + A ag  (“*  ~ e°1  + ^(£4))  and  = Ai)1  + e°i)  + 0(e4) 
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CONTINUED 


• Next,  using  £=n  + $,  where  $ = cp1a1  + cp2a2  is  the  linear  difference- 
vector  field,  gives 


1 -|  an  6$ 

A1a^1  A^^  A^^ 


and  enforcing  the  fact  that  the 


Then,  using  — 

f 11 


components  of  the  difference-vector  field  and  the  displacement 
derivatives  have  magnitudes  of  0(c1 2) , gives 


1 =' |i- »;,)  * f w ■ l § • l § * ‘’'•‘I 

:11  A1  A1  a§!  A1  d^1 
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• Now,  using 


1 dn  _ 

1 COt012^ 

+ 

^ CSC012  ^ 

a a 

A!  a^ 

^ **11  **12  J 

**1  r c*2 

' 12 

and 


e°u  csc012  - (e°2  + cp  sine! 
(e°2  + cp  sin012]csc012  - cote 


12 


COt012 

CSC012 


CSC012  &! 

a2  - (cp!  + cp2  cos012)n  + 0 (e3) 


gives 


-I  au  ! an  _ e°!  e11cote12  - e12csc012 

a; ai; # a; ai; ~ rni  + v;2 


• Thus, 

1 _ 1 e°i  [ e11cote12  - e12csc012  tp  + g . 1 d$  + ^fE3) 

rn  rn  ri2  ri2  A1a^1 


314 


LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


• Now  consider  the  curvature  expression 


and  = A2(l  + e°2)  + 0(e4) 


1 

L ! au) 

. 1 d*( 

*22 

Q O 1 _ r 

v A20?2J 

A 2 0^2  V 

• Also,  using  « = n + $ gives 


-j  dn  ^ fin  -j  0cp 

A 2 0^2  A 2 0^2  A 2 0^2 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


1 A i an 

Then,  using  — = a2  • and  enforcing  the  fact  that  the 

components  of  the  difference-vector  field  and  the  displacement 
derivatives  have  magnitudes  of  0(e2) , gives 


— = — (l  - 2elA  + 

, r22  v > A 

' 22  22 


au  i an  A -i  aq>  , 4x 

~W2  * a;^  + 82  * + ^ 


Now,  using 


i ah  csc012  ^ 

1 — 3 + 

1 COt012^ 

/s 

a2 

A2a^2  r21 

cm 

i 

CM 

CM 

and 


1 au  _ 


A2dS;2 


(e°2  - cp  sin012]csc012  -e22cot012 


csc012  a1 


e22csc012  - (e°2  - cp  sin012)cot012  csc012  a2  - (cp,  cos012  + cp2jn  + 0 (e3) 
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gives 


-|  dll  -|  dn 

A 2 dl;2  A 2 d£;2 


e12csc012  - e22cot012 


• Thus, 


• Now  consider  the  torsion  expressions  written  as 


1 A,  £2.  1 ^ 

*„  A*  Ai^i 

and 

1 _ A2  . 1 ^ 
*„  A*  A« 

where  2 

— CSC 012  ^2  COt012 

and 

2 

^ — (S^2  CSC012  tf-i  COt012 
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• For  linearized  strains, 

cot012  = cote12  + csc3012  2e°2  - cosQ,2(e°u  + e22)|  + 0(e4)  and 
csc012  = csc012  + csc2012cot012  2e°2  - cosO^e^  + e22)  + 0(b4) 

• Using  these  expressions  with 

- Ai(l  + e°i)  + 0(b4)  and  - A2(l  + e22)  + 0(b4)  gives 


A 1 ,2  ( o ) 

a = csc012  - e^csc©^ 

\Z2  - (cot012  - e^cotO^Ji,  + 0(b4) 

Z = (csc012  - e22csc012 

| *,  - (cot0,2  - e22cot012)#2  + 3(e4) 
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CONTINUED 


- _ is  + 1 du  h 


e°,  + 0(t 


A ^ 1 ( . O [ 4 

and  ^2 = , 1 1 - ©22 

”2  °*S2  ' 


= (cot012+F,)  a,  + J 


dU  i 

• L 


A ! / A1a^1 


(F2  - csc01 


12  M2 


^ 1 dU 

a2  + . cT 

A2a?2 


H a£ 

• A1  „ + 0(«‘) 

a,  as, 


l = (csce12-F2)(a1  + f4)*f- 

1 ; A.aiJ  A2a|: 


- (cot012  + F3)  a2  + J ^ • -J + 0(e4) 

' j A2a^2  A2a^2  1 ; 
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where 


F 2 = (e^  + e°2  - 2e°2cos012)csc3el2 


• Next,  using  * = n + $ and  enforcing  the  fact  that  the  components  of 
the  difference-vector  field  and  the  displacement  derivatives  have 

magnitudes  of  0(z2) , gives 
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— = (cot012  + F1 ) 


12 


A 

a 


i A i 6$  i du  i 

• — ■ + a • _ ■ j.  — i • — i 

1 A AS-  1 A AS-  A AS-  A 


an 


A,a^ 


A^S^  A^^ 


+ (F2  - csc012) 


A 

a 


i 3n  A -i  a®  i du  i an 

• j + a • — — — + — • — 

A,  31,  Atdi,  A2ai2  A,  01, 


+ <5(e4) 


— = (csc0,2-  F2) 


'21 


»i 


i an  a i a$  -i  au 

• — + a • — — — + — • 

A AS-  1 A AS-  A aS- 


1 


an 


A2a^ 


A2a^2  A^^  A2a^ 


- (cot012  + F3) 


A 

a 


I an  ^ -i  a®  i du  i an 

• j + a • — — — + — • — 

2 A2a^2  2 A2a^2  A2a^2  A2a^2 


+ 0{t) 


Noting  that  products  of  F1?  F2,  and  F3  with  the  derivatives  of  u or 
are  terms  smaller  than  0(*2)  gives 
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— = (cot012  + F, ) 


'12 


1 

* A;ai; 


+ cote 


12 


/x 

a 


. 1 + 1 du  # 1 dn 

1 A,0g,  A ,01,  A,a^ 


+ (F2  - csc012) 


A 

a 


■|  an 

2*  a ^ 


- CSC0 


12 


a. 


. 1 + . J 


dn 


A,d§,  A2d|2  A,dl, 


+ <9(e4) 


— = (csc012  - F2) 


'21 


t \ 

xx  i an 

ai  • 1 X- 

A2d|2  j 


+ CSC0 


12 


A 

a 


i a$  i au 

• ! _i_  ! • 

1 A ~\S~  A ~\<r- 


1 


an 


A2a^2  A2a^ 


- (cot012  + F3) 


A 

a 


■j  an 

2*  A ~w2 


- COt0 


12 


XX 

a, 


. 1 + 1 du  . A 


dn 


A2di2  A 2 d^2  A2d§; 


+ <9(e4} 
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• Now,  using 


1 dri  _ 

i cote12^ 
+ 

~ CSC012  ^ 

At  a^T 

^ **11  *"l2  ) 

r c*2 

■ 12 

i an  csc012  ^ 

■ — 3 + 

1 cot012l 

/s 

a2 

A2a^2  r21 

cm 

i 

CM 

CM 

and 

gives 


1 Fa  + F2cos012  1 - F2sin0 


12 


+ COt0 


12 


'12 


11 


12 


A 

a 


# 1 # 1 dn 

1 A A 9-  A A 


A1a^1 


- CSC0 


12 


A 

a. 


. 1 d*P  | 1 


dU 


1 


an 


A,a^  A2a^2  A,a^ 


+ 0(e4) 


where 


Ft  + F2cos012  = 2e°2csc012  - 2e°1cot012 


1 - F2sin012  = 1 + 2e°2cot012csc012  - (e^  + e22)csc2012 
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Likewise, 


1 1 - F2sin812  Fo  + F2cos0 


'12 


+ CSC0 


12 


'21 


21 


22 


1 

i * -T-^r  + 


1 


dll 


.A 


an 


- cote 


12 


A 

a. 


. + . j 


an 


A2a^2  A2a^2  A2a^ 


A2a^2  A1a^1  A2ags 


+ 0{*) 


where 


F3  + F2cos012  = 2e°2csc812  - 2e22cot012 


• Next,  using 


1 _ 

f 1 COt012 ) 

+ 

~ CSC012  ^ 

a 

At  at=T 

^ I'll  1*12  j 

d1  y Cl2 

■ 12 

i an  csc012  ^ 

1 — a + 

' 1 cote12 ' 

/S 

a2 

“ Q -j  T 

A2d§2  r21 

04 

1 

CM 

CM 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  S 


CONTINUED 


1 dU 


A,  a?, 


e°u  csc012  - (e°2  + cp  sin012)cot0 


12 


csc012  a 1 


(e°2  + q)  sin012jcsc012  - e°,  cot012  csc012  a2  - (cp,  + q)2  cos012jn  + 0 (e3) 


1 au 

A2ai=2 


(e°2  - cp  sin012jcsc012  - e22  cot012 


csc012  a. 


e22csc012  - (e°2  - cp  sin012jcot012  csc012  a2  - (cp,  cos012  + cp2)n  + 0 (e3) 


gives 


1 du  # i an  _ e^  + 

A,a^  A,  a?,  ru 


e^cotO^  - e°2csc0 


12 


12 


--jr-  + 0(e) 
1 12 


1 


dU 


an 


’12 


A,  a?,  A2a?2  r 


+ e°lCSC012  e"cot0"  + V.  sin0i2  _ ^COS012  + 0(e3) 


22 


21 


22 


21 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


1 dll  -|  dn 


e°2  e12cot012  - e22csc012 

— + 

**11  **12 


**11 


sin012  - 


<P 


12 


COS012  + ^(e3) 


■|  dll  -|  0n 

A 2 d^2  A 2 d%2 


e12csc012  - e22cot012 


• Thus, 


1 1 e°2csc012  + cp  - e^cotO^ 

i 

CM 

1— 

1 

CM 

l— 

i'll 

ri2 

+ COt012 

^ 10$ 

o • 1 1 

- CSC012 

^ -10$ 

o • 1 1 

+ 0(e3) 

A^1 

A,0^ 

and 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


1 1 e22  e°2csc012  - cp  - e°2cot012 

% ^*21  ^*21 
*21 

+ CSC012 

r22 

2-1^ 

- COt012 

2-1^ 

CO 

W 

+ 

1 A2di2 

2 A 2 d|2 

• Recall  that  the  changes  in  reference-surface  curvature,  *) 

and  k°22(^i,  *) , and  the  change  in  reference-surface  torsion, 

k°2(^i,  *) , caused  by  deformation  are  defined  by 


o 1 

1 

1 

CM 

CM 

* 

III 

CM 

CM 

* 

r22 

o 1 

1 

K„  = 

*11 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  S 


CONTINUED 


These  definitions  give 


° ° ©11  e11cot012  e12csc012  , , 

K1t  = Xii  - F1  + r + ) 

1 11  >12 


k22  = X*  - + 

I 22 


°2  e12csc012  - e22cot0 


12 


+ 0{t)  and 


21 


where  the  terms  involving  the  linear  rotation  parameters  are  defined  by 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


III 

CM 

O CM 

^ 1 (>W 

<p 

2 a2^2J 

1*21 

• In  these  expressions, 


(p)a« + 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  S ' 

f 

CONTINUED 

where,  for  general  Gaussian  reference-surface  coordinates, 


<P 


0) 


1 aq^  cp2csce12  ae12  csc01 


(1) 


<P 


(2) 


(1>  A,  a§t 


1 aq)2  CSC0 

+ 


# U -i  p / \ 

* ^ q>iCOS0i2  + q)2 

A,  agt  pn 

q)2COt012  ao 


12 


'11 


(<Pi  + cp2COS012) 


12 


At  a^T 


<P 


(3) 


<P1 


+ <p2 


sin012  cos012 


0)  r 1 ■‘i  r r 

1 11  \ 1 12  'll 


q> 


(1) 


1 aq)  q).,COt012  a012  CSC0 


12 


<p 


(2) 


<2) 


(2) 


a2^: 


'22 


(^cose^  + tpj) 


1 dqp2  (p,CSC012  00,2  CSC0 


12 


A 2 dij 


(3) 

sin019 

qr 

(2)  “ *Pl 

+ 

l '21 

0|2  P22 

COS0 


(<P,  + (p2COS0,2) 


12 


22 


<p2 


22 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


• The  expressions 


III 

CM 

O CM 

f*  . i ' 

cp 

^ 2 A2a§2 J 

r21 

✓s  i acp 

3 • 1 

J. 

^ i acp 

J. 

/ 

cp 

’ A2d£2  J 

T 

2 A,^,J 

k ^ 22 

sin012 


, r21  r12 


COS012 


become 


Xu  = 


.0) 


i(i) 


+ cp 


(2) 


(1)  COS012  - 


cp 


12 


2Xl2  = ‘P 


(1> 


.(2) 


(1) 


1(2) 


+ (1)  + 1 <P  (1)  + 


.(2) 


(1) 


(2)  COS0i2 


cp  cp 


( 


V ^ 22 


|sin012  - 


cp  + cp 


\ ^ 21 


COS0 


12 


12  ) 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 

• In  contrast,  using  the  previously  derived  general  expressions  for  the 
components  of  the  derivatives  of  a vector  field  given  by 


^ 1 3V  1 3 / \ V2sin012  V3 

ai  - + V2cos912)  - - 12  + 


A ,35,  A,  35, 


mi 


rn 


„ 1 3V 

O • — 

f i av,  v.| 

1 3 V2 

pnqfl  _i_ 

< 

_k 

1 

< 

sin012 

2 A, a?, 

(a,  a?,  r„  J 

l/UOu-in  T nr 

a,  a?, 

Ipll  1*12  J 

^ 1 3V  1 dV, 

a,  • = + 

A 2 3^2  A 2 3^2 


1 3V2  V3 
+ — 

2 1*22 


a235 


cos012  + 


V,  V, 


V 1*21 


'22  ) 


sin0 


12 


~ 1 tlV  13;  \ 

a,  • — — = — —I  V2  + V,cos012  + 


V,sin012  _ V3 


A2a?2  A 2 ;>■%, 


'22 


22 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  S ' 

f 

CONTINUED 

yields  the  simpler  forms 


1 d 

aT^ 


(cpi  + cp2COS012) 


cp2sin012 


o _ 1 acp,  | cos012a<p2  | cose^frp,  | 1 a<p2 
^12  A 2 d%2  A2  0|2  A,  0^  A,  0|, 


qh  _ qh 

Pi  1 p22  ; 


/ 


sin012  + 


qp  qp 


22 


rn 


( 


sin012  - 


q)  q) 

— + — 


21 


COS012 


12 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


• These  expressions  for  x!e(^’  ^ *)  are  in  complete  agreement  with  the 
corresponding  tensor  equations  given  in: 

Sanders,  J.  L.:  Nonlinear  Theories  for  Thin  Shells.  Quarterly  Journal 
of  Applied  Mathematics,  vol.  21,  no.  1, 1963,  pp.  21-36. 

• For  orthogonal  Gaussian  reference-surface  coordinates,  these 
expressions  reduce  to 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


• The  expressions 


X°1S 

f3 . 1 *p' 

cp 

1 A,ag,j 

r!2 

III 

CM 

O CM 

^ i acp 

a * 1 

cp 

2 A2a^2 ; 

^21 

a - 1 1 

^ -1  acp 

J. 

/ 

cp 

1 A2a^2  ] 

2 A , J 

T 

k ^"22 

sin012 


V 1 21 


COS012 


are  expressed  in  terms  of  the  rotation-vector  field 


co  = - q)2a  + q^a  + cpn 


by  using  cp  = « x n 


• In  particular,  differentiating  the  cross  product  yields 


1 8cp  i dco  ^ i 3n 

' — J = V — — x n + co  x ' — — 

A 1a^1  A1a^1 


and 


i aq>  _ i a co 
A 2 a^2  A 2 a^2 


1 an 

x n + co  x ' 

a2 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


Next,  from  co  = - <p2a  + q^a  + tpn  it  follows  that 


to 


xa,  = - |tp1  + tp2cos012)n  + tpa  and  to  x a2  = - (cp2  + q^cosO-^jh  - tpa 


• Thus,  from 


1 ah  _ 

i | cote12| 

a CSC012 

A,a§,  " 

k 1*11  **12  ) 

**1  y “2 

■ 12 

and 


i ah  csc012  ^ 

■ _ a + 

1 COt012 

a2 

A2a^2  r21 

c\i 

i 

CM 

CM 

it  follows  that 


_>  i an  <p  csc012 

to  x ' — — = a + 

A,a^  r12 


tp  tp  cot0 
+ 


12 


I’ll 


a 


12  ) 


(P2  . 1 / \ 

— sin012  - — tp,  + tp2cos012 

1 12  'll 


and 


n 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


Next,  the  derivatives  of  the  rotation-vector  field  are  expressed  as 


-I  a5> 

r^i  i dco  1 

o • ■ 

csc012  a t + 

^2  1 dco 

o • 1 

a,  a?,  “ 

A,a?,J 

-i  aw 

i dco  | 

3 • 1 

CSC012  ^ + 

/ -v— ^ ► \ 

^2  1 (7  CO 

3 • 1 

A2a^2 

A2a^2J 

A2a^2J 

csc012  a2  + 


csc012  a2  + 


^ 1 d(D 

n • — 

A, 


^ i aw 

n • — 

A2a^2 


n 


n 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


These  expressions  yield 


-|  00) 


x n = 


-I  00) 

a • — 


csc012  a - 


) 


✓O  1 00) 

a • 


csc012  a and 


) 


1 dm  ^ 

x n = 


A2a?: 


/ » \ 

2 -I  00) 

• ! 


A‘ 

a 


A2a'§ 


CSC0 


12 


✓•s  1 

a - 


2 y 


xv 1 

a 


00) 
A 2 0^2 / 


csc012  a 


• The  derivatives  of  the  linear  difference-vector  field  given  by 

and 


1 0cp  i 0o)  ^ _»  i 0n 

_ 7T“  = » — x n + O)  x ‘ — — 

A2a?2  A 2 a^2  a 2 a'§2 


1 0(D  -I  00)  1 0n 

_ — . = * — — x n + o)  x ‘ — — 

A,0^  A,0^  A,0^ 


become 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  S 


1 _ 

Ai  a ^ 


3— > ^ 

^2  -\  a to 

+ ‘p 

[l  A-^J 

r12 

CONTINUED 


csc012  a 


w q)  COt012 

— + 


11 


12 


A 

a 


\ A 


aa> 


A -|  a^ 


CSC0 


12 


and 


a 


. 1 / 

^ sin012  - — Up,  + cp2cos012 
■ 12  ' 11 


n 


1 _ 

A2a^2 


-2  1 

a • 1 


dOJ 


A2^j 


CSC012  - 


q)  q)  COt012 


22 


21  ) 


✓s  1 

a 


q) 

\ 

✓0  1 a to 

a * 1 

r21 

v A2ag2> 

csc012a' 


sin0, 2 + -^((p2  + <p,cos0  J 

I 2i  ■ 22 


— 

n 
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LINEARIZED  CURVATURES  AND  TORSIONS  OF  S ' 

CONCLUDED 

• Using  these  expressions  for  the  derivatives  of  the  linear  difference- 
vector  field,  the  following  expressions 


III 

CM 

O CM 

/ —>  \ 
~ 1 dq) 

a * 1 

<P 

v 2 A2a^2> 

r 21 

3 - 1 

3 . 1 , 

/ 

<P 

1 A2ai2j 

2 A ,3sJ 

, 1*22 

sin012 


<p_+<p_ 

, r2i  r12 


COS012 


become 


O 

— 

✓0  1 dco 

0 • 1 

A22 

cl  _ 

A 2 

V z ^ / 

II 

CM 

O 1- 

X 

CM 

f ► \ 

^2  -1  do) 

3 • 1 

( ^ ^ 
^1  1 0(0 

0 • 1 

A 2 d%2  t 

Ai^J 
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“SMALL  GREEN-LAGRANGE  STRAINS  IN  TERMS  OF 
LINEAR  DEFORMATION  MEASURES 


• In  elasticity  theory,  the  Green-Lagrange  strains  are  often  expressed 
exactly  by  equations  that  are  quadratic  in  the  strains  and  rotations  of 
linear  theory,  for  deformations  associated  with  “small”  strains 

• Nonlinear  “small”  strains  in  terms  of  linear  deformation  measures 
are  obtained  by  using  the  following  exact  expressions 


a 


1 du 


= e°u  sin012  - Pt  cos012 


^2 

a 


1 du 

aT^i; 


/N 

n • 


1 


dU 


A,d^ 


= - («Pi  + <P2  COS012) 


1 du 

A 2 d^2 


= e22  sin012 


p2  COS012 
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“SMALL  GREEN-LAGRANGE  STRAINS  IN  TERMS  OF 
LINEAR  DEFORMATION  MEASURES  - CONTINUED 


where  (see  also  pp.  75  and  285-288) 


O ^ -1  dU  o ✓s  1 du 

p — Q • 1 P — O i 1 

_ o ✓s  1 du  ^ 4 dU 

9p  — p • ^ ± p f ^ 

e”-a'  A,^,  ®22  - 32  A2d£2 

fcW-jo  — d T do 

A20^2 

CP!  = CSC012(v  x UJ  • a2  cp2  = - csc012| 

[vxuj’a,  cp  = l(vxu)*n 

= cp  + e12  csc012  - e,!  cot012  p; 

, = e12  csc012  - q)  - e22  cot012 

Likewise,  the  exact  expressions  for  the  derivatives  of  the  displacement 
vector  in  terms  of  these  quantities  are 

du 

= (e°,  - p,  cote12)  a,  + p,  csc012  a2  - («p,  + <p2  cos012)n 
= P2  csc0i2  a,  + (eL  - p2  cot012)a2  - (<p,  cos0,2  + cp2)n 
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“SMALL  GREEN-LAGRANGE  STRAINS  IN  TERMS  OF 
LINEAR  DEFORMATION  MEASURES  - CONTINUED 


By  substituting  these  expressions  into 


£iiB 


a, 


1 d “ 
A ! 


1 


-|  dU  -|  dU 


o 

£ = 

°22 

g • 1 

+ 1 

f - | dU  “j  dU  ^ 

2 A 2 d'%2 , 

+ 2 

A2d%2  A2d^2j 

o 

2r  = 

°12 

L ! ain 

3 • 1 

+ 

L 1 C)U' 

+ 

1 au  i au  ^ 

1 A2d?2j 

2 A,a6,J 

vA1a^1  A2a^2y 

the  “small  "n o n I i n e a r Green-Lagrange  strains  are  expressed  exactly,  in 
terms  of  the  linear  strain  and  rotation  measures  as  follows 


O o 1 

£11  = en  + 2 

(e;)2  + p2  + 

<p,  + qp2  cose12 

2 

+ <?(e4) 

O o 1 

£22  ” ®22  "*■  2 

(e22)2  + p2  + 

<P,  COS012  + (p2 

2 

CO 

+ 
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“SMALL  GREEN-LAGRANGE  STRAINS  IN  TERMS  OF 
LINEAR  DEFORMATION  MEASURES  - CONTINUED 


2e°2  = (e°,  + e°2)cos012  + (p,  + p2)sin012  + (e°,p2  + e22p,  )sin012 

+ (e?,e22  - P,P2)cOS012  + (cp,  + cp2  COS012)(<p1  COS0,2  + (p2)  + O (e4) 

• Using  the  expressions  for  pi  and  p2  gives 


O o 1 

“ ®n  "*■  2 

(e^csc©^)  + (e°2csc012  + cp] 

- 2e°1(e°2csc012  + cp)cot012  + + cp2  cos012j 

+ 0(c4) 

o o 1 

£22  “ ®22  2 

(e22csc012)  + (e°2csc012  - cp) 

- 2e22(e°2csc012  - cp)cot012  + (qp1  cos012  + cp2) 

+ 0(  E4) 
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“SMALL  GREEN-LAGRANGE  STRAINS  IN  TERMS  OF 
LINEAR  DEFORMATION  MEASURES  - CONTINUED 


_ ° _ O 

2e)2  = 2e12  + 

e;(e:2  - tpsin012)  + e22(e?2  + <psin012) 

csc2012 

— 

o o 
® 11®  22 

+ (e°2  + (psin012)(e°2  - cpsin012) 

CSC012COt012 

+ |q)1  + cp2  COS012)(cp1  COS012  + qp2)  + #(e4) 

• These  strain  expressions  are  in  complete  agreement  with  the 
corresponding  tensor  equations  given  in: 

Koiter,  W.T.:  On  the  Nonlinear  Theory  of  Thin  Elastic  Shells.  Proc. 
Koninklijke  Nederlandse  Akademie  van  Wetenschappen,  B69, 

1966,  pp.  1-54. 

Budiansky,  B.:  Notes  on  Nonlinear  Shell  Theory.  Journal  of  Applied 
Mechanics,  vol.  35,  no.  2, 1968,  pp.  393-401. 
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“SMALL  GREEN-LAGRANGE  STRAINS  IN  TERMS  OF 
LINEAR  DEFORMATION  MEASURES  - CONCLUDED 

• For  orthogonal  reference-surface  Gaussian  coordinates,  these 
expressions  reduce  to 


0 0 1 

£11  “ ®n  "*■  2 

(e",)  + (e°2  + qp)  + «p? 

+ 0[^) 

0 0 1 

£22  _ ®22  "*■  2 

(e°2  - cp)  + (e22)  + ip2 

+ 0[^) 

2£12  — 2e12  + ©ii(©i2  *p)  ^22(^12  *p)  ^1^2  "*■  ) 
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GEOMETRY  OF  Sf  FOR  “SMALL”  STRAINS 
IN  TERMS  OF  LINEAR  DEFORMATION  MEASURES 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S, 

• To  obtain  the  desired  expressions  for  the  metric  coefficients  and  base 
vector  fields  of  the  deformed  reference  surface,  it  is  convenient  to  write 
the  exact  expressions  for  the  derivatives  of  the  displacement  vector 
field  in  terms  of  the  linear  deformation  measures  as 

“i  dU  A A XX 

and  ' = A21  a t + A22  a2  + A23  n where 

" 2 

12  - (e°2  csce12  + cp)cote12 
A12  = |e°2  CSC012  + cp  - e°u  cot012)csc012 
A13  — — |cp1  + cp2  COS012)  A23  — — (cp,  COS©  12  + cp2) 

A2i  = (e°2  CSC012  - q)  - e22  cot012)csc012 
A22  = e22csc2012  - (e°2  CSC012  - cp)cot012 


1 dU  /S,  /s  /s 

= A„  a,  + A,2  a2  + A13  n 

a,  a?, 


A o 2 „ 

A1t  = e.  esc  0 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 

• By  substituting  these  expressions  into 


o 

£i,= 

(a  . i aal 

+ 1 

f “|  dU  -j  dU  ' 

1 A.agJ 

+ 2 

o 

8 = 

°22 

L ^ dU 

+ 1 

1 du  1 dU  ^ 

2 A 2 d'%2  J 

+ 2 

vA2a^2  A2a^2y 

o 

28  = 

t'12 

L . ! dui 

- 

1 du' 

+ 

1 au  -j  au  ' 

[a'  A2a^2j 

2 A,d|,J 

,A1a^1  A2a^2y 

the  “small” nonlinear  Green-Lagrange  strains  are  expressed  exactly,  in 
terms  of  linear  deformation  measures  as  follows 

£1i  — Au  + A12  COS012  + "I"  2A11A12  COS012  + A12  + A13 j + ^(e  ) 

8 22  = A21  COS012  + A22  + \(a\,  + 2A21A22  COS012  + a22  + A23)  + 0(e4) 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 

2£°2  = A12  + A21  + (A„  + A22)cos012 

+ A11A21  + A12A22  + A13A23  + jA^A^  + A12A21  )cos012  + ^(b  ) 

• These  strain  expressions  are  equivalent  to  the  previous  ones  given: 


° o 1 

Bn  “ ®n  2 

(e^csc©^)  + (e°2csc012  + cp) 

- 2e°1(e°2csc012  + cp)cot012  + (cp1  + q)2  cos012j 

+ 0 (b4) 

o o 1 

£22  “ ®22  "*■  2 

(e22csc012)  + (e°2csc012  - cp) 

- 2e22(e°2csc012  - (pjcot012  + cos012  + (p2j 

+ 0(b4) 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 


_ ° _ O 

2e)2  = 2e12  + 

e°,(e°2  - tpsin012)  + e°2(e°2  + <psin012) 

csc2012 

— 

o o 
® 11®  22 

+ (e°2  + (psin012)(e°2  - cpsin012) 

CSC012COt012 

+ + q)2  COS©^)^  COS012  + (p2J  + 0(e4) 

Using  these  expressions  for  the  “small”  Green-Lagange  strains,  the 
metric  coefficients  of  the  deformed  reference  surface,  given  by, 

= A^l  + 8°,  + #(e4)]  and  ?42  = A2[l  + e°2  + 0(e4)J  become 


s4 0 = A2{  1 + a21  cos012  + a22  + A21  + 2A21A22  COS012  + A22  + A23 ) } + #(e4) 


/ 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 

• Likewise,  cos012  = 2e°2  + cose12(l  - e°u  - e22)  + 0(b4)  becomes 

COS012  = A12  + A21  + (A„  + A22)cos012 

+ A1tA21  + A12A22  + A13A23  + |aiiA22  + ^COS0i2  + ^(b  ) 


• Then,  by  using  the  exact  representations 


1 dU  /s  /s  /s 

J-—  = A„  a,  + A12  a2  + A13  n 

”1 


and 


a1  + A22  a2  + A23  n 


it  follows  that 

v . , ( ^ -\  c)U  \ 

%2,  t)  = AJ  a1  + becomes 

«,(!„  §2,  *)  = A,[(l  + A„)a,  + a12  a2  + a,3  n 


and 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 


*2(i„  is,  t) 


a 2ai2j 


becomes 


*2 


^21 


/N 

a. 


+ A 


22 


)a: 


+ A 


23 


n 


Next,  using 


^ a 

and  1 : 

. 1 

1 - e*  , + 0(*4)" 

S4[a) 

" Aa 

(aa)  V J 

yields 


A 

*1  = 

(1  + A„)a,  + a12  a2  + a13  n 

(l-£>0(e4)) 

A 

*2  = 

A21  31  + + A22)a2  + A23  n 

(l-£:2-M9(e4)) 

and 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 


• Recall,  that  the  unit-magnitude  vector  field  perpendicular  to  the  tangent 
plane  at  P = V(P)  E st  of  the  deformed  reference  surface  is  given  by 


i(i„  i2,  t)  = 


4 -4 

X 


-4  -4 

X 


■4  "4 

«1  X €L2 


Using  — A.j||l  A^  ja.,  a12  ^2  a13  ^ 


and 


<^2(  ^15  ^2J  ^ 2 ^21  ( "I  ^22)^2  ^23  ^ 


gives 


x a,2 

A A 
n1n2 


^12  ^23  ^13  ("I  A22)Ja  "*■  |^13  ^21  ("I  ■*"  ^1l)^23|^ 


|(l  +A11j|l  + A22]  A12  A21 


sin012  n 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 


• Because 


*4 

4,  X 


2 5 


- 

-> 
* i 

-> 

*2 

sin  012  = s4,s&2sin0,2 

Using  sin012  = sin012  - cot012 


28,,  - 


cose^e^  + eLjj  + ^fe4), 

^ = A,M  + e°,  + 0(e4)1  , and  /^2  = A2  1 +e^  + tf(e4)l  gives 


Ja  = A,A2s\nQ,2 

1 - 2£°2COt012CSC012  + 

(e° +£°2’ 

csc2012 

+ <9(e4) 

for  “small  strains” 

• In  addition, 

— = 1 + 28°COtei2CSC012  - f 8°  + 822)csc2012  + 0(e4) 

J*  v ' 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 


BASE-VECTOR  FIELDS  OF  S , - CONTINUED 


Thus,  £(£i»  *)  is  now  expressible  as  , where 


m = + »3n 


and 


= 

^12  ^23  ^13  "*■  ^22) 

|csc2012  - 

^13^21  ("^  ■*-^1l)^23 

CSC012  COt012 

= 

^13^21  ("^  ■*-^1l)^23| 

csc2012  - 

^12  ^23  ^13  "*■  ^22) 

CSC012  COt012 

)(l  + A22)  A12  A21 


1 2 

and  where  a = a,  csce12  - a2  cote12  and  a = a2  csc012  - a1  cot012  have 
been  used 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 

• Substituting  the  expressions  for  A..  in  terms  of  the  linear  deformation 
measures  into  w and  simplifying  gives 


<*!  = <P1  - 1 

f 0 _ ) 

e12CSC012  + qp 

|(<Pi  cote12. 
h e22csc012| 

+ qp2CSC012j 
qp.,  CSC012  + qp2COt012J 

= <P2  - I 

f 0 _ A 

e12CSC012  - qp 

| ^qp.,  CSC012 

f e^cscO^I 

+ qp2COt012j 
qp!  COt012  + qp2CSC012j 

. 2/0  o 00  ( o \ 2 \ 2 „ 

»§cz  — 1 + cp  + ^ e -1  + e22  + ©^©22  — v ® 12)  jcsc  012 

- 2e°2cot012csc012 


• Note  that  • £ = 0 and  £2  • £ = 0 imply  a,  • w = 0 and 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 

• The  reciprocal  base-vector  fields  for  the  deformed  surface  are  obtained 


by  using 

A A 

^ = tfr  2 ^ ^ 

and 

2 

A A A 

<Z  = ft  X 

with 

a \/a  - 

ft  = fH 

to  get 

a*1  / a.  \ 

and 

-a2  \/a  z'  a \ 

et  — \a9  * f*t  I 

ct  — \fH  x & \ 

v 7 

v 7 

• To  obtain  the  desired  expressions  for  the  reciprocal  base-vector  fields, 
^ and  *2  are  expressed  in  the  form 


A A 1 

(1  + A^a,  + A12a2  + A13n 

A A 2 

= 

A21  a1  +(l  + A22)a2  + A23  n 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 


BASE-VECTOR  FIELDS  OF  S ' - CONTINUED 

• Then,  it  follows  that 


CM  " 

< ^ 

II 

A21  | 

X #»)  +(l  + A22) 

( a2  x m ) 

a23( 

n x w j 

and 

ya  Ai 

<*  = 

M A 1 , 

(“1  + Aii) 

x a1  j + A1; 

w x a2 

) A13 

w x n j 

where 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 


BASE-VECTOR  FIELDS  OF  S ' - CONTINUED 

f 

• Then,  using  a 1 x ^ = - w33  + w 2 sin012  n 5 a2  x ttt  — w33  — w1  sin012  n 5 

1 2 

and  hx^  = -w2a  +Wla  gives  the  following  desired  equations 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONTINUED 

• For  orthogonal  Gaussian  reference-surface  coordinates, 


An  = e°u 

— e12 

+ cp 

1— 

8- 

I 

II 

CO 

< 

A2i  — e12 

- cp 

A ° 

A22  — ©22 

A23  — *p2 

1 O -A.  ( 0 \ A A 1 ^U  / o \ A O XN  A 

= e1t  a t + (e12  + cpja2  - cp,  n ^ = (ei2  " (P]ai  + a2  - <P2  n 


0 0 1 / 

£11  — en  + 2^1 

fe°,)2  + | 

(e°2  + cp)  + (cp,)2j 

|+0(e4) 

0 0 1 / 

£22  — ©22  "*■ 

(e°2  - <p) 

1 + ( ® 22 ) + (%)  ] 

| + <?(E4) 

2£12  — 2e12  + ©n(©i2  *p)  ®22(®i2  *p)  ^Pi^P2  ) 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 


BASE-VECTOR  FIELDS  OF  Sf  - CONTINUED 

• Likewise,  for  orthogonal  Gaussian  reference-surface  coordinates, 


/s  A 1 

a,  = 

’ * 

/ 0\XS  / O /S 

(1  +e11)a,  + (e12  + <p)a2  - <p,  n 

^ = i - el  + 0(*4) 

/Ti 

A A 2 

( O \ ✓s  ( M 0 \ ^ ^ 

[®12  — ®22  j^2  — ^p2  ^ 

2 - 1 e22  + <9(e4) 

ST  2 

A Y^1  / a A a\ 

+ «»oa2  + WoFI 

-4  ° ° 4\ 

= 1 - e„  - e22  + <9(c ) 

sfc  V 7 

<W,  = <p,(f  + e°2)  - (p2(e°2  + <p)  M2  = <p2(l  + e° ) - <p,(e°2  - <p) 
«*3=  (l  +e°,)(l  +e22)  - (e°2  + (p)(e°2-«p) 
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“SMALL-STRAIN”  METRIC  COEFFICIENTS  AND 
BASE-VECTOR  FIELDS  OF  S,  - CONCLUDED 

• Moreover,  for  orthogonal  Gaussian  reference-surface  coordinates, 


/0 

<t  = — 

+ |«»2(e °2  - <p)  - + e22)  jn 


/t 


|«3(l  + e22)  + ~ (*^2  + «f3(ei2  “ 9)) 


A 

a, 


va  a, 

a = 

- + «*3(e°2  + qjjja,  + |«*3(l  + e^j  + ja2 

+ ^^e^  + cp)  - «*2(l  + e^) jn 
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SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  S 


Previously,  it  was  shown  herein  that  the  curvatures  of  the  deformed 
reference  surface  are  given  by 


1 a/cT 

1 dm 

A | 

• 1 

*1  11  *[& 

and 


1 ^a 

1 dor 

A | 

^22  ^ 

^2 

^ 2 / 

and  the  torsions  of  the  deformed  reference  surface  are  given  by 


1 

( A"*  ) 

2 ■*  dm 

<>  - 1 

^12 

* *■  J 

and 


1 a/cT 

( ^ \ 
A p 

^21 

^ $=>2 
\ J 
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SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  St 

CONTINUED 

Using 


A A 1 

*'"^1 

(1  + A„)a,  + A, 2 a2  + A, 3 n 

A A 2 

= — 

A21  a1  +(l  + A22)a2  + A23  n 

a A,  1 


and 


a A,  1 


^22  1 2 / ^22 


1 

(1  + A11)a1  + A12a2  + A13n 

1 

*22 

A21  ^ +(l  + A22)a2  + A23  n 

.j 

A 2 5^2 
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SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  S 


CONTINUED 


Similarly,  using 


Va  A 1 

* = -7 

.«  /t 


|«2A13  - <w3A12Ja  + |#*3(l  + A,,)  - w^A^ja 

1 L 

+ ^A^  sin012  - #*2(l  + A^jsine^Jn 


gives 


a A,  1 


j€L  / % 


where 


= \ w2A13  - ** 


,Ai2]a  + ^3(1  + A1t)  - m^3  a 
■ [*,A12-«»2(1  + A„)  sin012  n j • ^ 
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“SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


And,  using 


✓0  \/a  A2 

* = A 

|<w3(l  + A22)  - #w2A23ja  + ^m»1A23  - HtJS 

CM 

«S 

CM 

+ f«2A21  - <*,(1  + A22)  Jsin012  n 

gives 


1 

2 

A.| 

21 

*21 

Jg) 

W 

*21 

where 
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“SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  S ' 

CONTINUED 


• In  these  expressions, 


• Recalling  that  the  expressions  for  the  derivatives  of  ^ are  given  by 


1 

dm.  (1> 

^ (2) 

^ <3> 

/s 

A, 

- ML 

31, 

a,  + ml 

<1>  1 

a2+  m 

<1>  2 

n 

0) 

1 3«  (1) 

✓s  (2) 

^ (3> 

/N 

A 

A 2 6^2 

a,  + 

(2)  1 

a2+  *» 

(2)  2 

n 

(2) 

Va 

fA2l 

2 

= 1 - 3£22  - £°,  + <?(e4) 

, X 2 

a2) 

/ 

= 1 -4£;2-2£;i  + <?(e4) 


= 1 - 3£°,  - £°2  + 0(e4) 


\ v ) 


(A±) 


= 1 - 4£°,  - 2£°2  + <5(e4) 
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SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  S 


CONTINUED 


where,  for  general  reference-surface  Gaussian  coordinates, 


fH 


(1) 


1 dm,  «2CSC012  aei2  CSC0,2/  ^ _ 

— ^0080,2  + J + **3 


{i)  a,  d\ e, 


A,  a?1 


i cote 

+ — 


12 


I'll 


12 


(2) 


1 df»2  CSC0., 


(1)  A,^  P 


'V,2(  „ \ 

+ i + #»2COS012  j + 


#»2COt012  ^0  2 CSC0 


12 


A,  d%. 


— m 


12 


m 


<3) 


1 dm3  m , 


(1)  A,  d|,  r„ 


+ fit. 


sin012  cos0 


12 


I"  12 


I'll 


Ht 


0) 


1 dn,  M^COtO^  00  2 CSC0 


<2)  A2  d%2 


CSC0 12/ 

P22  l*1 


COS012  + #»J  + 


CSC0 


12 


'12  ■ "*'2  I ■ w3  f 


21 


w 


(2) 


1 d«*2  Wlcsc012a0i2  csc0 


'12 


(2 


' A2  d\. 


$5; 


'22 


+ *»2COS012 1 + «n. 


1 COt0 


12 


v 1*22 


21  J 
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“SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


(3)  _ 1 a<*3 

sin012  cos012^ 

HU  2 

<2)  a 2 a^2  1 

, 1*21  1*22  j 

**22 

using 


dw 


3i  * 


Aid^ 


= w 


(i) 


0) 


+ m 


(2) 


0) 


COS0 


12 


A 

a, 


dm 


A id?, 


= w 


(i) 


(i) 


COS012  + w 


(2) 


(1) 


and 


* A,  a§, 


gives 


— = (l  + A„) 


+ m 


(2) 


COS0 

(1) 


+ A 


12 


0) 

Ctt 

cose12  + <»<2> 

A13 

(3) 

m 

(i> 

C)_ 

0). 
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SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  S 


CONTINUED 


Similarly,  using 


1 (1)  (2)  1 d< (1)  (2) 

ai  ^ — — m + *ft  COS012  a2  • — — — tft  COS012  + tu 

A 2 d£2  (2)  (2)  ’ A 2 d£2  2)  (2)’ 


. ft.  1 0) 

and  n . — — = w, 

A 2 <2) 


gives 


— = (1  + A22)[  <k  ' , x COS012  + 2 

_ v ly  (2)  (2) 


+ A21|  m ^ + m (2)  COS012 1 + A23|  m 
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“SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


• Next,  using 


and 


1 dm 

A,  ” **  le> 


gives 
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“SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  Sf 

CONTINUED 


• And,  using 


and 


gives 


: -[. 

&3(l  + A22)  - W2A23  fH, 

I sin012  + 

1 /o\ 

1 

CM 

< 

§ 

1 

CO 

CM 

< 

* 

(2) 

sin012 

/o\  ** 

% L 

*21 

v ’ J 

+ [«*2A21  - 

1 W 

#»i(l  + a22) 

L 

(3) 

m 

j 

sin012 

(2)  12 

W 
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“SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  S ' 

£ 

CONTINUED 

• Substituting  the  expressions  for  A..  in  terms  of  the  linear  deformation 
measures  into  the  expressions  for  and  simplifying  gives 


= (l  +e11)«° 

+ (cos012  + e°2  + cp  sin012)  2 

/I  \ 

*11 

1 W V 

) i 

- |q)1  + cp2  COS012)  #»(3) 

0) 

- (cp1  COS012  + cp2J  #»(3) 
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“SMALL-STRAIN”  CURVATURES  AND  TORSIONS  OF  Sf 

CONCLUDED 


1 


10 

+ e„ 


sin012 


+ e°2  csc012  + q)-e°u  cot012 


(3> 

0> 

m 

- w,  m 

(1>  3 

0)_ 

r 1 

+ cp -j  ■+■  (p2  COS012 


sin012 


' 21 


= |l  + e22csc0i2  - (e°2  csc012  - q))cot0 

+ (e°2  csc012  - cp  - e22  cot012 
+ |q)1  COS012  + cp2 


12 


(1) 


(3) 


(2) 


(2) 


sin0 


12 


(3) 


- m,m 

(2)  3 


(2) 


(2) 


m2m 


, -«i  m 

(2)  1 


(2) 


(2) 


sin0 


12 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 

FOR  “SMALL”  STRAINS 


• The  changes  in  reference-surface  curvatures,  K°,(§„  12>  *)  and 

K22(ii-  i2.  t)  , and  the  change  in  reference-surface  torsion,  k°2(£i,  *) , 

caused  by  deformation  have  been  defined  herein  by 

o 1 1 

k22  = — -- 


o 1 

1 

K„- 

*11 

I'll 

• Examination  of  the  previously  derived  expressions  for  *af!  indicates 

that  the  changes  in  surface  curvature  and  torsion  are  complicated 
nonlinear  functions  of  the  linear  deformation  parameters 

• Thus,  these  expressions  appear  to  have  very  limited  practical  value 

• These  expressions  also  have  no  implicit  limitations  on  the 
magnitude  of  the  rotations  that  may  occur  during  deformation 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 
FOR  “SMALL”  STRAINS  - CONTINUED 

• To  obtain  “small-strain”  expressions  for  the  changes  in  the  reference- 
surface  curvatures  and  torsions,  it  is  convenient  to  express 


>[€L 


as 


rfA  K°  _ J_  _ 

A,  | 11  Ja  l A, 


1 

rn 


and 


V A2 


K22  = 


1 & l 


1 


'22 


a \ A 


22 


where 


\ Ai 


= 1 + 3e°,  + £22  + 0{z\ 


s[€L 

i/t2\ 

2 

0 0 ^ / 4 \ 

, A2  j 

= 1 + 3e22  + e„  + 0{ £ ) 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 
FOR  “SMALL”  STRAINS  - CONTINUED 


To  obtain  a similar  expression  for  the  change  in  the  reference-surface 
torsion,  the  geometric  relation 


1 1 

— + — = cot#12 

fl 

l] 

*12  *21 

{*11 

^22  j 

1111 
is  first  added  to  2k  12  = + — + - — — 

* 12  *21  '12  '21 


to  get 


1 


= k12  + 


cot# 


12 


'21 


1 

1 ] 

+ 1 

i 

1 ] 

*11 

*22  J 

2 

lr21 

r12J 

and  then  the  two  equations  are  subtracted  to  get 

1 o cot# 


= k12- 


r12 


'12 


1 

1 \ 

+ 1 

i 

-1] 

*11 

*22  ) 

2 

i1"21 

ri2  J 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 
FOR  “SMALL”  STRAINS  - CONTINUED 


1 1 11 
Then,  using  — = — + Kn  and  — = - + K 22 , it  follows  that 


= k12  + 


cot# 


12 


1 1 


'21 


I”  11  ^22 


+ k11-k22 


1 


1 1 


21 


12  7 


= k12- 


cot# 


12 


'12 


1 1 


I"  11  **22 


+ K11-K22 


1 1 


**21  ^12 


From 


, it  follows  that 


and 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 
FOR  “SMALL”  STRAINS  - CONTINUED 


• Likewise,  from 


1 


1 


12 


5 


it  follows  that 


1 

( A ^ 

2 ' 

*12 

V^A.J 

k12  - 


cot  0 


12 


11 


loo 

- + K11-K22 


1 


1 1 


22 


21 


12/ 


• Adding  these  two  equations  for  — and  — yields 

*21  *12 


where 


1 


1 


° 1 

2k.  .+ 


12 


C,+ 


*21  *12 


21 


12 


1 

I’ll 


loo 

- + K11-K22 


22 


J 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 
FOR  “SMALL”  STRAINS  - CONTINUED 

cW(-r=nr)  +^(^r)  - 1 + set,  + 3«£  + *(.*) 

Z\  V3  A 2 y Z\  V3  Ai  / 

c2=  c^=(E;2-E:1)cote12+<9(si) 

y V®  2 / y V3 

• Now,  cos012  = 2e°2  + cose12(l  - e°u  - e22)  + and 

sin012  = sin012  - cot012[2£°2  - cose^E^  + e22)  + 0(e4) 

are  used  to  get 

COt012  = COt012  + 2e°2CSC3012  — | £°,  + £22)csc2012cot012  + 0(^) 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 
FOR  “SMALL”  STRAINS  - CONTINUED 


• Thus,  C2=  (e°2  - £°,)cOt812  + <?(e4) 

• At  this  point  in  the  derivation,  the  equations  of  interest  are: 


/ O O ' 

p + 3eu  + e22 

o 1 1 + 3£  + £ , 4v 

|K„=_  11  22  + 6(t) 

*11  Fl1 

( o o' 

(1  +3E22+£11 

0 1 1+3e22+£°, 

|k„=_  r + 0(®) 

*22  '22 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 
FOR  “SMALL”  STRAINS  - CONTINUED 

• To  get  further  simplification,  it  is  presumed  that  the  changes 
in  surface  curvatures  and  torsions  are  at  most  the  same  order 
of  magnitude  as  the  strains 

• Based  on  this  presumption,  the  last  three  equations  reduce  to 
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CHANGES  IN  THE  CURVATURES  AND  TORSIONS  OF  S0 
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• These  three  equations  give  the  “small”  changes  in  surface 
curvature  and  torsion  associated  with  “small”  strains 

• In  these  expressions,  recall  that 
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• For  orthogonal  Gaussian  reference-surface  coordinates,  the  “small” 
changes  in  surface  curvatures  and  surface  torsion,  for  “small  strains” 
and  “finite  rotations”  are  given  by 
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“SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  Sf 

• Previously,  the  following  three  independent  compatibility  equations  for 
the  undeformed  reference  surface  were  obtained: 
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where  kg  = — — + — — + cote12  — — — — — is  the  Gaussian 

*11*22  *12*21  V * 12*  22  *11*21/ 

curvature  of  the  undeformed  reference  surface 

• By  direct  analogy,  the  compatibility  equations  for  the  deformed 
reference  surface  are: 
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is  the  Gaussian 


curvature  of  the  deformed  reference  surface 


• Next,  by  direct  analogy,  it  also  follows  that  the  derivatives  of  the  metric 
coefficients  for  the  deformed  reference  surface  are  given  by 
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• By  using  these  derivative  expressions,  the  compatibility  equations  are 
also  expressed  as 
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For  “small”  strains,  the  following  approximations  are  valid: 
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• Moreover,  the  torsions  of  the  deformed  reference  surface  are 
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First,  substituting  these  “small”  strain  approximations  into  the 
Gaussian  curvature  kg  of  the  deformed  reference  surface  and  using 
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• Because  of  the  complexity  of  this  expression  and,  particularly,  the  other 
two  corresponding  compatibility  equations  that  follow,  it  is  convenient 


d 

d ( dOA2  ^ . . 

to  express  d ^ 

pn  J 

l p22  J 

+ aja  J 

CM 

+ 

(£») + + + £.(k.)  + &e{<2)  = 0 

where 

)=  a 
a?, 

A 2 2 ..  0 3 A1  2 0 ^ 

CSC  0,28,,  cot  0,28,, 

^ P22  j / 

CSC0 


12 


— (A.cose,^—  (ai£:) 

-V 


d d 


(cote128°,) 


zr\r~  + zr\r~  lA^CSCO^s",  + 0(e4) 

■ i i I OO  I I'll  Ol  I 


■ 22  1 12"  21 


405 


££ 


SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S, 

CONTINUED 


0%, 


V 


A o 2 o \ d 
cot  012£22 1 - 

P22 


ail 


”1  2„  0 

—CSC  012£22 


ai, 


CSC0 


12 


A, 


(a/;os012£22)  +^(a2£°2) 


d d 


(cOt0,2£22) 


1 1 
+ 


\ **11** 22  1*121*21  / 


A,A2CSC012£°  + <5(e4) 


^,4 

K) 

= - a,a2 

sin012  cos012 

k 1*22  1*21  j 

K;  + <?(e4) 

yj 

= - A -|  A 2 

sin012  cos012^ 

k **12  j 

K°22  + <9(e4) 

^16(k°2)  =- A,A: 


1 1 


1*12  r21 , 


sin012  - 


1 1 
+ — 


**11  **22  j 


COS0 


12 


O^e4) 


406 


££ 


SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S 


CONTINUED 


eM = 


aii 


csc012  a 


A,  a| 

V 

csc01o  a 


(A,  2e°2) 


”«!;(*• 2e"-) 


a|, 

( 


A 2 O 

— cot012csc012  2e12 


V 


'22 


*£S 


Ah  O 

COt012CSC012  2b12 


'll 


...  (csc0,2  2e°2j  + A,A2(l  - cos012)cot20 


d d 
3% 


12 


1 


1 


^ **12** 22  **21  *"l1  ) 


28 


12 


+ A^cotOu 


rr  + tt~  )2e°2  + ^ 


V ■ 11‘  22  1 12'  21 


407 


££ 


SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S 


CONTINUED 

Similarly,  the  compatibility  equation 
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SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  St 

CONTINUED 
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“SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S ' 

CONTINUED 
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“SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S ' 

CONTINUED 
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SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  St 

CONTINUED 
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“SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S ' 

CONTINUED 
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“SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S ' 

CONTINUED 
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“SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S ' 

CONTINUED 
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= sin012  . 2 

A2  d%2 

f 1 , 1 5012) 

Pn  Ai 

k><9(£4) 

• In  obtaining  these  expressions  for  the  differential  compatibility 
operators,  &X  )’  the  following  expressions  were  used 
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“SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S ' 

CONTINUED 


• For  orthogonal  reference-surface  Gaussian  coordinates,  the  Gaussian 

curvature  reduces  to  KG  = 1 — \ and  the  corresponding  change 

r 1 1 r 22  r12 


due  to  deformation  becomes 


• Likewise,  for  orthogonal  reference-surface  Gaussian  coordinates,  the 
differential  operators  reduce  to: 
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SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S, 
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SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S, 

CONTINUED 
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SMALL-STRAIN”  COMPATIBILITY  CONDITIONS  FOR  S, 

CONCLUDED 
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MATHEMATICAL  DESCRIPTION  OF 
DEFORMED-SHELL  GEOMETRY 
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MATHEMATICAL  DESCRIPTION  OF  THE 

DEFORMED  SHELL,  % 

£ 

• As  discussed  previously,  a shell  structure  is  described  mathematically 

as  a set  of  points  (material  particles),  B,  that  occupy  a region,  , of 

three-dimensional  Euclidean  space  £ 3 at  time  t 

• The  time  t = 0 is 
defined  as  the 
reference  configuration 
or  reference  state  of 
the  shell,  which 

occupies  C £z 

• In  the  reference 
configuration,  or  state, 
the  shell  is  presumed 
to  be  undeformed 
and  unstressed 
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MATHEMATICAL  DESCRIPTION  OF  THE 
DEFORMED  SHELL,  % - CONTINUED 

• In  addition,  the  undeformed  shell  is  modelled  as  a set  of  contiguous 
parallel  surfaces  that  fill  C £3 

• Recall  that  points  of  the  shell  in  the  reference  state  are  described 
parametrically  by  the  Cartesian  coordinates  xk  = xk(^15  s=2,  s=3) , where 
the  parameters  §15  |2,  and  define  a system  of  curvilinear  coordinates 
for  the  region  /R0  C £3 

• The  coordinates  xk  = xk(^15  ^2,  o)  define  points  of  the 
corresponding  reference  surface  at  time  t = 0 

• Values  of  c“(^15  i2)  < ^3  < c^,  i2)  define  the  set  of  contiguous 
parallel  surfaces 
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MATHEMATICAL  DESCRIPTION  OF  THE 
DEFORMED  SHELL,  % - CONTINUED 

• During  deformation,  the  set  of  material  points  initially  in  JR0  occupy  a 
region,  C S , at  time  t 

• Material  points  initially  in  the  reference  surface  S0  C 1R{  occupy  a 
region,  St  C at  time  t 

• Material  points  initially  in  the  parallel  surface  S0  (§3)  C occupy 
a region,  St  (§3)  C at  time  t 

• Let  points  of  /R(  have  the  Cartesian  coordinates  3T3) , with 

respect  to  the  o - x1  - x2  - x3  coordinate  frame  shown  in  the 
previous  figure 

• Points  of  St  have  the  Cartesian  coordinates  (*1S  *2,  *3) 
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MATHEMATICAL  DESCRIPTION  OF  THE 
DEFORMED  SHELL,  % - CONTINUED 

• By  using  the  Lagrangian  description  of  motion  and  deformation,  the 

coordinates  (3T1S  %3)  of  a generic  point  are  expressed  in 

terms  of  the  coordinates  (x15  x2,  x3)  in  the  undeformed  configuration 

of  the  corresponding  point  P G ^0;  that  is,  = 3Tk(x15  X2,  X3,  r j 

• Thus,  the  parametric  representation  of  given  by  xk  = xk(^15  s=2,  ^3) 
induces  the  parametric  representation  for  JP  given  by 


II 

(?„  ^ t) 

such  that 

Xk(^  0)  = Xk(?„  %,) 

• These  equations  constitute  a parametric  representation  in  which 
the  undeformed,  unstressed  material  region  is  transformed 

into  the  deformed  image 
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MATHEMATICAL  DESCRIPTION  OF  THE 
DEFORMED  SHELL,  % - CONTINUED 

• Thus,  the  curvilinear-coordinate  net  that  defines  points  of  deforms 
into  a curvilinear-coordinate  net  that  defines  points  of  JP 

• The  convection  of  the  set  of  points  TR0  through  S 3 is  represented 
mathematically  by  a continuous  family  of  deformation  mappings 
*Dt  ( ),  in  which  the  set  }R0  is  mapped  onto  the  set  in  a one-to- 
one  manner  at  every  given  instant  of  time 


• The  convected  nature  of  the  curvilinear  coordinates  enables  the 
definition  of  vector  fields  associated  with  points  of  the  deformed 

configuration  that  faciliate  characterization  of  its  deformation 

V 


426 


MATHEMATICAL  DESCRIPTION  OF  THE 
DEFORMED  SHELL,  % - CONTINUED 

• To  characterize  the  geometry  of  the  deformed  region  it  is  convenient 
to  define  the  position  vector  = 3Tk(^i,  ^2,  ^ t)K  , with  respect  to  the 
same  fixed  coordinate  frame  used  to  define  x = xk(^15  ^2,  ^3)  \k 

— ► 

• The  position  vector  2 locates  the  deformed  image, 

P = V/P)  E of  a generic  point,  P E ^0,  at  time  t 

• The  displacement  of  points  of  the  reference  configuration  are 
described  by  the  displacement-vector  field  U(^,  %2,  £3J  t ) such  that 


5 = x + u 

5 

0(5,,^,  ?3,  0)  = 6 

, and 

u(?„  ?2,  o,  r)  = u(i„  ?2,  r) 

• Here,  u(^15  %2,  t]  is  the  displacement-vector  field  associated  with 
points  of  the  undeformed  reference  surface  S0  C 
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MATHEMATICAL  DESCRIPTION  OF  THE 
DEFORMED  SHELL,  R - CONCLUDED 


Undeformed,  reference 
configuration,  /&0 


2^-axis 


tllMrCr  ^ ^ 


S.  = T>,(S)  C *, 


^2-axis 
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CONVECTED  BASE-VECTOR  FIELDS  FOR  /P 

£ 


• To  characterize  the  deformation  of  a shell,  vector  fields  associated  with 
points  of  the  deformed  configuration  ^ are  needed 

• Moreover,  to  describe  and  manipulate  these  vector  fields,  a 
corresponding  set  of  base-vector  fields  is  also  needed 

• By  direct  analogy  with  the  curvilinear  coordinates  of  the  undeformed 
configuration  the  natural  base-vector  fields  of  the  convected 

curvilinear  coordinate  system  (£1S  i=2,  £3)  are  given  by 


• Each  of  the  base  vectors  is  tangent  to  one  of  the 

convected  curvilinear-coordinate  curves  at  a given  point  of  the 
deformed  shell,  as  depicted  in  the  following  figure 
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CONVECTED  BASE-VECTOR  FIELDS  FOR  /P 

£ 

CONTINUED 


Curvilinear  coordinates 
of  %0  at  time  t = 0 


2^-axis 


= Z>,(g2) 


Convected  curvilinear 
coordinates  of  at  time  t 


x = 12, 0) 
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CONVECTED  BASE-VECTOR  FIELDS  FOR  /P 

£ 

CONTINUED 


• Thus,  it  follows  that  ^ and  |2  are  tangent  to  the  convected  Gaussian- 

coordinate  curves  of  a given  deformed  parallel  surface  defined  by  a 
specific  value  of  the  coordinate 
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CONVECTED  BASE-VECTOR  FIELDS  FOR  & 

P 

CONTINUED 

• Recall,  that  the  vectors  {g15  g2,  g3}  , defined  for  the  undeformed 

configuration  %0,  are  noncolinear  and  noncoplanar,  for  a meaningful 

coordinate  system  formed  by  three  distinct  coordinate  surfaces 

• Thus,  {g„  g2,  g3}  are  inherently  linearly  independent  at  each  point 
of  and,  as  a result,  constitute  a basis  for  representing  vector 
field  associated  with  the  points  of 

• Therefore,  any  vector  field  v(t=1s  £2,  £3)  associated  with  points  of 
/<0  can  be  expressed  uniquely  by  the  linear  combination  v = v gk , 
where  vk  = vk(?„  ?2,  ?3) 
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CONVECTED  BASE-VECTOR  FIELDS  FOR  & 

P 

CONTINUED 

• For  physically  meaningful  deformations,  the  vector  fields  {?,,  ?2,  ?3j 

remain  noncolinear  and  noncoplanar  and,  as  a result,  remain  linearly 
independent  during  deformation 

• Thus,  they  form  a basis  for  points  of  the  deformed  configuration 

such  that  any  vector  field  £ 2 , ^ t) , associated  with  points  of 

can  be  expressed  uniquely  as  the  linear  combination 


k. 

, where 

ii 

(i,,  ?2,  13>  t) 

• In  addition,  V (?i,  ^ o)  = Vk(^1?  g2,  §3)  because  of  the 
convective  nature  of  the  curvilinear  coordinates 
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CONVECTED  BASE-VECTOR  FIELDS  FOR  & 

P 

CONTINUED 

• Another  convenient  form  of  the  convected  natural  basis  that  is  used 
herein  is  the  set  of  unit-magnitude  vector  fields  $2,  $3}  defined  by 


I,,  12>  §3,  t 

- 

II 

7T 

• 

NU 

3 

and  where  the  parentheses  enclosing  the  subscript  indicates 
suspension  of  summation  of  repeated  indices 

• The  relationships  between  {g15  g2J  g3}  and  ^3}  are  found  by 

d^C 

substituting  = x + u into  9 k = and  then  using 


gk  = # to  get 


au 

^^k 


or 
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CONVECTED  BASE-VECTOR  FIELDS  FOR  /P 

£ 

CONCLUDED 


U(^u 
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METRIC  COEFFICIENTS  FOR  & 

P 

• The  metric  coefficients  of  the  deformed  shell,  are  obtained  following 
the  same  process  used  for  the  undeformed  shell, 

• First,  consider  the  deformation  of  the  differential  volume  element 
dVC^0  into  another  differential  volume  element  dVC.  /R(,  as  depicted 
in  the  following  figure 

• The  point  R E has  coordinates  (x15  x2,  x3) 

• The  base  of  dV  C TRQ  is  located  on  the  parallel  surface  Se(R) 

• /R  = Vt  R)  G /Gt,  is  the  image  of  RG  JR0,  at  time  t and  has 
coordinates  [*XV  Ct3) 

• The  base  of  dVC.  is  located  on  the  parallel  surface  SE(%) 
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METRIC  COEFFICIENTS  FOR  /P  - CONTINUED 
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METRIC  COEFFICIENTS  FOR  /P  - CONTINUED 


Recall  that  the  position  vectors  to  points  P and  R in  the  undeformed 

shell  are  x = xk(i„  |2)  ik  and  x(S„  %2,  l3)  = x(%„  l2)  + n(l„  %2) , 

respectively 


Likewise,  the  position  vector  to  point  S 
is 


X(Si  + d^15  + d^2,  + d^3)  = 

x(i„  §2,  §3)  + dX 


and 


the  vector  from  point  R to  point  S is 


dX 


The  length  of  arc  of  the  material  curve 
between  points  R and  S is  given  by 

dL  = RS  = | dX 
to  a first  approximation  in  differentials 
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METRIC  COEFFICIENTS  FOR  & - CONTINUED 

• For  the  deformed  shell,  the  position  vectors  to  points  P and  % are 

x - xk(^,  % 2 , *)  L and  *X  = 9Ck{%»  %2,  %3,  *)  tk , respectively 


• Likewise,  the  position  vector  to  point  s 
is 

3T(ci  + dH15  £2  + d£2,  c3  + dH3)  = 

and  the 

jrfe,  s3)  + 

— > 

vector  from  point  “R  to  point  s is 

• The  length  of  arc  of  the  material  curve 
between  points  “R  and  s is 


dJ  = ‘D(tiU  and  d 4 


to  a first  approximation  in  differentials 
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METRIC  COEFFICIENTS  FOR  & - CONTINUED 

• The  chain  rule  of  differentiation  gives 

— ¥ 

d^(l„  §2,  *)  = |^-d£k  = £k(S„  ^ ’ g)d^ 

^Sk 

• From  d^f  = d^:  ; it  follows  that  d^2  = d^|T  • d^|T  = • ^k)d^d^k 

• Using  *?k(£i,  %2,  %35  r)  = | | = sj?k  • £(k)'  and  the  presumption  of  a 

nonorthogonal  convected-coordinate  mesh  for  J?  gives 

d^2  = (^d^)2  + 2^^2cos012  d^d^,  + (^2d^2)2  + 

2^3cos<913  d^,d^3  + 2^3cos<923  d^3  + (»^3)2 

where  0jk(£i,  £2,  %3,  t ) are  the  angles  between  the  generally 
nonorthogonal  intersecting  coordinate  curves  of  the  deformed  shell 
that  are  defined  by  *?^kcos0(jk)  = ^ • ^k 
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METRIC  COEFFICIENTS  FOR  /P  - CONTINUED 


• By  substituting 


into 


the  metric  coefficients  of  the  deformed  shell  are  found,  in  terms  of  the 
displacement  vector  field,  to  be 
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METRIC  COEFFICIENTS  FOR  - CONTINUED 


Similarly,  ^cosa^,  = gives 


H,H2 


cos6»12  - cos012  = g, 


H2a^2 


+ 9: 


H^J  H2d%2 


H.H3 


cos013-cos@13  = g. 


H3d£j; 


+ 9: 


H^J  l IMS,  h38^3 


2 ' * 3 


h2h3 


cos023  - cos@23  = g 


H3  d§s 


H2ai, 


h23|2  H3a53 
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METRIC  COEFFICIENTS  FOR  & - CONTINUED 

• The  lengths  of  the  differential  arcs  along  the  convected  coordinate 
curves  are  obtained  directly  from  the  expression 


d£  = (**,<!?,  )2  + 2^,»2cos012  d^,d|2  + fad^f  + 

2^1»3cos6>13  di,d?3  + 2‘&2‘%3cos023  d|2d^3  + (^3di3) 

• Along  the  convected  ^-coordinate  curve,  dS=2  = d§3  = 0 and 

d^f  ->  d*(£3)(1> , where  d*(s3)(1>  = ^d^ 

• Along  the  convected  ^-coordinate  curve,  d^  = d§3  = 0 and 

d^f  ->  d*(£3)<2> , where  d*(£3)<2>  = &2d%2 

• Along  the  convected  ^-coordinate  curve,  d^  = d§2  = 0 and 

d^  — d^3)<3) , where  d<^3)(3>  = ^3d^3 
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METRIC  COEFFICIENTS  FOR  /P  - CONTINUED 
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METRIC  COEFFICIENTS  FOR  /P  - CONCLUDED 

• In  terms  of  the  displacement  vector-field, 


d*(S3)(i)  — \J  + ^ 

i au 

[9l  H,aiJ 

+ 

1 aO  _ i aO 

H,  a§,  H,  a§,  J 

~ i 

H,d^ 

dd(^3)(2)  — \J  ^ + ^ 

i au 

[9z  H2aiJ 

+ 

1 aO  _ i aO 

H2  a§2  H2ai2  J 

H2d£2 

d<*(?,)(3)  = a/i  + 2 

i au 

[93  h3  ai3  J 

+ 

1 au  ■)  au 

h3  ai3  H3a§3  J 

H3d?3 
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RECIPROCAL  BASIS  FOR 

V 


• Previously,  the  vector  fields  {g\  g2,  g3}  were  introduced  for  the 
undeformed  shell,  JR0,  such  that 


g,  xg2  = h g3 

g3xg,  = Hg 

g!xg3  = Hg 

-»  m 

g 

• gn 

= S„ 

is  the  Kronecker  delta  symbol  and 


2 

(H,)2 

H1H2cos012 

H 1H3cos©13 

H = 

H^cosO^ 

(h2)2 

H 2H  3cos023 

HiH3COS©i3 

H2H3cos023 

(h3)2 

• A set  of  expressions  g=gkpgP  that  relate  the  basis  {gi,g2,  g3}  to  the 

reciprocal  basis  {g\  g\  g3}  were  derived  for  general  nonorthogonal 
coordinates 
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RECIPROCAL  BASIS  FOR  ^-CONTINUED 


(Hj  H^cos©^  h^HgCOS©^ 

H.,H2cos©12  (H2)  H2H3cos©23 

H^gCOS©^  H2H3cos©23  (Hg)2 

• Therefore,  it  follows  that  reciprocal  base  vector  fields  for  the  deformed 
shell  1Rt  are  found  by  direct  analogy 


where 


11 

12 

13 

g 

g 

g 

12 

22 

23 

g 

g 

g 

= 

13 

23 

33 

[9 

g 

g 

/V  _>2  _>3 \ 

• Specifically,  a convected  basis  ^ ^ / that  is  reciprocal  to  the 
convected  basis  ^3}  is  defined  for  1Rt  by 


f i X - & ? 

->m  _ m m 

and  ^ *fn  = On  , where  on  is  the  Kronecker  delta  symbol  and 
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RECIPROCAL  BASIS  FOR  ^-CONTINUED 

£ 


2 

m2 

&S%2COS&,2 

&J#3COS0,3 

&^2cos012 

CM 

5 

^2^3cos  023 

‘&f%3cos0,3 

‘&2‘&3cos023 

m2 

• The  relationship  between  the  two  bases  is  given  by  f = ^kp^p , where 


1 

CO 

CM 

'Ss 

m2 

cos©12 

'%f%f.OS0a 

CO 

CM 

'Sv 

CM 

CM 

<!K 

CM 

= 

‘&^2cos0,2 

m2 

'%£V2COS022 

13  23  33 

^ ^ ^ 

‘%$?f.os6a 

'%'%.tCOS023 

CM 

s 

• Also, 


(?1  x|2) 

• 

HS4 

CO 

II 

[h*h] 

ii 

• 

ft 

II 

CM 

t'Ss 

• 
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to  to  to 


RECIPROCAL  BASIS  FOR  ^-CONCLUDED 


9 


$ _L  and  ^ 


* 


Surface 
§3=  constant 


V _L  f ! and  ^ 
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DIFFERENTIAL  AREAS  AND  VOLUMES  FOR  /P 

V 

• Consider  the  deformation  of  the  differential  volume  dV  into  c/V,  as 
shown  in  the  figure 
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DIFFERENTIAL  AREAS  AND  VOLUMES  FOR  /P 

V 

CONTINUED 

• During  deformation,  the  differential  surface  area  dA(^)  shown  in  the 
previous  figure  becomes  d^(i3)  = Z>*(dA(£3)) 


• To  a first  approximation  in 

differentials,  ds?(%3)  is  given  by 


...  4 d*X 

Using  ? „ = ,it  gives 


d^fe)  = 


-4  w -4 

X 


d?,d?: 
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DIFFERENTIAL  AREAS  AND  VOLUMES  FOR  & 

V 

CONTINUED 


• The  differential  area  of  the  face  of  the 
differential  element  given  by  \2  = 0 is 
given  by 


'' J di;,  x 


5 


to  a first  approximation  in  differentials 


T 

Substituting  £ k = into  the 

previous  expression  gives 
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DIFFERENTIAL  AREAS  AND  VOLUMES  FOR  /P 

V 

CONTINUED 

Similarly,  the  differential  area  of  the  face  of  the  differential  element 
given  by  = 0 is  given  by 


— > — > 

(1)  ” 

|f  d?2  x |f  d?3 

OC,2 

— 

X ?3 

d|2d|3 

and  the  volume  of  the  differential  element  is  given  by 

c/V=  X |2)  • dS.d&di, 


X 

II 

1 aO) 

9k+  H ^ 

V ^l(k)  / 

and 

1 au  M(k)  ^ 

— u,<p)9k 

“(p)  d^p 

, it  is  seen  that  areas 


and  volume  of  the  differential  element  of  the  deformed  shell  are 
extremely  complicated  expressions,  when  expressed  in  terms  of  the 


displacement-field  derivatives  u 


(k) 

- (P> 
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DIFFERENTIAL  AREAS  AND  VOLUMES  FOR  /P 

CONTINUED 

• More  insightful  forms  for  the  differential  areas  and  volumes  are 
obtained  by  using  =^k  and 


x ?2 

«/s  ^ ^ /\ 

x?2 

«fc 

II 

.3 

sin012  £ 

= *?,*?2  sin  012 

^1  X ^3 

-W. 

X^3 

«fc 

II 

2 

sin013  £ 

= *?,*?,  sin  0,3 

^2  X 

= ^3 

/s  ^ ^ /s 

^2  X ^3 

«fc 

tfc 

II 

. i 

sin023  £ 

= Sin  023 

'%&2  COS012  ^^3  COS013 

(fi  Xf2)  'f3  = ^ where  cos012  ‘&2i&3cos&23 

3^3COS013  ^2^3COS023 

or  ^ \ sin2012  + sin2013  + sin2023  + 2(cos012cos013cos023  - 1 ) 
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DIFFERENTIAL  AREAS  AND  VOLUMES  FOR  /P 


CONCLUDED 


With  these  results, 


d^(i3)  = 

X 

di,di2 

d"^ (2)  ” 

X?3 

d§,d§3 

d^(1>  = 

^2  X ^3 

d^d|3 

dV  - X ^2)  * ^3  d^id^2d^3  becomes  cfV  = d^d^d!^ 
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CHARACTERIZATION  OF  SHELL  DEFORMATIONS 
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ELONGATION  AND  SHEAR  OF  THE  SHELL 


• Elongation  (and  contraction)  and  shear  are  two  fundamental 
characteristics  of  deformation 

• In  the  general  theory  of  the  mechanics  of  solids,  it  is  proven  that 
elongation  of  any  differential  arc  composed  of  material  points  can  be 
described  completely  in  terms  of  the  Green-Lagrange  strains 


• Shearing  action  is  characterized  by  the  change  in  angle  between  the 
tangent  lines  of  any  two  differential  arcs,  composed  of  material  points, 
that  emanate  from  the  same  material  point 

• Shearing  action  can  also  be  described  completely  in  terms  of  the 
Green-Lagrange  strains 
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ELONGATION  AND  SHEAR  OF  THE  SHELL  - CONTINUED 


• Consider  the  differential  arc 


dL(n)  = RSc^o 


shown  in  the  figure 
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ELONGATION  AND  SHEAR  OF  THE  SHELL  - CONTINUED 


• The  arc  is  part  of  a curve  C c ^ o that  is  defined  parametrically  by 

X(m-)  = xk(£i(n),  £2(m-))U  where  \i  is  a parameter 

• During  deformation,  arc  RScJ^o  generally  changes  spatial  orientation 
and  elongates  or  contracts  (negative  elongation)  into  ‘RS  c 

• The  elongation  *)  of  the  differential  arc  dL(n)  = RS 

as  it  deforms  into  the  differential  arc  d^f(i 1)  = is  defined  by 

- dL 

^%) = dL 
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ELONGATION  AND  SHEAR  OF  THE  SHELL  - CONTINUED 


• In  this  definition  of  the  elongation,  the  unit-magnitude  vector  field 

— » 

T(n)  s ^ defines  the  orientation  of  dL(|x)  = RSc^o 
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ELONGATION  AND  SHEAR  OF  THE  SHELL  - CONTINUED 


Using  • |k)d%d§k  and  dL2  = (g,  • gk)di,d§k  gives 

(i  +ef)  -i  = [(?,* fO-tfli’fl-)]  dil  d^k 


dL  dL 


The  direct  dependence  on  T(m-)  is  seen  by  noting  that 


d§, 


7 1 Ml  1 ^ m /N  v I 

dL=g'dL  and  9 *9n  = 6n  give  ^ = T*g 


Thus 


The  six  independent  quantities  £jk(^,  Z2,%3,  *)  , defined  such  that 


t* 

• 

- (g,  • 9k) 

dl.  d§k  _ 9„  | 

dL  dL  “ ^fcjk! 

^1,  ?2>?3.  * 

H(j)Ci^j  H(k)d^k 

dL  dL 
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ELONGATION  AND  SHEAR  OF  THE  SHELL-CONCLUDED 


completely  defined  the  elongation  C f(§i>  t)  • that  is 


ef=  V1  + 2£ik H(i» h<x)(t • g')(f  • g")  - 1 


Also 


, (1+«t) 


2 d£  -dL 

- 1 = ; 


dL 


gives 


dj  - dL 
dL2 


= 2eJk  H(ll  H(k)(f  -g)(f 


• This  last  expression  is  also  written  as 
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TO) 


NONLINEAR  SHELL  STRAINS 


• The  physical  components  of  the  nonlinear,  Green-Lagrange  strain 
tensor  for  an  arbitrary  point  of  the  shell  are  given  by 

2Eii(H(i)d^i)(H(j)dij)  = d^2-dL2 

where  parentheses  around  the  subscript  are  used  in  order  not  to  violate 
the  notation  rules  for  the  repeated-index  summation  convention 

• In  this  expression,  d^f  = Z>,(dL)  is  the  deformed  image  of  the 
infinitesimal  arc  length  dL,  which  is  also  infinitesimal 

• Previously,  it  was  shown  for  general  nonorthogonal  coordinates  that 

dj2  = (??,d£,)2  + 2??,??2cos0,2  d£,d£2  + (^2d£2)2  + 

2^,^30080,3  d^,d^3  + 2#/#3cos023  d£2d£3  + (^3d£3)2 

dL2  = (H,d|,)2  + 2H,H2cos©,2  d|,d|2  + (H2d|2)2  + 

2H,H3cos0,3  d|,d|3  + 2H2H3cos023  d|2d|3  + (H3d|3)2 
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NONLINEAR  SHELL  STRAINS  - CONTINUED 

• Thus, 

d/  - dL2  = (-»2  - Hj)dl,d|1  + 2(^,^2COS012  - 0,02cos0,2j  d|,d|2  + 

( *?2  - 02)d|2d|2  + 2(^3cos©,3  - 0i03cos0,3)d|,dl3  + 
(^3  - H2)d|3d|3  + 2^2^3cos©23  - 0203cos023)di2dl3 


Using  the  definition  2e„(0(l)dil)(0,l)dil)  = d^f2  - dL' 


gives 


2 

(&,) 

2 

II 

to 

CM 

Hi 

- 1 2e  = 

°22 

H2 

- 1 

V / 

V ) 

2 

2e  = 

°33 

h3 

V 3 J 

- 1 

2^23  = 2 


H2H3 


COS023  - COS©23 
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NONLINEAR  SHELL  STRAINS  - CONTINUED 


• The  strains  are  expressed  in  terms  of  the  displacement  field  by  using 


-cos  012  - cos012  = 


1 dU 

H2ai|2 


1 dU 

H,  df. 


1 dU  1 dU 

H,  df,  ‘ H2  d^2 


^1^3  ^ „ U 

— ! — ^cos©13  - cos©13  = g, 

V 


! dO)  L . 1 8U|  1 dU  _ 1 dU  ' 

H3a^j + 93  * H;di; ) + H;di;  * 
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NONLINEAR  SHELL  STRAINS  - CONTINUED 


Therefore, 


£„  = 

L i 

Q * 1 

+ 1 

f i au  _ i au'l 

'y  H,^v 

+ 2 

[H,d^  H,  a|,  j 

£22 

i su' 

Cl  * 1 

+ 1 

i aO  ■(  aO't 

f2  H 2d%2) 

+ 2 

H2a^2  H2a^2 

( 


^33 


9: 


V 


1 dU 

H3^3 


2e  = 

^■C-12 

L i aO^ 

+ 

L i au' 

Cl  * 1 

+ 

f i aO  _ i au  'l 

5,1  H2a^2; 

y H,agiy 

[h^  H2a^2 

2e  = 

°13 

L i aul 

Q • 1 

+ 

L i au^ 

Q m 1 

+ 

1 

{ i au  ■)  au] 

, H,ag,j 

f3  H,a?v 

^H1a^1  H3a^3 

2p  = 

fc°23 

L 1 au^ 

+ 

L i au' 

Cl  * 1 

+ 

1 1 au  i au] 

°2  h3  a^3  j 

'y  H2a^2  j 

^H2a^2  H3a^3 
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NONLINEAR  SHELL  STRAINS  - CONTINUED 


or 


• With  these  expressions,  it  follows  that  the  geometries  of  and 
are  related  by 

= h,  0 + 2£i; 

= H2  0 + 2e22 
= H3  + 2£33 


H.H 


2cos012  - cos©12  = 2e12 


H.H 


3cos013  - cos©13  = 2e13 


2 3COS023  - COS023  = 2e23 


h2h3 
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NONLINEAR  SHELL  STRAINS  - CONTINUED 


• By  using  these  expressions,  the  cosines  and  sines  of  the  angles 
between  intersecting  convected  coordinate  curves  are  found  to  be 


• The  differential  area  d^(^3)  = sin  012  d^di^  becomes 


2e12  + cos©12 
cos<912  = ■ , 

V 1 + 2eu  J-\  + 2s22 


2e„  + cos©., 
cos©13  = , 

V1  + 2en  V 1 + 2S33 


2e23  + cos©23 

COS023  = 

V1  + 2£22  V1  +2b33 


468 


NONLINEAR  SHELL  STRAINS  - CONTINUED 


• Likewise,  d^<2)  = sin  &A3  d^d!^  becomes 

d^(2)  = H,H3  ^/(l  + 2e11)(l  + 2e33)  - (2e13  + cos013)2  d^d^3 

and  d^(1)  = sin  e23  d^2d^3  becomes 

= H2H3  yy/(l  + 2e22)(l  + 2£33)  - (2£23  + cos©23)2  d^2d^3 

• Next, 

= g&^2‘&3  ^ sin2012  + sin2013  + sin2023  + 2(cos012cos013cos023  - 1 ) 

becomes 

2 

*71 

2 2 2 = (1  + 2e„)(1  + 2e22)(l  + 2e33)  + 2 (2e12  + cosel2)(2e,3  + cos013)(2e23  + cos023) 

HI  I I I 

in2ri3 

- (1  + 2e33)(2e12  + cos012)2  - (1  + 2e22)(2e13  + cos013)2  - (1  + 2e„)(2e23  + cos023)2 
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NONLINEAR  SHELL  STRAINS  - CONCLUDED 


• The  differential  volume  is  then  obtained  from  dN  d^1d^2d^3 

• For  the  shell  coordinate  system  defined  with  respect  to  undeformed 
parallel  surfaces,  recall  that  013  = 023  = f and 
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“SMALL-STRAIN”  APPROXIMATIONS 


• For  “small  strains,”  the  magnitude  of  each  of  the  nonlinear  Green- 
Lagrange  strains  is  presumed  to  be  of  second  order,  compared  to  unity 

• This  property  is  denoted  herein  by  0(e2),  with  e2«i 

• This  presumption  permits  use  of  the  binomial  theorem  and 
Taylor  series  for  simplifying  various  strain  expressions 


Applying  the  binomial  theorem  yields  the  following  simplifications 
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“SMALL-STRAIN”  APPROXIMATIONS  - CONTINUED 


• Applying  these  simplifcations  to  the  metric  coefficients  for  the 
deformed  shell  yields  ^ = Hk[i  + e(kk)  + 0U4)] 

• By  definition,  the  shearing  strains,  denoted  by  y..,  are  given  by  the 
changes  in  angles;  that  is,  Yu  = 0u  - 

• Thus, 

cos^  = cos^Bjj  - YSj  j = cosy.  cos©(ij)  + siny..  sin©(ij) 
sin^  = sin^©N  - y..J  = sin©(ij)  cosyN  - cos©(ij)  siny.. 


• For  “small”  shearing  strains,  the  Taylor  series  expansions  of  the  sine 

and  cosine  functions  with  small-magnitude  arguments  yields 

cosy,.  = 1 + 0(e4)  and  siny,!  = y..  + 0(e4) 
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“SMALL-STRAIN”  APPROXIMATIONS  - CONTINUED 


• Applying  these  simplifications  gives 

cos^  = cosOij  + y sin©(ij)  + 0(e4) 
sin^ij  = sinOij  - y cos©(ij|  + 0(e4) 


• For  “small”  elongations,  C f is  presumed  to  also  be  0(t2) 


d£  -dL2 
dL2 


becomes 


and 


such  that 
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“SMALL-STRAIN”  APPROXIMATIONS  - CONTINUED 


• Next,  cos^j  = cosBjj  + y..  sin©(ij)  + 0(e4)  and  = Hk[l  + e(kk)  + 0U4)] 


are  substituted  into 


COS  z — 

2e12  + COS©12 

VVW  V/-|2  ™ 

s/1  +2£1.  V1  + 2£22 

to  get 


2e  - 1 
°12  1 

V — 

E + £ ] 
°11  °22  J 

|COS012 

+ /?(r4) 

1 12 

sin©12 

-i-  ) 

• Likewise, 


1 

CO 

w" 

CM 

1 

* 

t 

£ + £ ] 

°11  °33  J 

|cos©13 

+ /5fr4) 

1 13  “ 

sin©13 

-l-  C/lt  j 

2823  - | 

V — 

£22  + £33)cOS023 

22  33/  23  4 

123 

T 1/  \ O 1 

sin©23 
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“SMALL-STRAIN”  APPROXIMATIONS  - CONTINUED 


• “Small”  strain  approximations  to  the  differential  areas  and  differential 
volume  are  obtained  as  follows 

• Substituting  = Hk[l  + e(kk)  + 0(e4)]  , sin = sin©^  - yu  cos0(ii)  + 0(e4)  , 

and  cose,,  = cose,,  + y„  sin©,,,,  + <?(e4)  into  d^(§3)  = sin  e12  d§,d§2 
and  simplifying  yields 


d/*(l3)  = H,H2 

sin©12 

1 + E„  + E22 

- y12  cos©12 

d^d?2  + <9(e4) 

2^12  (^11  "*■  £22)^®^®12  i 4 % m 

• Then,  Yi2  = + 0\*  ) is  used  to  get 

sin©12 


d^3)  = H.H, 


sin©12  + (et1  + £22)csc©12 


2e12cot©12  + tf(e4) 
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“SMALL-STRAIN”  APPROXIMATIONS  - CONTINUED 


• Similarly, 
become 


d^  2 = ^^3  sin  013 


and  d^{1)  = sin  023  d^2d^3 


d^(2)  = H,H3 

sin©13  + | 

/ > 

p + p 

°11  °33 

V / 

|CSC013  - 2£13COt013  + 0(e4) 

d^(1)  = H2H3 

sin©23  + | 

/ \ 

P + P 

°22  °33 

|CSC023  - 2£23COt©23  + 0(e4) 

• For  the  coordinate  system  defined  with  respect  to  undeformed  parallel 
surfaces,  013  = ©23  = f and,  as  a result, 


Y12  = 2£i2  CSC©12  - (etl  + e22)cot©12  + 0( e4) 
Yia  = 2^13  + 0{^)  y23  = 2e23  + 0{z) 
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“SMALL-STRAIN”  APPROXIMATIONS  - CONTINUED 


• In  addition, 

d^(1)  = H2H3[l  + 822  + 833  + <9(e4)]  d^(2)  = + E„  + S33  + <5(e4)] 

d^(i,)  = H,H2  sin012  + + e22)csc012  - 2e12cot012  + 0(E4) 

• To  simplify 


it  is  noted  that  sin2^  = sin2ou  - 2^..  cos©(ij)  + 0{ b4)  and  that 


cos012cos013cos023  = cos©12cos013cos©23  + y13  cos012sin013cos023 
+ y12  sin012cos013cos023  + y23cos©12cos©13  sin023  + 0(e4) 
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“SMALL-STRAIN”  APPROXIMATIONS  - CONTINUED 

• For  the  coordinate  system  defined  with  respect  to  undeformed  parallel 
surfaces,  b13  = 023  = f , and  the  following  simplifications  are  obtained 

sin2012  + sin2013  + sin2023  = 2 + sin2©12  - 2y12  cos©12  + O(^) 
2|cos012cos013cos023  - 1 ) = - 2 + 0(e4) 

^1^3  = h1h2(i  +E11  + E22  + E33) 

^ = H1H2H3sin©12|l  + £„  + e22  + e33)  ^/l  - 2y12  cot012csc012  + 0(e4) 

= H^H-jSin©^!  + e1t  + e22  + £33)|l  - y12  cot012csc012  + 0{z) 

^ = H1H2H3sin012(l  + eu  + e22  + e33  - y12  cot012csc012  + 0{^)\ 
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“SMALL-STRAIN”  APPROXIMATIONS  - CONCLUDED 


• Using 


Y« 


2e12-  (e„  + e22)cos012 

sin©12 


+ 01 B4) 


gives 


??  = H1H2H3sin©12  1 + (eu  + e22)(l  + csc©12cot2©12) 

- 2812CSC2012COt012  + 833  + <9(e4)) 


479 


THE  KINEMATIC  HYPOTHESIS 


• Up  to  this  point  in  the  present  study,  no  relationship  between  the 

displacement-vector  field  u(^1s  t ) , for  points  of  the  undeformed 

reference  surface,  and  the  corresponding  displacement-vector  field 

0(ilf  i2,  '§3,  t)  for  points  of  a corresponding  undeformed  parallel  surface 
has  been  given 

• A kinematic  hypothesis  is  required  to  make  this  connection 

• Let  R be  a point  of  a parallel  surface  given  by  X = x(^15  y + t=3n(£1f  £2) 

and  P be  the  corresponding  point  of  the  reference  surface,  as  shown  in 
the  following  figure 

• For  the  Kirchhoff  hypothesis  of  deformation,  used  in  classical  shell 
theory,  the  particle  JR  = S (R)  is  always  located  on  the  line  normal  to 

V 

the  tangent  plane  spanned  by  a,  and  a2  during  deformation  and  it 
also  remains  at  the  same  distance  from  the  tangent  plane 
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THE  KINEMATIC  HYPOTHESIS  - CONTINUED 


u(§„  §2,  i3.  t)  % 
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THE  KINEMATIC  HYPOTHESIS  - CONTINUED 


• The  deformed  image  of  R is  indicated  as  /&  in  the  figure  and  is  given 
by 


0(6,,  5.  1 

| = u| 

1 + 

t 

i - n(?„  ?2) 

where,  *)  is  the  field  of  unit-magnitude  vectors  that  are 

perpendicular  the  corresponding  tangent  plane  of  the  deformed  shell 

• It  is  convenient  to  introduce  the  difference-vector  field  $ given  by 

£2,  t)  = *(£„  %2,  t)  - h(^,  t,2)  such  that  u = u + ^3o 

• Recall  that,  in  general,  rotation  of  n into  # is  characterized  by  an 
orthogonal  transformation  of  the  form  £ = ^(n);thus,  $ = 
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THE  KINEMATIC  HYPOTHESIS  - CONTINUED 


• A more  general  class  of  deformations,  depicted  in  the  following  figure, 
is  considered  in  the  present  study 


483 


THE  KINEMATIC  HYPOTHESIS  - CONTINUED 


• For  this  type  of  deformation,  the  material  point  R moves  to  the  position 
which  is  located  by  the  vector  pk 


Moreover,  the  material  line  element  PR  deforms  into  the  curve  vtm 


• The  vector  field  y(£i,  ^ %3,  t)  shown  in  the  figure  is  given  by 

y = PR  - and  locates  the  point  t (PR) 

• The  basic  kinematic  hypothesis  used  in  the  present  study  to  represent 
this  type  of  deformation  is  given  by 

0 = u + - nj  + y 


and  includes  that  of  classical  shell  theory  as  a well-defined  special  case 
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THE  KINEMATIC  HYPOTHESIS  - CONTINUED 


• In  particular,  the  term  ~ n ] corresponds  to  the  following 
deformations  presumed  in  classical  Love-Kirchhoff  shell  theory 

• A line  of  material  particles  that  are  initially  perpendicular 
to  the  tangent  plane  at  a given  point  of  the  reference 
surface  remains  so  during  deformation 

• Extension  of  this  perpendicular  material  line  element  is 
negligible  during  deformation 


• The  vector  field  y(^  s2,  i3»  t)  defines  a general  nonlinear  distribution  of 

transverse-shearing  deformations  across  the  shell  thickness,  as  shown 
in  the  previous  figure 

• The  specific  functional  form  through  the  shell  thickness  is  user 
defined  and  should  be  guided  by  practical  considerations  and 
experimental  evidence 
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THE  KINEMATIC  HYPOTHESIS  - CONCLUDED 


• With  a kinematic  hypothesis  such  as 

U = u + ^3^-nj  + y = u + H3<f>  + y 

given,  general  expressions  for  the  Green-Lagrange  shell  strains  in 

terms  of  the  components  of  u(^,  3>(^,  £2> *) , and  y(£i»  %3,  *) 

can  be  obtained  directly  from  the  nonlinear  strain-displacement 
relations 


1 dU 


• However,  for  the  kinematic  hypothesis  of  the  present  study,  an 
alternate  approach  is  presented  that  shows  how  the 
differences  in  the  geometries  of  the  deformed  and 
undeformed  reference  surfaces  affect  the  shell  strains 
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ALTERNATE  FORMULATION  OF 
THE  SHELL  STRAINS 
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ALTERNATE  FORMULATION  OF  SHELL  STRAINS 


• To  see  clearly  how  the  geometric  parameters  of  the  undeformed  and 
deformed  shell  configurations  contribute  to  the  shell  strains,  an 
alternate  form  of  the  kinematic  hypothesis  proposed  previously  herein 
is  used;  that  is, 


*x\ 

Si,  s2,  S3,  t 

\ - %\ 

^15  ^25  t’ 

1 + 

S„  S2,  t 

1 + Y(Sl>  S3,  t) 

• Substituting  this  expression  into 


and  using 


gives 


NH 

s 

II 

i d*  1 ay 

i +?3  1 + 1 

s4 

and 

- ~ dY 

' * (a)  / * (a) 
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ALTERNATE  FORMULATION  OF  SHELL  STRAINS 

CONTINUED 

• Previously,  it  was  shown  herein  that  the  Green-Lagrange  shell  strains 
are  given  by 


2e..  H(i)H(j)  - | 

l-i 

'si  - gk) 

• These  strains  are  expressed  more  explicitly  as 


A A 

H(a)H(p) 


. * 

( -» 

9a 

-►  \ 

. 9^  ' 

A(a) 

ca 

< 

, A(a) 

CO. 

< 

2£a3HW  =(h'h)~  (9a  * g,) 

2E33=(?3*?3)-(93*g3) 


where  it  is  noted  that  the  shell  metric  coefficient  H3  = 1 
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ALTERNATE  FORMULATION  OF  SHELL  STRAINS 

CONCLUDED 

• In  the  kinematic  hypothesis  = % + £3£  + y , deformation  is  envisioned 

as  “small”  transverse  shearing  deformations  superimposed  on  a 
classical  Love-Kirchhoff-type  “small”  strain  - “large”  rotation 
deformation  state,  in  the  deformed  configuration 

• The  position  vector  z accounts  for  the  reference-surface 

displacements  and  *)  is  associated  with  the  rigid-body 

rotation  of  n(i15 12) , and  the  corresponding  reference-surface 
tangent  plane,  into  the  deformed  configuration 

• The  vector  field  y(?i,  £2,  *)  is  presumed  to  have  the  form 

y = f^JA^  + f2(^)A2£2  + f3(£8)A3£ 
where  the  unknown  functions  Ak  = Ak(i„  %2,  t)  and  Ak(^15  ^2,  o)  = 0 
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THROUGH-THE-THICKNESS  NORMAL  STRAIN 


• First,  consider  the  transverse,  through-the-thickness  normal  strain 

2S33=(?3*?3)-(93*g3) 


• Substituting 


into  this  strain  expression,  and  noting  that 


g3  = n and  * • * = 1 , gives 


( \ 

2 

. dy 

1 

ay 

II 

CO 

CO 

w 

CO 

JJLP 

• 

* 

+l 

a?3 

• Herein,  it  is  presumed  that  the  transverse,  through-the-thickness 
normal  strain  £33  is  negligible  compared  to  the  other  strains 


• Thus, 


is  presumed  to  be  of  0(z2)  and 


such  that  833  = 0 + ^(b4)  and 


Y = + f2(^)A2£2 
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TRANSVERSE  SHEARING  STRAINS 


• In  the  expression  f3'(s3) , the  prime  mark  denotes  differentiation  with 
respect  to  the  independent  variable  !=3 

• In  the  present  study,  the  transverse  shearing  deformations  and  strains 
are  presumed  to  be  relatively  “small” 

• Thus,  the  functions  Aa(%„  %2,  t)  , which  completely  characterize  the 
transverse  shearing  deformations  of  the  shell,  are  presumed  to  be 

Of  0(£2) 


• First,  substituting 


into 


2£a3Hl 


■(?.*?  •)  - (3-  - 3.) 


and  noting  that  g„  • g3  = o gives 


and 


f 

S'  , 

ft  + 


\ 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


Then,  using  ^a  = ^( 


Z 


1 


dZ 


dy 

A 1 *i«  ' ^ 


1 


gives 


and 


Noting  that  £a  • * = 0 , and  that  « • « = 1 leads  to 


gives 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


^ ( a —4  \ ( -4  \ ( -4  -4  ^ 

H,  = ^ # «Y  g 1 d*  # jlXX  . A jlXX  . XX 

V 1 d^j  d%3  ) 


and 


„-4  a ^-4  . -4  \ / -4 

h2  a aY  t i 3y  i aY  a i dy 

. = *2  * TT-  + §3  ^ ^T“  * TTT-  + * « + — * 


d%2  '*§ 


The  nonlinear  terms  given  by  the  last  term  in  each  of  these  two  strain 
equations  are  presumed  to  be  of  0(e4) , and  are  neglected 


In  addition,  differentiating  £ • y = 0 gives 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 

Together,  these  results  produce 


2e,  Hl 


'13 


( + \ 

- . dy 

1 d£ 

+ * 

( ^ \ 

, dv  - 

+ 0(0 

W -i 

d%3) 

V "^3  ) 

2e  A 

023  y. 


/ \ 

- . dY 

1 d« 

~h  * 

„ dY  - 

C «v/ 

+ 0(0 

w O «- 

' ^2^2 

V d^3  J 

For  convenience,  let 


such  that 


II 

x 

CO 

w" 

CM 

/ + \ 
y.  dl  ' 

^13J 

i a*  -►  _ 

+ 1 • r+0(o 

z/,31, 

2e  H’  = 

23  /*2 

/ + \ 
^ aY 
<*2  <_ 
d%J 

i a*  -►  _ 

+ 1 *r+0(o 

/^25i2 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• Expressing  T = p1(^3)A1^1  + p2(^3)A222  and  using 
follows  that 


Pi(i.)  = fef/ti.)  - and  p2(i3)  = i3V(s.)  - f2(i.) 


• Next,  using  2a  - s4(a]  2„  and  s4As42cosO,2  = 2,  • Z2  with 


Y = + f2(^3)A222  and 


r = p,(z,3)AA£A  + p2(^3)A2£2  gives 


2,  • Y = fi(^)A1  + f2(^3)A2cos012  22  • y = f2(^)A2  + f1(^3)A1cos012 

2,  • r = p1(^3)A1  + p2(^3)A2cos012  22  • r = p2(^3)A2  + p^A.cosfl,, 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• Then,  using 

COS012  = 2e°2  + COS012(l  - £°,  - e22)  + 0(s4) , 

for  “small”  strains,  with  the  last  four  equations  yields 

a,  • Y = f,(l,)A,  + f2(§.)A2cos0,2  + 0(e4) 
a2  • Y = f2(l,)A2  + f.f^jA^osO,,  + OW) 

*,  * r=  p,fe)A,  + p2(l,)A2COS012  + 0(e) 

«2  • r = p2(?.)A2  + p^.^COSO,,  + 0(e) 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 

• Further  simplification  of  the  equations 


2£  H’  = 
* 

( + \ 
^ aY  ' 
«,  • <_ 

i 

i d*  ->  _ 

+ 1 • r+0ivi 

28  H’  = 

23 

f ^ \ 

~ dy 
<*  * <_ 

^3  ) 

1 d&  ->  _ 

+ 1 — • r+ 

?2  ^ 

is  obtained  by  using  the  equations  for  the  derivatives  of  £(£»  A for  a 
general  set  of  nonorthogonal  curvilinear  Gaussian  coordinates 


• The  derivatives  are  given  by 


1 a£ 

' 1 . cottf,2 1 

|a  esc 012  a 

^ a?1 

CM 

*T 

h 

1“ 

CM 

& 

CM 

T~ 

1 

a 

1 3*  CSC0,2  ^ 

f 1 COt012  ) 

A 

a2 

_ c-  W"  1 “ 

a?2  *21 

CM 

1 

CM 

CM 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


Thus, 


A 

H Off  -> 

1 - F- 

1 . COt012  ' 

f2.f)_CSC^| 

(*.•  r) 

A,  ^ 

T 

k*11  *12  , 

V^1  1 ) » 

V 7 *12 

1 


d£ 


f = csc0-(^.f) 

*21  V 


1 


cote 


12 


V *22 


% 


21  ) 


(*.•  f ) 


Then,  using 


*,  * r = P,(?,)A1  + P2(§»)A2COS012  + 0(e) 

*2  * r = p2(§3)A2  + p,(i,)A,COsei2  + 0(e) 

COt012  = COt012  + 2£°2CSC3012  - (e”,  + E°2)csc2012cot012  + 0(e 


CSC012  = CSC012 


1 + 2e°2cot0,2csc012  - cot2©,,^,  + e22J 


0{ 


and 


4)  and 
E ) gives 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


1 d*  Pife)A,  + P2(§.)A2cos0,2  p2(i,)A2sin012 

i,  ’ *,1  *«  +C/  £ 


1 


a* 


r= 


Pi(§o)A,  sin012  p2(g,)A2  + p,(g,)A,cos012  _ 

+ + 0(e) 


'21 


'22 


for  “small”  strains 
• Applying  these  results,  and 

*i  • y = fi(^)A1  + f2(^3)A2cose12  + tf(e4) 


Z2  • Y = f2(^)A2  + f^^jA.COSe,,  + 0(e4) 

to  the  last  expressions  given  for  “small”  transverse  shearing  strains 
yields 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


2e 

°13 


2£ 

°23 


• Next,  *4 


HJ  = f/flafA,  + f2'fe)A2COS012 

+ PafelA,  + p2(l,)A2cos012  _ p2(|,)A2sin812  + ^ 

*11  *12 

-jj-  = V(i,)A2  + f/(i,)A1COS012 

/T  2 

p,(i,)A,  sin012  p2(i,)A2  + p,(is)A1cos012  - 
+ + — — + Q\Z  ) 

^21  ^22 

« = Aaf1  + £„(„)  + Q[ £ )]  is  used  to  get 


and 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


2£13  ^ = fi'(S.)A,  + f2'(§3)A2cos012 

+ Pi(§,)Ai  + p2(j,)A2cos912  _ p2(g,)A2sin012  + - 
*11  *12 

2^23  ^ = V(S.)A2  + f,'(l.)A1COSei2 

m2 

Pi(1j)A,  sin012  p2(?,)A2  + p^I.JA.cosO.j  _ 

+ + + 0\ E ) 

*21  *22 


Note  that  it  was  shown  previously  that 
H 


'i  _ 


A, 


and 


and 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


£3  cote 


12 


21 


^3  CSC0 


12 


21 


• Next,  1X[^  °>  *)  - X (^n  t)  is  enforced  in  *X  = % + + y , with 

= f1(^3)A1«:i  + f2(^3)A2£2  to  get  the  requirements  f^o)  = f2(o)  = 0 


• Then,  the  reference-surface  strain  definitions  2e°3  = 2eot3(^1,  £2,  0,  *)  and 
tfo)  = f2(o)  = 0 are  used  to  get 


2^13  = f/(°)Ai  + f2'(0)A2cose12  + 0{z)  ancj 
2£°3  = f2'(0)A2  + f/fOjA.COSe,,  + 0{S) 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


Thus, 


2s  - 2e  cos012  2e  - 2e  cos012  _ 

A,  = + OW)  and  a2  = —7--1 + 0(e*) 


f/(o)sin2012 


f2'(O)sin2012 


Now,  it  is  convenient  to  introduce  the  functions 


such  that 


fifejA,  = F^) 


2£13  - 2£23COS012 


■ 

sin  0 


0(t) 


12 


f,(S.)A,  = F2(l3) 


2e23  - 2e13COS012 


■ 2r* 

sin  0 


OW)  , and 


12 


F,(S.) 

(2e°3  - 2e°3COS012^ 

a,  + F2(l3) 

(2£°3-2£°3COS012' 

1 1 

CM 

<* 

+ 0?) 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


To  facilitate  simplification,  let  Yi  = fi(^)y°  and  y2  = F2(^)yI  , where 

Y°  = csc2012(2£°3-2e°3cos012)  and  yl  = csc2012(2£°3  - 2e°3cos012) 


such  that 


Y = Yi^i  + Y2^2 

5 

f,(i.)A,  = F,(g,)Y; + 0W 

, and 

f2(g,)A2  = F2(l,)Yl  + ^(0 

becomes 


for  “small”  strains 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 

• In  these  expressions,  and  subsequent  expressions, 

£13(^u  and  t>23(^u 

are  used  as  the  primary  unknowns  that  characterize  the 
transverse  shear  deformations  of  the  shell 

• However,  Y°(^>  £2>  t ) and  y°2(^  ^ t)  can  also  be  used 


• Next,  differentiating 


gives 


• Thus,  - F1F(^3)y1  + 0{z)  and 


V(&)A2  = °2  + 0(t) 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• Moreover,  from  p.fe)  = £3f/(£.)  - tfe)  and  p2fe)  = £3f2'(£.)  - f2fe)  it 

follows  that 


Pi(i.)A,  = [%3F/(1.)  - F,(s,)]yT  + 0(0  and 


P2(53)A2  = [^3F2'(g3)  - F2(5,)]y°  + 0(0 


For  convenience,  P^)  ■ ^3f/(^3)  - Ft(£3)  and  P2(^)  = ^3F2'(is)  - f2(^) 

such  that 


P1(§,)a,  = p1(i,)y°  + 0(O  and  P2(§s)a2  = p2(§,)Y2  + ^(e*) 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 

• The  transverse  shearing  strains  are  now  expressed  as 


2£  H’  = 

tl3  A1 

+ 

+ P1(?>)1 
*11 

F2^3)  ■ 

V 

o 

Yi 

t P2(?») ' 

cose,,  - p-<«sine'*| 
*12 

2e  H»  = 

23  A 

n 2 

+ 

P2(§,)1  o 

+ ; ' y. 

*22 

fF/(i1)  + P,(?>)) 
*22 

1cose„cP'll'|Slne” 

*21 

o 

+ 

-£» 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


Previously  herein,  it  was  shown  that 


= k12  + 


cot# 


12 


'21 


1 1 

— - — + k„-k22 

'll  * 22 


1 


1 1 


21 


12  / 


= K12- 


cote 


12 


'12 


1 1 


r1 


+ Kn-K 


22 


22  | T 2 


1 1 


**21  ^12 


COt#12  = COt012  + 2b°2CSC3012  - [e°u  + 8°2jcsc2012cotei2  + ^(b4) 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


In  addition, 


o 

2£ 

°ap  O 

— Q 

1 1 

cot012  - el 

1 1 

) + 0(e*) 

* ap 

*12 

k **11  **22 

^ **21  **12 

o 

2e 

°ap  o 

— p 

1 M 

COt012  + 

1 1 ) 

+ 0(0 

°ap 

*21 

**11  **22  j 

**21  **12  j 

where  products  of  2e°p  and  k°p  are  presumed  to  be  0(£  ) 


Using  the  identity 


2*C  2C 


^12  **12 


0(z)  and 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


Yi  Yt  4 y°  y°2 

Using  these  results  gives  — = — + 0(El  and  — = — + 0K) 


^21  **21 


Applying  these  “small-strain”  simplifications  to  the  last  expressions 
given  for  the  transverse  shearing  strains  yields 


2e 


13 


A, 


F/(i.)  + ^ 

■ 11 


o 

Yi  + 

F2'(5s)  + Jcose 


P2(l3)sin0 


12 


12 


12 


y:*w) 


2e 


''23 


F2%)  + ^ 


o 

-< 

ro 

+ 

F.(y,EJW)cos,,,,fMf!^ 


12 


Y°  + 0(E‘) 


P,(?.)  =i3F,'(5,)  - F,(g,) 

5 

P2(i.)  = l3F2'(5,)  - F2(i.) 

, and  F,(i,) 

f2(^3)  are  user  defined  and  their  selection  should  be  guided  by  practical 
considerations  and  experimental  evidence 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• Also,  note  that  the  requirements  f-,(o)  = f2(o)  = o stated  earlier  herein 


become  the  requirements 


F.fo)  = F2(o)  = o 


• Additional  conditions  that  can  be  used  to  influence  the  choice  of  F^) 

and  f2(£3)  are  obtained  from  the  traction  boundary  conditions  on  the 
bounding  surfaces  of  the  shell 

• To  illustrate  this  process,  consider  shells  that  are  free  of  tangential 
surface  tractions  on  the  bounding  surfaces 

• For  this  case,  the  transverse  shearing  stresses  vanish  at  the 
bounding  surfaces 

• Also,  in  many  approximate  shell  theories,  nonzero  surface  tractions 
are  replaced  with  statically  equivalent  distributed  loads  and 
couples  that  are  applied  to  the  shell  reference  surface 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• Enforcing  these  traction-free  boundary  conditions  generally  involves 
the  use  of  constitutive  equations  and  yields  eight  homogeneous,  linear 

algebraic  equations  in  terms  of  F^)  and  f2(^3)  and  their  first 
derivatives,  evaluated  at  each  bounding  surface 


• An  alternate  and  less  cumbersome  approach  is  used  subsequently  in 
which  the  traction-free  boundary  conditions  are  satisfied  by  requiring 
the  transverse  shearing  strains  at  the  bounding  surfaces  to  vanish 


• Inspection  of  the  transverse-shearing-strain  equations  indicates  that 
these  strains  vanish  at  the  bounding  surfaces  of  the  shell,  provided  that 


F/(C;)  = F/(c,-)  = F2'(C;)  = F2'(c,-)  = 0 


and 


where  it  is  noted  that  c3  (£„  i2)  < < c+3(^,  ^2) 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• These  two  conditions  cannot  be  satisfied  exactly  unless  the  shell  has  a 
uniform  thickness  or  a piecewise  uniform  thickness  since  Fa  = Fa(i3) 

• However,  the  underlying  presumption  that  transverse  through-the- 
thickness  strains  are  negligible  places  limitations  on  how  rapidly 


c3  (i„  §2) 

and 

^2) 

can  vary  with 

(§„  i2) 

• Thus,  using  average  values  for  c3  and  c 3 is  likely  to  produce 
meaningful  results  for  global  response  quantities 

• It  is  significant  to  note  that  the  choice  Ft(£3)  = f2(i3)  = produces 
uniform  through-the-thickness  transverse  shearing  strains 

• F^)  = f2(^3)  = ^3  corresponds  to  a first-order  transverse-shear 

deformation  theory,  which  uses  a “shear  correction  factor”  to 
account  for  the  fact  that  the  transverse-shearing  strains  do  not 
vanish  on  the  bounding  surfaces  of  the  shell 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• It  is  reiterated  that  the  specific  functional  forms  of  Fa(^3)  are  user 

defined  and  their  selection  should  be  guided  by  practical 
considerations  and  experimental  evidence 


• For  the  practical  case  of  shells  with  a uniform  thickness  h and 
- £ < < + ji , consider  Fa(s3)  = F(s3)  = i(cos^  sin^^j  which 


satisfy 


Jl 

<3 

II 

O 

5 

fffi  - fl 

hi) 

|=0 

, and 

F'(§)  = F'| 

(-D 

1 = 0 
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TRANSVERSE  SHEARING  STRAINS  - CONTINUED 


To  get  an  estimate  of  the  through-the-thickness  variation  in  the 
transverse-shearing  strains,  let  e12  = § , — = 0 , and  ru  = 5h 


12 


• These  values  yield 


2e«  i 

F' (6.)  + ^[^F'ds)  - F(?3)] 

V / 

2£  i 

°13  1 + 

5h 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• Note  that  ru  = 5h  corresponds  to  a very  thick  shell 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• Now  consider  the  family  of  polynomials  given  by 


with 


2m 


for  m = 1 , 2, 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 


• Note  that  these  polynomials  do  not  satisfy  f(^)  = f(-  ^)  = 0 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 
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TRANSVERSE  SHEARING  STRAINS 

CONTINUED 
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TRANSVERSE  SHEARING  STRAINS 

CONCLUDED 


• These  plots  suggest  that  the  requirements  on  f(£3)  and  F'(£3)  can  be 
relaxed  to 

F(o)  = o and  F'(|)  = F'(- £)  = o 


without  any  serious  loss  in  accuracy  in  the  analysis  of  global  response 
quantities  like  displacements,  buckling  loads,  and  vibration  frequencies 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 


• The  next  step  in  the  analysis  is  to  simplify  the  strain  expressions 


A(a)A(p) 

H(a)H(p) 


fa 

->  \ 

. * 

( -> 

g« 

. 9f>  1 

A (a) 

A(p)  j 

^ A («) 

A(P)  J 

by  first  simplifying  the  dot  products,  where 


• These  strains  constitute  the  extensional  and  shearing  strains  acting  in 
the  parallel  surface  passing  through  a given  point  of  the  shell,  at  that 
point 


• First,  recall  that 


and 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 

• By  using  the  derivative  expressions 


1 dn  _ 

■i  ( cote,2 1 

^ CSC012  ^ 

r\  a 

A1 

k **11  **12  j 

**1  r C*2 

1 12 

i an  csc012  ^ 

1 — a + 

1 cote12  L 

_ Cl  H ns 

A2a|2  r21 

i r22  r21  j 2 

it  follows  that: 


1 

an  ^ -i 

• a,  = 1 

1 

an  ^ -1 

• a,  = 

A, 

’ r„ 

> 

N> 

a|2  2 r22 

1 an  A 1 an  A 
' — — • a,  + ' — — • a2 

A2  dl2  A,  agt 


J 


>3  S3 


i'll 


COS012  + 


22  J 


\ **21 


sine 


12 


12 


an 


1 dn  . 1 

A,  a?,  A,  d%, 


vrn 


12 


ip  )'JL  . JL  s ( 3*)' + 
931  a2  as.  A,  as2  r2J 


Vr21 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


fe): 


an 


1 . 1 

A,  ag,  a2  d%. 


Iili 

Vr,1  r2, 


T 12  ^ 22 


|sin012  + 


Si 


\ r12r21 


rn  r22 


COS0 


12 


• These  expressions  yield 


g2 

. 3. 

= 1 + 2 + 1 

2 

+ 

[&] 

2 

a2 

a2 

r22 

y r21  ) 

k ^22  ) 

Ol. 

A i A2 


P 

1 + ^ 

COS012  + 

(is 

is) 

rn 

r22 

k ^21 

^12  j 

sin0 


12 


§3  §3  §3  §3 


V ^11  ^21 


r r 

l 12  l 22 


Isin012  + 


>3  S3  _j_  S3  S; 


\ ^12  ^21 


r r 

1 11  1 22 


COS0 


12 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


• Analogously,  it  follows  that 


1 dU 

f 1 . COte,2) 

|a  CSC012  a 

A,  ai,  “ 

T 

^12  j 

CM 

4 

CM 

1 

l- 

4 

1 CSC0,2  ^ 

1 COt012^ 

A 

*2 

_ b 

3^2  *2, 

^ ^22  fc21  ) 

and 


yield 


A *\  A 

2-1  -1 

fe  1 * 1 

[ 1 A,  36,  36, 

[6,] 

k*11  J 

2 

+ 

[6.] 
V *12  J 

2 

A A 

2-1  -1 

fe  1 * 1 

1 ' «6,  ^2  3fe 

[6.] 
k*21  J 

2 

+ 

(63] 
V *22  ) 

2 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


In  addition, 


di 


1 


a» 


•*,  + 


a 1 , 


A 


V«11 


lcosd12  + 


'22 


sind 


V*21 


12 


'12 


• To  obtain  additional  simplifications,  it  is  presumed  that  the 
transverse-shearing  strains  and  their  derivatives  with  respect 
to  the  reference-surface  Gaussian  coordinates  are  small 
enough  that  nonlinear  terms  associated  with  their  products 
are  negligible 

• To  gain  some  physical  insight,  let  y = ymax  sin|^&  xj  represent  a 

transverse-shearing  response  that  oscillates  along  the  deformed  shell 
reference  surface  with  a wavelength  t in  a small  neighborhood  of  an 
arbitrary  point  of  the  reference  surface 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


• The  symbol  h denotes  the  corresponding  average  thickness  and  x 
represents  any  arc-length  coordinate  for  the  reference  surface  that  has 

been  nondimensionalized  by  h 

• This  type  of  nondimensionalization  is  consistent  with  localized 
kinking  or  wrinkling  that  might  be  observed  for  an  actual  shell  and 
that  is  easily  characterized  in  terms  of  the  nearby  shell  thickness 


The  derivative  is  given  by  Y = 2jcymax  . cos 


Inspection  of  these  equations  reveals  that 


Y max 

« 1 

and 

Y max 

^«1 

l 

for  a “small”  transverse  shearing  strain  and  its  derivative 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


mm 

• Therefore,  j ^ 1 


which  means  that  the  wavelength  of  the  response 


must  be  larger  than  the  average  thickness 


• Thus,  this  presumption  of  “small”  transverse-shearing  strains  and  their 
derivatives  is  consistent  with  the  absence  of  extreme  short  wavelength 
transverse-shearing  action  along  the  reference  surface 


• For  this  presumption,  it  follows  that  the  nonlinear  terms  given  by 


1 dY  . 1 

VI 

<“D 

i dy 

1 dY 

= 0 + 0(z4) 

are  negligible 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


The  remaining  dot  products  needed  are  expressed  as 


2* 


1 * . 1 


dy 

A,  ^2  A„ 


= 2 


' ?3  §3cote  ' 


( 


12 


V^22 


21  ) 


.A 


ay 


A2  ^2 


+ 2 


13CSC0 


12 


'21 


^ \ 


ay 

1 7#,^ 


✓s  1 

• — 


, and 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 
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1 ay  ,|  a£ 

w2^+w2^ 


jl^i 

a ii  t 


^3CSC012 

~ i V 

s*  m 1 

J. 

I.  . laCOte,^ 

/ + \ 

- i dy 

jm  • 1 

*21 

W'  H 

T 

T 

k*n  fc12  J 

W H 

l »i.) 

is 

l3cot012 

S:  • 1 

ay  ^ 

i3CSC012 

( ^ \ 
„ i dy 

ym  • 1 

k *22 

*21  ^ 

2 A 

di,  . 

/ 

*12 

W O r_ 

as. 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


• With  these  simplifications,  the  inner  products  associated  with  the 
convected  basis  are  written  as 


where 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


2 

|3CSC012  ' 

a2  j 

*21 

*1 


) 


+ 


|3cot012  \ 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


2 r = 

1 12 


^ /42 

|3CSC012 

|3CSC012 

(*  . 1 

Ai  A2 

*21 

[ 1 «ij 

*12 

CM 

JJLT 

CM 

X 

CM 

& 

’11 


’12  J 


V 


»■>  \ 

a • 

1 *1, 


7 


1 + 


§3cot0 


12 


’22 


/ 


21  J 


a. 


^ *Sl 


The  next  step  in  the  analysis  is  to  simplify  Tu,  T22,  and  2 ri2  for 
strains  and  their  derivatives 


First,  consider  the  terms  £ • 1 


0(e4) 

small” 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


• By  direct  analogy,  the  components  of  the  derivatives  of  the  deformed- 
surface  vector  field 


?2)  = 0*^  + ^^2  + U3* 

for  general  nonorthogonal  Gaussian  reference-surface  coordinates,  are 
given  by 


*1 


1 


1 d i 

a,wS 


a,  + «e2COS012 


*2sin012  a3 

+ — 

Pii 


a,  • 


1 d» 

? 4 ! d£ji 


f . \ 

1 v3 

+ 


*n 


COS012  + 


1 


**1  *3 


Pii  t 


sin# 


12 


12  / 


1 32  1 d*3  «e1 

C • — A-  MM 

sin#12  cos012^ 

Mr  - , ■ 

ai,  ai,  «„ 

*«  1 

535 


PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


^ 1 i a^ 

yjf  # _|_ 

/ \ 

1 *3 

/ 

COS012  + 

V 

d^2  /42  a^2 

^ 2 ^2  *22  y 

1 Id 


*2  * /t.  3g,  sf, 


(«,2  + «'l 


COS012  I + 


\ ^sin^a  «C3 

)+ + 


P 22 


a 1 a2  i a«e3 

f sin012  cos012  ^ 

| *2 

i,  *21  *22  ) 

CM 

CM 

* 

1 

In  these  expressions, 


1 esc  6 


12 


”11 


J 


[s*2  cose12]  - ^ I and 


1 a r 1 a^2x 

[^,  cos012J  - — 


sin012 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 

• Previously,  it  was  shown  that  y = + y2£2 , where 

7,  = F,(is)(2e°3  - 2e°3cos012)csc2e12  + 0(e)  = F,(|,)y°  + 0(e)  and 
72  = F2(g3)(2£°3  - 2e°3cosei2)csc2012  + 0(e)  = F2(§,)y°  + 0(e) 


Thus,  the  derivative  components  of  7 = 7,*,  + 72*2  are  given  by 


1 a7  10/ 

+ T 


2cos012 


YjjSin^ 


A 

*2  * 


1 aY  _ i 07, 

^0ia  "^0l7 


COS012  + 


i ay.  7i  . - 

+ — sin0, 

/t,  0?,  Pii 


537 


PARALLEL-SURFACE  TANGENTIAL  STRAINS 
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^ 1 ay  _ i ay, 

A2  ~ A2  a'§2 

1 *Y2  „ Y2 

+ cos0,2 sm0.2 

A2^2  P« 

~ i aY  i a 

™ 1 

Ya  + y,COS012 

V.  V 

y,sin012 

2 A2^2 

P22 

-i  ay  o o 

• Thus,  the  components  • 1 — involve  2e13 , 2e23  , and  their 

derivatives 

• Asa  result,  these  components  are  presumed  0(*2) , consistent  with  the 

presumption  of  “small”  transverse-shearing  strains  and  their 
derivatives 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


By  using  cos012  = 2e°2  + cose12(l  - s°,  - e22)  + 0{e)  and 
sin012  = sin0,2  - cos012  y°2  + 0(e“)  ; it  follows  that 


1 dy  ia 


*■  • = * w°se”)  - * 0(,‘l 


Y2sin012 


1 <)y  1 07,  1 ^2  Yi  . „ 4> 

*,  • — = — ■ COS0„  + — ■ + — sin0,2  + 0(e) 


yt,  yt,  a?, 


yt , 0£,  p- 


1 


^ 1 <>y  1 0y,  1 0Y2  „ Y2  . _ 41 

«,  • COS0,2  - — Sin012  + 0(e  ) 


yt , 0'§2  ^ 0?2  0is 


P22 


1 0y  10 


y^ine 


^ ■ - / „ \ ri^,,,vyi2  4\ 

<*,  • r - = r ,«.  ly2  + y.cose^  I + — - — + 0[z ) 


yt , 0?2  0: 


P22 
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Similarly,  using 
yields 


T" 

II 

1 -E°,  + <9(e4)) 

and 

CM 

II 

CM 

1 - e22  + <?(e4)) 

i ^ 


1 aY  _ 1 *Y, 
St,  W,  “ A , 0^ 


= + ^COSd'*)  ~ 


Y2sin012 


+ <9(e4) 


'ii 


A 

*2  * 


cos612  + 


1 *Y,  Yi  . _ 4i 

— + — sin0,2  + O e 

A,  01,  p„  1 ' 


^ 1 «Y  1 aYi  1 ^2  Y2  . . 41 

*1  • + cos0,2  - TT-  sm0-2  + 0(£  ) 


A 

*2  • 


yf2di2  a2  d%2  A2a? 

1 <>Y  _ 1 a 
A2a^: 


(y2  + YlCOS012)  + 


P 22 

YlSin012 

P22 


+ <9(e4) 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


Now  consider  the  expressions 


1 


cscO 


12 


”11 


\j4 J 


35, 


\j42  COS012]  - 


3^2 


and 


• Using 

/t,  - A^i  + s°u  + 0(e4))  s42  = a2(i  + e°22  + 0(e4)) 


COS012  = 2e°2  + COS012|  1 - £°,  - £°2  j + &(**) 


CSC012  = CSC012 

1 + 2£°2COt012CSC012  - COt2012| 

r o O \ 

£«  + £22j 

+ 0(e) 

gives 


541 


PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


P 11 


'11 


1 + 2£°2COtei2CSC012  - CSC2612(e“  + £22  j 


CSC0 

A,A 


d 


[_  ° O 

2£12  - £„ 


COS0 


12 


[A,e:j 


+ 0(e4) 


1 


1 


P22  P 


22 


1 + 2£°2COtei2CSC012  - CSC2012(e°  + £°2J 


CSC0 


12 


A,A 


i[2E°2  - 


COS012£ 


o 

12^22 


[a2E:2] 


+ 0(i 


for  the  geodesic  curvatures  of  the  deformed  reference  surface,  for 
“small”  strains  and  their  derivatives 


and 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


• As  one  might  expect,  the  changes  in  reference-surface  geodesic 

curvature  due  to  deformation  depends  only  on  the  tangential  reference- 
surface  strains  and  their  derivatives 


• The  presumption  that  the  derivatives  of  the  tangential  reference-surface 
strains  are  “small”  is  consistent  with  the  absence  of  strain 
concentrations  near  a cutout,  or  other  discontinuities,  that  exhibit 
extreme  localized  spatial  variations 
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CONTINUED 

• Using  geodesic  curvatures  of  the  deformed  reference  surface  gives 


yt^ 


yt^ 


1 »Yi 

A 


COS012  + 


1 

Aia^ 


+ 


— sin012  + (e4) 

Pll 


1 3y,  1 dy2 

a2  a2 


COS012 


— sin012  + 0(e4) 

P22 


1 d I \ YlSin0'2  4) 

+ tcosH  + ^ ) 


which  are  expressed  entirely  in  terms  of  reference-surface  geometric 
parameters  and  transverse  shearing  strains 
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CONTINUED 


Now,  = A,^1  + e1(  + O (e  )J  and  = A^I  + + O (e  )J  are  used  to 

get 


\ A'  } 


= 1 + 2e°  + <?(£4) 


V A2  / 


= 1 + 2e°  + 0(£4) 


A ,A2 


= 1 + e°,  + e22  + 0(e“) 


Hence, 


\ Ai  / 


^ i ay 


= /bt(Y’+Y2COsei2)~ 


y2sin0 


12 


+ 0(*4) 


'11 


J_*Y, 

A,dg, 


1 ay2 

COS012  + + 

A.ai, 


Yi 


Pn 


sin012  + 0(e4) 
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1 1 dl2 

A 2 d^2 


cos812 


— sin012  + 0(e4) 

P22 


13/  \ YlSin0'2  4 1 

Al^  + ^OS0,2)  + -— + <9(e) 


s4  ^/4  2 

/ \ 

2S  1 

A 

_ 1 d / 

AiA2 

W 4 - 

A 1 3?!  V 

s4  ^/42 

/ \ 

^ 1 aY 

_ 1 *Yi 

AiA2 

2 

" A,  31, 

y2sin0 


12 


+ 0(e4) 


'11 


1 ^Y?  Yi 

cos012  + + — sin012  + <5(e4) 


A,  3|,  P 


11 
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( + \ 

~ i dy 

_ i ay, 

A i 2 

w -1  _ 

" A2d^2 

£ • 1 7 ' 

1 d | 

AiA2 

2 *,*&) 

” A 2a§J 

«2d§. 


+ y,cos012J 


Y,sin012 


22 


• Using  these  results  with 


cot012  = cote12  + 2e°2csc3012  - + £22Jcsc2012cot012  + 0[z) 


csc012  = CSC012 


1 + 2E°2COt012CSC012  - COt2012^£°  + £22j 


+ 0{\ 


+ o(^) 

0{S) 

and 

) leads  to 
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r = 

a 11 


( \ 

cote12  aYi  csc012  ay2  Yi 


'12 


A,  A,  p 


11 


1 | Is  | S3cot() 


12 


11 


% 


12  ] 


y2sin0 


12 


+ 0(E4) 


'11 


/ 

^3  CSC012  aYi  COt012  aYa 
*21  A2  d%2  A2  d%2 


7 


548 


PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


2 r = 
^ 1 12 


la 

( 

csc012  a 

*21 

A, 

ai, V 11  ' l: 

( 

la 

csc012  a ^ 

*12 

a2  as20 

2COS012 


I Pll 


(Y2  + YiCOS0i2)  + 


22 


*11  *12 


1 ay,  i ay 


A2a^2  A2a^ 


2 cos012 sin0 
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12 


1 + 


>3  ^COtO^ 

*22  *21  ) 


A,  as, 


COS012  + 


1^2  Yl  . 

+ — sin0 


A,  as,  p 


12 


11 


+ 0(l 


Next,  using  cot012  = cot012  + 2e°2csc3012  - + £22)csc2012cote12  + 0(e4) 


and  the  identity 


1 1 

M_  jj 

— + — = COt012 

r r 

■ 12  ■ 21 

[tu  r22J 

with 
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1 


= K12- 


COt0 


12 


1 1 


'12 


I"  11  **22 


+ K11-K22 
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1 1 


**21  1*12  ) 
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= k12  + ^ 


12 


1 1 


1 


'21 


— - — + K11-K22  +2 

111  I 22  ' *■ 


1 1 


**21  **12 


gives 


1 1 


+ K12  - 


COt0 


12 


9r  * 12 

*12 


(k°,  - K-J 


1 

2 


2£°2CSC3012  - ( £°,  + £°2|CSC2012COt012 


1 

1 1 

lr" 

**22  J 

+ <?(e4) 


and 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


1 1 11, 

Using  these  expressions  with  — = — + K„  and  — = — + K 


r = 

a ii 


p 

1 + 

| 1 

is 

Yi 

^3 

/ 

CSC012 

1 T 

r.i 

/a,  a§. 

ri2 

Pll 

^12  ' 

A, 

<»i,  / 

i3  + i3cote 


-j  . *=>3 


12 


11 


12 


1 d 


(y2cos012)  - 


Y2sin012 


'11 


+ 0(> 


r = 

1 22 


£ ' 

1 . S3 

| 1 ''Ya 

is 

Y 2 ^ is  I 

O 

(/) 

O 

® 

— l 

IO 

^Yi 

9 i 

1* 

V 1 22  , 

/A2a|2 

r21 

04 

h 

CM 

CM 

Q. 

( a2 

dij 

1 + 


i3cot0 


12 


22 


21 


1 d 

A20|: 


(y,cos012)  + 


y^ine 


12 


22 


+ 0(i 


yields 


1 


) 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 
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/ 

2r12=  1 
+ ‘ 


| g,  | IsCOte 


12 


11 


1 aYi 


12  y 


A2a|. 


1 + 


|3cot0 


12 


22 


^ose^^Y,  Yisin0'^ 


21  I 


A,  d|, 


Pi, 


I + 


Is  |3COt012  \ 1 ^Y: 


22 


21 


A,0i, 


1 + 


|3cot0 


12 


11 


/ cos012  dl2  Y2sin012X 


12  ) 


V 


21 


^scO^^Y, 

a,  li" 


12 


'12 
2 d^2 

\ 


22 


CSC012  d 


(y,cos012) 


Y, 


'22 


21 


CSC012  d 

~ A 


..  \ 

1 

CM 

(0 

o 

o 

CM 

>- 

Q. 

1 

Is 

**12  ^ 

CSC012  ^Y: 

A2  d'%, 


+ <?(e4) 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


Next,  y,  = and  y2  = F2(^3)y°  are  used  to  express  ri15  T22,  and 

2T12  in  terms  of  the  primary  unknowns  as  follows 


r„  = f2(^3) 


i + 


^3cote 


12 


11 


12  ) 


1 a 


(y°cos012)  - 


y2sin0 


12 


- mr 
1 12 


csc012  2 

A, 


+ F,(?.) 


A,d|,v‘  -/  p„ 

|3 1 1 is  Y° 


1 + 


ri1  / A-,  a^t  *"l2  Pi  1 


+ 


r22  = F,(i,) 


1 + 


Is  £sCOt0 


A 


12 


22 


1 21 


1 21  ) 
o \ 


1 d 


(ylcos012)  + 


Y°sin0i2 


22 


CSC0 


12 


A2 


+ f2(^) 


1 + 

r22/A2a^2  r21  p. 


+ 0 (e4) 
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2r12  = f,(i,) 


i + 


|3COt0 


12 


11 


12  J 


1 »Y, 
A2ai2 


i + 


|3COt0 


12 


+ F,(S.) 


+ F2(l3) 


1 + 


|3cot0 


12 


22  1 21  ) 

1 cos012  &Y°  Y°sin0i^ 


22 


21 


1 <yh 


V 


A1  ^1 


Pll 


J 


1 + 


^3cote 


12 


11 


12 


cos012  dyl  Y°sin0>2 


di: 


22 


+ F^3) 
+ F2(^) 


is 

( ° ^ 

cscO^^Yi  1 

is 

f 

csc012  a ( 

Y°cos0,2 

o ^ 

i Y- 

r21  ' 

^ Ai  J 

r12 

A 2 a^2 
V 

P22  j 

f 

0 \ 

( 

_ 0 \ 

is 

CSC012 

a ( 

• 0 \ Ya 

m rncQ  1 

is 

CM 

© 

O 

</) 

O 

CM 

>• 

r21  ' 

A, 

ai,  v 

T— 

1“ 

Q. 

1 

CM 

i— 

5 

n 

) 

i 

CM 

**12 ' 

CM 

< 

^2  j 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


Now,  consider  the  simplification  of  the  shell-strain  expression 


'op 


A 

(o)^(P) 

f ■* 

->  1 
. f* 

( -> 

9a 

. 9*  1 

“ H 

(a)H(p) 

K A (a) 

A(P) } 

^(a) 

A(P); 

by  using  the  “small-strain”  approximations;  that  is 


A,  A, 


) L 


1+^  + 


% 


11 


% 


11 


'12  1 


+ 2r„  + 0(*4) 


-►  -4 

^2  # _^2_ 

A2  a2 


V ^2/ 


1+^  + 


% 


22 


* 


21 


'22 


+ 2r22  + 0(e4) 


-> 


? 2 _ -^5 


A,  A2  A,  A. 


1 + — + — 

*n  *' 


lcosd12  + 


'11  *'22 


V *21 


sind 


* 


12 


12 


is  is  is  is 


V *11  *21 


*12*22 


lsind12  + 


isjk  + l3Jk]COS0i2  + 2r12  + 0{z) 


\ *12*21 


*11  *22 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 

are  used  with 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 
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2e 


22 


CM 

X 

2 

CM 

2 

CM 

< 

CM 

< 

1+^  + 


"22 


\^2^  ) 


' S3' 


\*22) 


H 2^3 
1 + — — + 


22 


(^f  + 

[is] 

2 

l r„) 

CM 

CM 

+ 2r22  + <5(>4| 


Op  ^1^2  _ ^1  ^ 

mm  “ a a 


12a,a2  a,a: 


£ 

1 + *3 

COS012  - 

( fc 

1 + ^3 

s \ 
+ §3 

, *11 

*22  , 

1 ' ^ 

. r11 

^22  j 

COS0 


12 


A1  A 


V*21 


Isin012  - 


'12 


vr2i 


12 


sine 


12 


s3  s3  s3  ia 


Ai  A2 


V *11  *21 


*12*22 


Isin012  - 


^3  ^3  ^3  ^3 


V "'ll  r« 


ri2  1*22 


sine 


12 


A1 A 


^3  ^3  ^ ^3  ^3 


V *12*21 


*n  *22 


Icos012  - 


>3  §3  _|_  ^3  ^3 


1*12  r21 


**11  1*22  ) 


cose12  + 2r12  + 


and 


<?(e4) 


557 


PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


Next, 


cot012  = cote12  + 2e°2csc3812 


- (e°,  + e22)csc2812cote12  + O 


11  (11 
and  the  identity  — + — = cote12( 

1*12  1*21 


I'll  r22 


are  used  with 


cot# 


K 12  2 


12 


1 1 

+ k11-k22 


12 


1*11  1*22 


1 1 


1*21  1*12 


(c4) 


and 


to  get 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


The  strains  are  simplified  by  using  these  “small-strain”  expressions  for 
the  torsions  of  the  deformed  reference  surface  along  with 


— k 

II 

> 

(l  + £11  + ^(s4)) 

*4 2 - A2| 

(l  + £22  + 

1 1 

= . +K„ 

*n  r” 

1 1 

= _ +k22 

^22  22 

COS012  = 2e°2  + COS012|  1 - e°  - E22)  + ^(e4) 


sin012  = sin012  - cot012 


2e12  - COS0 


12 


(e°,  + eL)1  + <9(e4) 


and  the  identity 


1 1 

1 1 \ 

— + — = COt012 

r r 

1 12  1 21 

i/n  r22  j 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


• This  process  yields 


where 


and 


F^a),  F2(i.),  2e13,  2e 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 


where 


I - 


= 11  + 


i3  cote, 


£3  csce, 


and 


Fi(§»).  F2(i.)>  2g 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONTINUED 
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PARALLEL-SURFACE  TANGENTIAL  STRAINS 

CONCLUDED 


where 


A A 

” l”  2 


1 + — + 

I'll 


3 ^3  COt012 


12 


\2 

+ 

' §3  CSC012 ' 

2 

2 

I 

l ri2  J 

1 

7 

1 + 


& & cote 


12 


22 


21 


and 


2r  = 2r 

^ 1 12  ^ 1 12 


§3.  5a  5a.  & 

rn’  r12’  r21’  r2; 


F^),  F2(|J,  2813,  2e 


o 

23 


1 

/ x 2]  2 

I g3  csce12 
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DISPLACEMENT-VECTOR  FIELD 


The  displacement  fields  are  obtained  by  using  X = x + ^3n,  3T  = X + U, 


and  2 = x + u with  *X  = % + + Fifetyi*!  + F2(^3)y2«2  + 0(e4)  to  get 


The  component  form  of  this  equation,  with  respect  to  the  basis 
{a15  a2,  n)  , given  by  u = uja,  + u°a2  + u°h  , is  obtained  by  using 


«,  = 1 

(1  + A„)a,  + a12  a2  + a13  n 

](i  -e°,  + <9(s4)) 

*2  = 1 

A21  a,  +(1  + A22)a2  + A23  n] 

(1  - e°2  + <5(e4)} 
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DISPLACEMENT-VECTOR  FIELD 

CONTINUED 

^/g  O t O O \ 

— = 1 + 2£°2cote12csce12  - £°,  + £22  csc2012  + 0(e4)  and 
J*  ' ' 

u = + u2a2  + wn 

• The  resulting  expressions  are 


u,  = u,  + 

+ (!4 

1 + 2e°2cot012csc012  - (e°,  + £22)csc2012  + 0(e4)  j 

■ a11)(f1(1.)y°  + 0(e4))  + a21(f2(i,)y°  + 0(e4)) 

U2  — U2  + ^3^2 

+ a12| 

1 + 2£°2COt012CSC012  - (e°,  + £22jcsc2012  + 0(e4)  j 

f1(1s)y°  + <5(^4))  + (i  + a22)(f2(i3)y°  + /9(e4)) 
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DISPLACEMENT-VECTOR  FIELD 

CONTINUED 

U°  = W + |3  1 + 2£°2cot012csc012  - (e°,  + e°2)csc20,2  + <5(e4)  J - 1 

+ A13(fi(|,)y°  + <9(e4))  + A23(F2(1,)y°  + <9(e4)) 

• These  equations  for  the  displacements  are  “exact”  within  the  precision 
associated  with  “small”  strains  and  strain  derivatives 
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DISPLACEMENT-VECTOR  FIELD 

CONTINUED 


• The  component  form  of  the 
displacement  vector  field  at 
an  arbitrary  point  of  a 
parallel  reference  surface, 
with  respect  to  the  basis 

{9i,  g25  g3}  , given  by 

0 = U.g,  + U2g2  + U3g3 

• Next,  it  is  recalled  that 

g1  m*ii  m*i2  a2  and 
Q 2 ™ ^ [X22  a2 , where 


^aP  = £3)  are  shifters  that  are  defined  as  follows 
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DISPLACEMENT-VECTOR  FIELD 

CONTINUED 
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DISPLACEMENT-VECTOR  FIELD 

CONTINUED 
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DISPLACEMENT-VECTOR  FIELD 

CONCLUDED 


• By  using  the  shifters,  it  follows  that 


0 

m2Ui  J-^22^  2 ™ U 2 

U3  = u“ 

Thus,  U,  = 1X221-1 ' — 

1^11  M"22  M*12M"21 


and 


^■11^2  ^12^1 
I"!  1 1 M*22  “ ^12^21 


• These  expressions  give  the  components  of  the  displacement  vector 
field  at  an  arbitrary  point  of  a parallel  reference  surface,  with  no 
simplifications  made  that  are  based  on  the  thinness  of  the  shell 
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resume'  of  equations  for 

“SMALL”  STRAINS  AND  FINITE  ROTATIONS  - 
GENERAL  GAUSSIAN  COORDINATES 
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EQUATIONS  FOR  GENERAL  COORDINATES 


The  Green-Lagrange  shell  strains 


are  given  by 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 
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EQUATIONS  FOR  GENERAL  COORDINATES 
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where 
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I 
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) 
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12 


22 
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- 

1 12 
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A, 
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Ai3ii(Y2c°se12)-^- 
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Y°sin0i2 


22 


CSC0 
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<9(e4) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


2r12  = f,(i,) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


Y°  = csc2e12(2e°3  - 28°3cos012J  y ° = csc20,2(2e°3  - 2e°3cos012] 


and  where  it  is  noted  that  2e°3  and  2b°3  are  fundamental  unknowns 
• The  transverse  shearing  strains  are  given  by 


2e  H-  = 

tl3  A, 

[F/(i,)+Pl(?s)l 
1 11 

-1  0 

+ 

( f2%)  + P2(§>) ' 

Fl1  J 

cose12-p^sinH 

**12 

Y:  + 0(e‘) 

28  H*  = 

°23  A 

M2 

[F2'(ls)+Pf)] 

1 22 

+ 

0 CM 

>- 

(f/(§,)  + p;fe)) 
22  / 

io,e„+P'Wsln8" 

^21 

Y°  + 0{*) 

where  P-,(^3)  = £3f/(£3)  - F^)  and  p2(£3)  = ^3F2'(i3)  - f2(^3) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 

• The  reference-surface  membrane  strains  are  given  by 


o o 1 

£11  — ®n  "*■  2 

(e^cscO^)  + (e°2csc012  + q)j 

- 2e°1(e°2CSC012  + q)]cot012  + (cp1  + q)2  COS012) 

+ 0 (e4) 

O o-l 

£22  — ®22  2 

(e22csc012)  + (e°2csc012  - cp) 

- 2e22(e°2csc012  - cpjcot012  + cos012  + cp2) 

+ 0(^) 

_ ° _ O 

2e12  = 2e12  + 

e°,(e°2  - cpsine12)  + e22(e°2  + cpsin012) 

csc2012 

— 

o o 
®11®22 

+ (e°2  + (psin012)(e°2  - cpsin012) 

CSC012COt012 

+ + q)2  COS©^)^  COS012  + q)2)  + 0(e4) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


The  reference-surface  bending  strains  are  given  by 


K„  = 


'11 


1 + 3e°  + £22 


11 


0(e) 


= (l  + e^)  m + (cos012  + e°2  + q)  sin012)  #»{2) 

•ii 

q)n  + q)2  COS012j 

(3) 

m 

(1) 

-1-  = (cos012  + e°2  - q)  sin012)  #»{1)  + (l  + e22)  m (2) 

*22 

(2) 

|q).,  COS012  + q)2 

\ (3) 

(2) 
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1 


12 


1 + e°u  csc2012  - (e°2  csc012  + q))cot012 


+ e°2  csc012  + q)-e°u  cot012 
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m 
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sin012 


' 21 
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+ fe°2  csc012  - cp  - e22  cot012 
+ (tp,  cose^  + cp,)1  0> 


m 3 m 


0) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 
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1 m. 


^sine^  cos012 


(1)  a,  d%,  r„ 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


= <Pi  - (e°2CSC012  + COt012  + q)2CSC012J 

+ e^CSCO^q^  CSC012  + cp2COt012j 

= tp2  - (e°2csc012  — csc012  + qp2cot012j 

+ e^CSCO^qp!  COt012  + cp2CSC012j 

- 2 0 o oo  / o \2  1 2„ 

w 3 = 1 + (p  + (©11  + ©22  ®11®22  — (©12/  jCSC  012 

- 2e°2cot012csc012 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 

A,,  = e°,  csc0i2  - (e°2  csc012  + q))cot012 
= (e°2  csc012  + cp  - e°,  cot012)csc012 


A13  = - (<Pi  + <P2  COS012) 

A2i  = (e°2  CSC012  - cp  - e22  cot012 

,)csc012 

A22  = e22csc012  - (e°2  csc012  - cp 

)cot012 

A23  = — (cp,  COS012  + cp2) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


<Pi  = 
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COt012  + 


cot012  aw  u2 

A 2 a^2  r21 


CSC0, 
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1 du,  1 au2 

A7a|7" 


COt0,2  + 


1 au2  1 au, \ u,  u2 

— — — — — CSC012  + — + — 
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0 1 d 
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U2  + l^COS©^ 
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I + + — 
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+ sin012  + w — + — cos012  + w — 

V Pn  P22  y \r11  r22j  \r21 


sin0 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


The  displacement  fields  for  points  of  the  shell  are  given  by 

U = U1g1  + U2g2  + U3g3  with 


U,  _ feU,  - u2  _ l*11U2  ; and  U3  = U°  ; 


M*11  M"22  M*12M*21 


and  where 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


u,  = u,  + |3«*,| 

+ (!4 

1 + 2e°2COt012CSC012  - ( £°,  + £22)csc2012  + 0(e4)| 

■ a11)(f1(i,)y°  + ^(e4)|  + a21(f2(i,)y2  + 0(e4)) 

u2  = u2  + h,3m2 
+ a12| 

1 + 2e°2COt012CSC012  - ( £°,  + £22)csc2012  + 0(e4)| 

Fi(?.)Y°  + <5(e4))  + I1  +A22)(F2(^)Yl+^(£4)) 

U3  = w + 1, 


m 


1 + 


2e°2cote12csc012  - (e°,  + e°2)csc2012  + 0(e4)  j - 1 


+ A„^F1(i,)Y”  + <5(e4))  + a23(f2(§,)y!  + 0(> 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 

• The  compatibility  equations  are  given  by 

&,(*«) + #,(«£) + + + + e,K) = 0 


(E'J 

CM 

+ 

^«(e«)  + ^3. 

(£-)  + ^33(£12)  + ^34(K«)  + ^35 

(K»)  + ^3e(K-)  = 0 

where 

^(£J  = ail 

A 2 2 „ O 6 A1  2 o 

esc  e^e,,  cot  e^s,, 

P22  / ^§2\P„  j 

a 

CSC012 

9 1 

d%2 

CM 

< 

aiiv 

V 

— (a2cos912£:)+—  (ai£:) 


d d 


■(cote128°,) 


tV  + tV  lAiAsCSce^e"  + <5(e4) 

I 111  OO  I lol  o-l 


\ 1 11'  22  * 12'  21 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


6K)- 


‘ 2 2 o 1 d I A -j 


P22 


cot  012£22  I - 


P 


csc20128°2 


11 


CSC0 


12 


A, 


\ 


i(A-cose,2£:2) + ax)  + ~ («*»«■£) 


1 1 

+ 


\ **11** 22  **12**21  J 


A,A2csc012e22  + <?(e4) 


^,4 

'k°,)  = - a,a2 

sin012  cos012 

K><5(e4) 

k T22  I”  21  } 

V22)  = - a,a2 

sin012  cos012^ 

K22  + 0(e4) 

k ^11  ^12  j 

^16(k°2)  =- A,A: 


1 1 


ri2  r21  j 


sin012  - 


1 1 
+ — 


**11  *"22 ) 


COS0 


12 


k;-m?(e4) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


( 


csc012  a 


A,  d| 

CSC0„  d 


(A,  2e°2) 


A 2 3^, 


( 


A 2 O 

COt012CSC012  2b12 

P22 


3£s 


A 1 o 

— COt012CSC012  2b12 


mi 


— — (csc012  2e°2)  + A,A2(1  - cos012)cot20 


12 


1 


1 


^ ri2r22  ^*21  ^*11  J 


2b 


12 


+ A^cotO^ 


1 1 
+ 


\ *"11^22  **12**21  J 


2e°2  + 0(e4) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


- csc812 


+ csc012 


CSC0 


12 


1 1 
+ — 


**12  **21 


-|  ^^11 


A1 


1 


**11  **22 


2„  2cot0, 

r12  — 


CSC  0.O  - 12 


12 


“I  ^^11 


A 2 


1 a 

(i  i 1 

+ 1 d 

M ) 

2A1ag1 

k **12  **21  y 

A,  31, 

^ **22/ 

sin2012  - J 


a / 1 


A.ag^r.i 


cos20 


12 


r11 


/ 

1 ^ 1 

CM 

1 

1 \ 

CM 

< 

h 

CM 

CM 

Q. 

1 

il'%2  / 

\r» 

r12J 

i a012 

csc012+  1 


A,  a^1 


1 1 1 

+ 

COt012 

k **12  **21  t 

8°  + 0{> 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


rfM 

CSC012 

1 

3 l 

1 

^£22j 

“ 2 

r21 

ri2 

A, 

d£ 


22 


CSC012 

i ^ 

(M 

2 

A,  a^1 

lr*J 

t -t  \ 


Icos2012  - 


A1  a^ 


V **12  ) 


"22 


f 

1 « 

f1) 

1 d 1 

1 ) 

\ 

COS012 

J 

— 

f1  + 1) 

COt012CSC012 

A2a^2 

A,agJ 

l *"22  > 

> 1-12  T»  , 

Pll 

'22 


- CSC0 


12 


1 . 1 


a0 


12 


- COt0 


12 


Pll  A -I  ^1 


1 i a0 
+ 1 


i2 


1 


ii 


2 4cot0, 

12 


CSC  0h,  - 12 


22  ) 


12 


'22 


p22  A 2 a|s 


1 


11  I 22 


2^  2cot0, 

r12  _ 


CSC  0,o  - 12 


12 


C + 0{*) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


ej$i = 


vr-i 


1 \ 2 o d 

ICSC  012  + ^ 


1 


22 


A1ag1lr22 


- 2cot0 


1 


12 


A!  ^ 


1 


vr21  y 


'12 


+ CSC  0 


1 1 


12 


vrn 


d£ 


12 


22  / 


Ai  ^ 


- CSC  0 


1 a0 


12 


12 


A, 


'1-  + IU-M 


v 


21 


12 


'11 


1 


12 


21 


£><?(e4) 


COS012  1 ^K11 

2 a;^I7 


1 d*n 

A 2 ^2 


+ 


/ 

CSC012 


+ 


1 1 ^812 

2 A1  a^  ; 


+ COt0 


12 


1 a012 

A2  d?2  y 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


COS012  1 0K22 

2 


^2e(K-2)  = S'n0^ 


1 ^K12 

A, 


i ae12' 

A ~3^j 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


( r°  ^ _ CSC012 

3 1 

l£l1/-  2 

r21  ri2 

1 a^n 


CSC0 


12 


1 


' 1 ^ 


A 2 

1 9 


1 


A 2 a^2  V r 21  y A2a^2\r12 


cos20 


12 


'11 


1 3 

1 ] 

1 d 

1 ] 

COS012  - 

f1  + 1] 

COt012CSC012 

At  a^T 

V **22  ) 

A2a§2 

inj 

, r’2  , 

P22 

'11 


( 


- cote 


12 


1_+  1 30 


12 


Pll 

/ 


At 


A 


1 


r22  I'll  j 


2„  ^ 20010, 

'12  J- 


CSC0,o  + 12 


21 


'11 


- CSC0 


12 


1 -1  ae 

+ 1 


12 


V 


p22  A 2 a§2 


1 


1 


^ r22  i" -M  J 


2„  ^ 4cot0, 

'12  J- 


CSC‘0,o  + 12 


21 


e°i  + <?(e4) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


- csc812  - 
+ CSC012 

BA 


1 


**22  l*-|i 


2„  ^ 2cot0, 

'12  J- 


csc‘0io  + 12 


21 


*|  *^22 

CSC012 

i i \ 

*|  d£22 

A,  31, 

2 

k **12  **21  } 

A2  312 

— )sin2012  + J 


a / 1 


v'li 


A2a^2\r12/ 


i a 

cos2012  - — — — 
2A2a^ 


1 1 

+ — 


**12 


21 


'22 


JL+  1 ae 


12 


'11 


A1  a^1 


1 1 


**21  ^12  J 


i a012 

CSC012  - J — 

A2  3l2 


1 1 1 

+ 

COt012 

k ^12  ^21  t 

e22  + <9(i 


Ki,)  = 


COS012  1 3 

2 A2  0|. 


o 

11 


COt0 


1 30 


/ 


12 


12 


'11 


A,  d£t 


+ CSC0 


1 


. 1 


12 


K°  + 0[t) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


6K)  = 


A2^ 


V **22 


1 2 o a / 1 

esc  012  + * — — — 

A2a^2\r 


ii 


+ 2cot0 


12 


11  / 


A23|; 


\f»l 


'12 


+ CSC  0 


1 1 


dE 


12 


12 


22 


11  / 


a2 


+ CSC  0 


1 d0 


12 


12 


A 2 


1 5 

+ — 


12 


12  / 


P22 


1 


12 


1*21  } 


1 ^^22  COS012  1 ^22 

d ^ + 2 A2  d%2 


COt0 


12 


1 


1 dd 


12 


'11 


A,  ai, 


+ CSC0 


12 


1 . 1 


1 <)() 


12 


P22  ^ A 2 d!;2 


K°22  + ^(b4) 
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EQUATIONS  FOR  GENERAL  COORDINATES 

CONCLUDED 


yO  ( ° \ 1 *^12 

= sme”  a;^  - 2 


i ae 


12 


’ii 


A,  d§, 


K;  + <9(e4) 
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resume'  of  equations  for 

“SMALL”  STRAINS  AND  FINITE  ROTATIONS  - 
ORTHOGONAL  GAUSSIAN  COORDINATES 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 


• For  orthogonal  reference-surface  Gaussian  coordinates,  the  Green- 
Lagrange  shell  strains  {£„>  £22>  2 £i2»  2£i3>  2£23}  are  given  by 


+ r„  + <?(£4) 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 

where 


r = 

a 11  “ 

f E 

1 + 

^ rn  J 

1 ^2£ 

[F'I!JA,  as, 

Is 

ri2 

0 

2823 

- P„  j 

O 

2e,3 

F,(l.)-^  + 

r 11 

1 d2£ 

FJ»a,  as,  | 

+ 0 (e4) 

ii 

CM 

CM 

Eh 

(i  + M 

k r22  ) 

o 

2£,3 

F,(S.)—  + F: 

P22 

Is 

ri2 

1 ^2£ 

"•'a,  a», 

1 a2s 

F’IWa,  as 

O O 

2e 

■13-f2(i,)  23 

2 P22 

+ 0 (e4) 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 


and  where  it  is  noted  that  2e°3  and  2b°3  are  fundamental  unknowns 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 


• The  reference-surface  membrane  strains  are  given  by 


0 0 1 

£11  — ®n  "*■  2 

(e°,)  + (e°2  + cp)  + <Pi 

+ 

0 o-l 

£22  — ®22  "*■  2 

(e°2  - cp)  + (e22)  + cp2 

+ 0 (e4) 

2£12  — 2e12  + ©ii(©i2  *p)  ^22(^12  *p)  ^1^2  ) 


The  reference-surface  bending  strains  are  given  by 


K„  = — ~ 

*1. 


1 1 + 38°,  + E° 


22 


11 


ni 


0(e) 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 


where 


= (l  + 

*11 

/ o \ (2) 

(1)  + (ei2  + 

1 

-G 

C> 

1 ( o \ (1) 

— [©12  — Cp  J fft 

*22 

(2)  + (l  + 

_ (3) 

- Cp2 

(2) 

(2) 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 

and  where 


= <Pl 

(1  + e22) 

- <P2I 

(e°2  + <p) 

CM 

8- 

II 

CM 

* 

(1  +e°,) 

- <Pil 

( o \ 

e,2  - <P) 

= 0 + e;,)(l  + e22)  - (e°2  + <p)(e°2  - «p) 


(2) 

m 

1 i)mz  at,  **3 

c)  pn  r12 

(i) 

m 

1 d<*1  <*2  <«3 

<2>  ” A2  Se,2  p22  r12 

(3) 

m 

1 dffl  3 «»1 

<2>"A2a^2  r12  r22 

(1) 

ffC 

1 '*<*1  «*2  «3 

' ” a , dg,  p„  + r„ 

(3) 

fft 

“1 

' ” A , dg,  r„  + r12 

(2) 

1 ^2 

<2>  ” A2  ag2  p22  r22 

607 


EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 

• In  addition,  the  linear  deformation  measures  are  given  by 


0 _ 1 a^  u2  w 

0 _ 1 au2  ^ w 

11  A,a|,  Pl1  r„ 

w 22  “ ■ q,  T T 

A 2 ^S2  P22  1*22 

2e°  _ 1 dyi  + i au2  + u1u2  2w 

A 2 A -i  a^  Pn  p22  r12 


u,  u2  1 aw  _ u2  u1  1 aw 

^11  f 12  A1  a^1  r22  r12  A 2 a^2 


1 au,  + ^ + 

A 2 d^2  Pn  P22  ^ 


where 


1 1 aA1 

and 

11  aA2 

P11  A1A2  a§2 

P22  A1A2  a^1 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 


• The  displacement  fields  for  points  of  the  shell  are  given  by 

U = U1g1  + U2g2  + U3g3  with 


U _ JI22U1 — ^iU2  ^ — ^1zUl  , and  U3  = U3 ; and  where 


1 M"22  (“^"1 2^*21 


1 + — 


II  — 

^3 

ri2 

CM 

T— 

L 

f %3)2 
l rj 

2 ^ 

InJ 

609 


EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 


1 - 8°,  - 822  + 0(e4))  + F(|,)(l  + e°,)(28°3  + 0(e4)] 
+ F(?,)(e°2  - cp)(  2823  + <9(e4)) 

U2  = u2  + ^3#»2| 

1 - e°i  - 822  + 0 (e4))  + F(§,)(e°2  + cp)(28°3  + <?(e4)) 
+ F(l,)(l  + e22)|  2s23  + 0(e4)) 

U3  = W + Sj3  m3 

(l  - 8°,  - 8°2+  ^(84)j  - 1 -Ffejq)^ 

2s°3  + 0(e4)) 

- F(§.)<P2(  28^3+  tf(£4)) 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 


• The  compatibility  equations  are  given  by 

0M')  + + Sn{B«)  + &.[K»)  + + *£,.(«»)  = 0 

&«(*»)  + ^(e-)  + &»{*«}  + SJi<)  + ^25(K-)  + ^2e(K-)  = 0 

S«[B«)  + &.(«£)  + g33{C)  + + ^35(K-)  + ^3s(Ki2)  = 0 

where 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONTINUED 


(pM-  JLi 

fA1 

c 

d 

1 3 

A2sL)) 

' 22' 

*-'22 
Ip«  > 

[A,  as, 

1 


1 


r r 

1 II1  22 


('«)' 


A,A2£°2  + 0(e 


0J 

(K;1)=-A;A,K>tf(.‘) 
1 22 

^,.1 

(k°22) 

| = -A;A2K°22-M9(e4) 
*11 
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EQUATIONS  FOR  ORTHOGONAL  COORDINATES 
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&K)- 


1 


1 1 1 


e,i  dll 


dA 


r ii  r22)A2d%2  A.A^^^r,,) 


e°,  + <9(£4) 


o 

/p  (r°  1 - "22  a 1 

1 ) 

0 0 

2 I ^^22  ^22  aA-i 

1 1 1 

+ <?(e4) 

22(^2)  A2a^2l 

l**nj 

*"12  a.,  d ^ a.|A2  a^2 

**n  **22  j 

^23(e-)  = 


_ 1 9 


1 1 
+ 


**11  **22  / 


£l2  + 


/ 1 i ^ i ^^12  -|  aA1  ^£12  4\ 

■ + + 0(e) 


o 

’12 


••n  r22jA,  d%,  A,A2d%2  r 


12 


o 

&A  K22)  = a,a2  a|2  Kz2  + ^ 

o 

>7  / O \ 1 ^^12  O ^A2  O r 4n 

^26(  c«)  - a7“$=7  + a,a2  a|;  Kl2  + ^ 


613 


EQUATIONS  FOR  ORTHOGONAL  COORDINATES 

CONCLUDED 


1 


At  6^ 


1 


V **22 


^11  I « 


2 


1 a A 


12  A 2 a^2 


A,A 


2 ^*31 


**22  Tn 


e;,  + <9(e4) 


1 


1 1 


68 


22  ^22  6 I 1 \ I 6Ah  ^ 22  ^ / 4\ 

+ —I  I + . _ + 0[E  ) 


O 

”22 


r22  nJA.di,  A2  di2Vri2/  A,A2a^2  r 


12 


a (p°  \ - 

1 d 

M_+  1 H 

O 

C X 

1 1 \ 

Cs  33\  ^12j 

A2a^2 

k **22  **11  j 

tl2  + 

k **22  **11  j 

1 


68 


12  1 6A2  4^12  , . 

+ 7ZT—  + 0\Z) 


a 

”12 


a2  a^2  a,a2  r 


12 


a A 


e*{<)  = K°1  + ^ 


a,a2  a|, 

i aK 


o 

22 


1 aA2  K°22  + 0(e4) 


a,  a?,  a,a2  a?, 

o 

( ° \ 1 *^12  2 dA.,  o / 4n 

<-^36V  12/  A2  6^2  A^2  6^2  12  v ’ 
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SIMPLIFICATION  OF  THE 
NONLINEAR  SHELL  STRAINS 
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BASIS  FOR  SIMPLIFICATION  OF  THE  NONLINEAR 

SHELL  STRAINS 

• The  nonlinear  shell  strains  presented  herein  for  “small”  strains  consist 
of  complicated  expressions  that  are  difficult,  at  best,  to  apply  to 
practical  situations 

• Thus,  a great  deal  of  effort  has  been  expended  over  nearly  70  years 
to  systematically  simplify  these  equations 

• To  simplify  the  membrane  strains,  changes  in  the  curvatures,  and 
changes  in  the  torsions  for  the  shell  reference  surface,  the  magnitude 
of  the  linear-deformation  parameters  appearing  in  the  expressions  must 
be  established  on  a physically  meaningful  basis 

• Because  shell  deformation  generally  consists  of  strain  and  rotation, 
and  a restriction  on  the  order  of  the  strains  has  been  given,  the  order  of 
magnitude  of  the  rotation  of  infinitesimal  material  line  elements  of  a 
shell  are  needed  to  quantify  the  deformation 
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BASIS  FOR  SIMPLIFICATION  OF  THE  NONLINEAR 
SHELL  STRAINS  - CONCLUDED 

• In  addition,  for  many  practical  applications,  the  maximum  thickness  of  a 
shell  is  small  compared  to  its  other  areal  dimensions 

• Thus,  two  sets  of  criteria  for  simplifying  the  nonlinear  “small-strain” 
shell  equations  have  emerged  that  are  based  on  placing  restrictions  on 
the  magnitude  of  the  rotational  part  of  deformation  and  on  placing 
restrictions  on  the  relative  thickness 

• When  these  two  sets  are  combined,  signficant  simplication  of  the 
nonlinear  shell  equations  is  obtained 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 


• The  rotation  of  infinitesimal  material  line  elements  of  a shell  can  be 
characterized  fully  by  the  rotations  of  the  convected  base-vector  fields 

a2,  during  deformation,  as  illustrated  in  the  figure 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 

CONTINUED 


In  general,  finite  rotations  of  infinitesimal  material  line  elements  can 
be  represented  by  the  magnitude  and  direction  of  a finite-rotation 


pseudo  vector  given  by  & = + ^2a2  + ^3n  = & sinco  ; where  6 is  a 


unit  vector,  sinca  = Q , and  co  is  the  angle  of  rotation  about  o 


• It  has  been  shown  in  the  references: 

Pietraszkiewicz,  W.:  Langrangian  Description  and  Incremental 
Formulation  in  the  Non-Linear  Theory  of  Thin  Shells.  International 
Journal  of  Non-Linear  Mechanics,  vol.  19,  no.  2, 1983,  pp.  115-140. 

Pietraszkiewicz,  W.:  Finite  Rotations  in  the  NonlinearTheory  ofThin 
Shells.  Thin  Shell  Theory,  New  Trends  and  Applications,  W.  Olszak, 
ed.,  International  Centre  for  Mechanical  Sciences,  Course  and 
Lectures  no.  240,  Springer- Verlag,  1980,  pp.  153-208. 

that  for  “small”  strains,  the  components  of  q(^,  i2,  *) , are 
given  in  terms  of  the  linear  deformation  parameters  by 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 

CONTINUED 


COt012  + Iqp 


/ 

02  = 

"<Pl 

CSC012  + 

k 

1 

2 


e22  sin0 


+ <P2 


Q3  = q)[l  + 0(e2)] 

• Also,  in  these  references: 

• ’’Small” rotations  correspond  to  co < 0(o2) , where  o<e 

• ’’Moderate”  rotations  correspond  to  © = 0(0) 

• ’’Large”  rotations  correspond  to  ® = 0(  ^0) 

• Unrestricted,  finite  rotations  correspond  to  ^ 0(1 ) 


+ 0(e2)] 

[l  + 0(b2)] 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 

CONTINUED 

• Here,  0 is  a “small”  positive  quantity  associated  with  rotations 


A practical  alternative  to  using  |a>|  for  characterizing  rotation  size, 
given  in  the  references  by  Pietraszkiewicz,  is  to  place  restrictions 
directly  on  the  | 


• This  approach  is  physically  appealing  because  Q,  and  Q2  represent 
the  rotation  of  the  tangent  plane  at  a point  of  the  shell  reference  surface 

during  deformation,  and  Q3  represent  the  rotation  about  the  normal 
vector  at  that  point 

• Thus,  insight  can  be  gained  by  comparing  the  flexibility  of  a shell 
with  respect  to  “in-surface”  and  “out-of-surface”  deformations 


To  illustrate  this  approach,  consider  the  class  of  rotations  defined  by 
Qk  | < tf(e2)  , such  that  0 is  approximately  100  times  smaller  than  unity 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 

CONTINUED 


• Then,  from 

Q,  = cp^cote,,  + iq)  - ie°2  sin012j  + tp2|csc012  + sin012J  [l  + 0(e2)  j 


and  Q3  = 1 + ^(g2) 


it  follows  that 

|<pa|<tf(02),  | <p  | ^(02)  , and  |<p«e°Y|  < tf(02) 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 

CONTINUED 

• Next,  from  examination  of  the  strains 


o o 1 

£11  — ®n  "*■  2 

(e^cscO^)  + (e°2csc012  + q)j 

- 2e°1(e°2CSC012  + q)]cot012  + (cp1  + q)2  COS012) 

+ 0 (e4) 

O o-l 

£22  — ®22  2 

(e22csc012)  + (e°2csc012  - cp) 

- 2e22(e°2csc012  - cpjcot012  + cos012  + cp2) 

+ 0(^) 

_ ° _ O 

2e12  = 2e12  + 

e°,(e°2  - cpsine12)  + e22(e°2  + cpsin012) 

csc2012 

— 

o o 
®11®22 

+ (e°2  + (psin012)(e°2  - cpsin012) 

CSC012COt012 

+ + q)2  COS©^)^  COS012  + q)2)  + 0(e4) 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 

CONTINUED 


it  is  seen  that 
expressions 


are  the  largest  quantities  appearing  in  strain 


Thus,  for  “small”  strains  characterized  by  £pY  , the  magnitude 

of  e°Y  must  be  |e°Y|<0(e2)  to  yield  “small”  strains  that  are  consistent 
with  being  of  0{z] 


• A similar  procedure  is  followed  to  obtain  magnitude  estimates  for  the 
linear  deformation  parameters  that  correspond  to  different  size 

restrictions  placed  on  the  magnitudes  of  ok 

• The  results  of  this  approach  are  given  in  references  by  Pietraszkiewicz 
for  several  classes  of  rotations  and  are  stated  in  the  following  Table 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 

CONTINUED 

Order  of  magnitude  estimates  for  the  linear  deformation  parameters  are 
given  for  the  case  of  “small”  strains  as  follows,  where  0 is  a small 
positive-valued  parameter  and  02 « 1 


| | y | 1^2  | 

^3 

1 <Pi  \,  | <p2 1 

|<P| 

o 

small 

small 

02 

02 

O2 

moderate 

small 

0 

02 

02 

moderate 

moderate 

0 

0 

02 

large 

small 

01/2 

02 

0 

large 

moderate 

0V2 

0 

0 

large 

large 

0V2 

0V2 

0 

finite 

small 

1 

02 

1 

finite 

moderate 

1 

0 

1 

finite 

large 

1 

0V2 

1 

finite 

finite 

1 

1 

1 
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SIMPLIFICATIONS  BASED  ON  ROTATION  SIZE 

CONCLUDED 


• In  this  table,  the  magnitudes  of  Q15  Q2,  and  Q3  in  the  shaded  columns 
are  considered  as  input  and  the  information  in  the  unshaded  columns 
are  the  output 

• The  term  “small”  used  in  the  table  corresponds  to  magnitudes 
smaller  than  or  equal  to  0(82),  where  62«1 

• The  term  “moderate”  corresponds  to  magnitudes  smaller  than  or 
equal  to  0( 0) 

• The  term  “large”  corresponds  to  magnitudes  smaller  than  or  equal 
to  s0(81/2) 

• The  term  “finite”  means  that  the  magnitudes  are  * 1 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 


• Let  A denote  the  maximum  value  of  the  shell  thickness,  h(^,  £2)  , and 
let  TR  denote  the  smallest  magnitude  of  the  reference-surface 
curvatures  and  torsions  given  by  the  reciprocals  of  raP(^,  £2) 


Simplifications  based  on  the  shell  thinness  involve  placing  limitations 
on  the  size  of 


To  take  advantage  of  shell  thinness,  it  is  noted  that 
^ « 1 in  many  practical  cases 


is 

1R 

and  that 


For  this  case,  binomial  expansions  of  quantities  involving  powers  and 


are  used  to  simplify  the 


Of 

i3 

Ss 

and 

x 

1 11 

1*12 

X 

1 22 

r21 

products  of 
expressions  for  the  shell  strains 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 

CONTINUED 

• For  example,  consider  the  Green-Lagrange  shell  strain 


where 


/H,\2  /.  £3  £3  cote12  \ 5,  csce,2 1 

j ri1  ri2  J ri2  I 


and 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 

CONTINUED 


c,t  . is  . iscote, 

F2(i.)  i + |r-  + — -r — 

I 11  I i o 


i a 

A7alf 


. . Y.sine, 

,2C°s0i2) 


c(fc,iaf csce12ayl]  , c,„  . l3\  1 is  Yi  1 , 

- F’m77,\—w, ) ♦ F'<*)  (’ + d*;*  - j;  s;  [ * 1 al’ 1 


• Applying  the  binomial  theorem  to 


gives 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 

CONTINUED 


2?3  ?a 


cot012  + 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 

CONTINUED 


• Likewise, 


• Applying  these  simplifications  yields 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 

CONTINUED 

• Likewise, 


2e12  = 2£12  + 1 


12 


2K°2sin012  + (k°,  + K22)cos012 


+ Fi(?.) 


cos012  ^Yi  1 Yisin0'2 

+ + 


A,  A201: 


'11 


+ Fa(g.) 


i dy2  cose 

+ — - — 


o 

12  • 2 


y°sin0 


12 


A,  d|, 


22 


+ 0V)0[±\  *0('*) 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 

CONTINUED 


II 

CO 

w" 

CM 

[f/(s.)  - F;(i,)l 

■ 11 

o 

Y- 

A 

F2'(i3)  - 

^2(^3)  + F2(^)sine12 

•Y°2  + 0(s2)0(-g) + &(£*) 

T 

•"n  ]COS012  + r12 

II 

CO 

CM 

(JO 

CM 

F2'(l.)  - F2r(il) 
\ 22 

o 

Y2 

JL 

F/(l.)  - 

V 

Fi(?.)  sine- 

T 

tUb012 

1 22  ) '21 

• The  shifters  %2,  £3)  that  have  been  defined  herein  and  used  in 

g1  = a,  + ja12  a2  and  g2  = i^21  + ^22  a2  are  also  simplified  by  using 

power  series 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 

CONTINUED 


• In  particular, 


M"ii  = 


^3 


CSC012  \ 

-tH  + 


^3  CSC012 


M*12  “ 


^3  CSC0 


12 


1 - 


11 


?3  COt012 
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SIMPLIFICATIONS  BASED  ON  SHELL  THINNESS 

CONCLUDED 


is  CSC012 


M”21  — 


^3  csc01 


21 


cot©. 


21 


1 + 


|3  |3  COt012 
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SPECIAL  CASES  OF  THE 
NONLINEAR  SHELL  STRAINS 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 


• A variety  of  expressions  for  the  nonlinear  shell  strains  have  appeared  in 
the  literature  that  can  be  obtained  from  the  baseline  equations 
presented  herein  for  “small”  strains 

• For  example,  in  the  paper: 

Koiter,  W.T.:  General  Equations  of  Elastic  Stability  for  Thin  Shells. 

Proceedings  - Symposium  on  the  Theory  of  Shells,  University  of 

Houston,  1967,  pp.  187-227. 

Koiter  indicates  that  for  thin-shell  elastic  stability  problems,  it  is 
reasonable  to  use  the  exact  form  of  the  “small-strain”  equations  for  the 
membrane  strains  and  a set  of  linearized  equations  for  the  changes  in 
reference-surface  curvatures  and  torsions 

• This  statement  is  based  on  the  presumption  that  the  effects  of  the 
changes  in  reference-surface  curvatures  and  torsions  are  relatively 
much  smaller  than  the  nonlinear  effects  of  the  membrane  strains  that 
generate  interaction  between  membrane  stresses  and  shell 
deformations 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 

CONTINUED 

• In  particular,  Koiter  presents  the  tensor  form  of  the  following  equations 

e°  = e°,  + ^ (e?,csc012)2  + (e°2  + «p  sin012)  csc2012 

2 

- 2e°,(e°2  + «p  sin012)csc012  cot012  + (tp,  + <p2  cos012)  + 0(e4) 
e°2  = e22  + 1 (e22csc012)2  + (e°2  - cp  sin012)  csc2012 

2 

- 2e22(e°2  - (p  sin012)csc012  cot012  + cos012  + cp2)  + 0(e*) 

2e°2  = 2e°2  + e°u(e°2  - <psin012)  + e°2(e°2  + cpsin012)  csc2012 

- e°ue°22  + (e°2  + q)sin012)(e°2  - (psin012)  csc012cot012 

+ |q)1  + q)2  COSO^jjq)!  COS012  + q)2)  + 0(e4) 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 

CONTINUED 


K°22  = X22  = + «P,COS012) 


q^sinO^  q) 


'22 


21 


2K°2  = 2x 


o 

12 


1 dtp,  | 

a2  a|2 


COS012  0q)2  COS012  aq^  1 6q)2 

a2  W2  + A,  a|7 + a; ai; 


+ 

/ 

<P1 

<p2 1 

sin012  - w 

M_  _ij 

CSC0 

, P11 

CM 

CM 

Q. 

1 & 1 

^ I’ll  1*22  j 

12 


where 


(Pi  = 

f ut  1 aw  ^ 

CSC2012  - U, 

1 1 cote12l 

4. 

COt012  + 

f cot012aw  u2 

/1.  a,  a?,  J 

T 

( r21  1*22  ; 

^ A 2 a^2  r21  ^ 

<p2  = 

u2  1 aw^ 

csc2012  + u2 

' 1 COt012' 

COt012  + 

cot012aw  u/ 

[r22  A 2d%2) 

Vr12  I'll  j 

^ A1  a^1  r12  ^ 

csc012 


csc012 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 

CONTINUED 


1 dU, 


1 dU2 

A 2W2) 


COt012 


+ 


1 dU2 


1 au, 

a^2W2j 


CSC012 


+ 


Ui 

Pll 


+ 


©11  = 


o 

©22  — 


1 a 

^ai; 

1 a 

A2a^2 


|u1  + U2COS012)  - 


usinO 


12 


'11 


(u2  + UjCOSO^j 


UHSin012 

+ — — + 


^ o 1 aun  1 au2 

2©i2  — 7^  + - 7^  + 

A2a^2  A,a^ 


1 au,  1 au2 
+ 


P22 


w 


11 


w 


22 


A,di,  A2d|: 


COS0 


12 


) 


U1 

U 2 ) 

1 1 1 

1 

sin012  + w 

+ 

COS012  + w 

— 

k P11 

CM 

CM 

Q. 

k 1*11  **22  j 

k ^21  ^12  / 

sin0 


12 


• These  membrane  strains  are  exact  within  the  realm  of  “small”  strains, 
and  the  changes  in  reference-surface  curvatures  and  torsions  are 
identical  to  those  used  in  the  Sanders-Budiansky-Koiter  linear  shell 

theory,  that  is  considered  presently  to  be  the  best  first-approximation 
shell  theory 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 

CONTINUED 

• The  expressions  for  the  shell  strains  are  given  by 


£„  = 8°  + ?3K°,  + £4)  E22  = £22  + 13K22  + e4) 


2£12  = 2e°2  + §3 

2K°2sin012  + 

K°,  + K22)cOS012 

+ &{e%  E1 

where  the  effects  of  transverse  shearing  deformations  have  been 
neglected 


• It  is  noteworthy  to  point  out  that  these  equations  are  identical  to  those 
presented  by  Budiansky  in  the  paper: 

Budiansky,  B.:  Notes  on  Nonlinear  Shell  Theory.  Journal  of  Applied 
Mechanics,  vol.  35,  no.  2,  June,  1968,  pp.  393-401. 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 

CONTINUED 

• For  orthogonal  reference-surface  Gaussian  coordinates,  the  equations 
presented  by  Koiter  and  by  Budiansky  reduce  to 


0 0 1 

£11  ~ ®n  "*■  2 

(e°,)  + (e°2  + cp)  + cp. 

+ (e4) 

0 0 1 

£22  “ ®22  "*■  2 

(e°2  - «p)  + (e22)  + q>2 

+ 0{^) 

2£12  — 2e12  + ©ii(©i2  *p)  + ^22(^12  *p)  ^1^2  ^(e  ) 


O O 

K1t  = Xn 

O O 

^22  “ X22 

2k;  = 2X; 

£„  = 8°  + ^3K°,  + 0{ £%  <=4)  £22  = £22  + ^K22  + £4) 

2e12  = 2e°2  + 2^3K°2  + £4) 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 

CONTINUED 


where  the  linear  deformation  measures  are  given  by 


0 1 a^ 

p — ■ 

U2  + W 

e°  - 1 

au2 

U1  W 

11  a,  a|, 

P11 

22 " a2 

<n2 

T 

P22  *"22 

2e°  _ 1 dyi  + i du2  + u1u2  2w 

A 2 A1  6^-1  P-l -I  P22  *"l2 


o 1 a<p1  cp2  cp  o _ 1 d<p2  w <p 

Xl1  A,  a^  P11  r12  K22  a2  a^2  P22  r12 


1 acp.,  1 aq)2 

J^W2  + a;^I7 


+ 


k P11 


P22 


- 9 


vrn 


u,  u2  1 aw 

^11  *"i2  A1  a^ 


1 aw 

A2a^2 


if  1 aU2 

2lA1a^1 


1 aui 

A2a^2 


P11 


+ 


1 

1 aA, 

1 

1 aA2 

Pn  ~ 

A,A2  dl2 

P22 

-A,A2  31, 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 

CONTINUED 


• Following  a similar  line  of  reasoning,  in  the  paper: 

Geier,  B.:  Energy-Based  Task  Formulations  for  Buckling  Problems 
of  Laminated  Composite  Shells.  Zeitschrift  fur  Flugwissenschaften 
und  Weltraumforschung,  vol.  10,  no.  4, 1986,  pp.  215-226. 

Geier  uses  the  same  membrane  strains  as  Koiter,  but  uses  the  following 
linear  expressions  for  the  changes  in  reference-surface  curvatures  and 
torsions 


o 


o 


e°2csc012  - e^cotO^  e22cot012  - e°2csc012 
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SPECIAL  CASES  OF  THE  NONLINEAR  SHELL  STRAINS 

CONCLUDED 

• For  orthogonal  reference-surface  Gaussian  coordinates,  the  equations 
for  the  changes  in  reference-surface  curvatures  and  torsions  reduce  to 


K„  =Xn 


o 

®11_ 

r11 


’12 


12 


2K,2  = 2x,2  + 


e„  + e 


22 


12 


• Rigorous,  systematic  simplication  of  the  nonlinear  shell  equations  have 
been  presented  by  Sanders  (1963),  Koiter  (1966),  Budiansky  (1968), 
and  Pietraszkiewicz  (1977) 

• For  the  most  part,  the  equations  given  are  very  complicated 

• In  contrast,  the  simplified  equations  that  are  based  on  “small”  strains 
and  “moderate”  rotations  are  manageable  and  described  in  the  next 
section 


645 


“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 


• Consider  the  special  case  of  the  “small”  strain  and  “moderate”  rotation 
theory  of  Pietraszkiewicz  (1980),  where  the  magnitudes  of  the  linear 
deformation  parameters  are  restricted  by 


<P 

, and 

o 

ePY 

CM 

© 

VI 

• For  this  case, 


° o 1 

“ ®n  ■*"  2 

(e^cscO^j  + (e°2  + q)  sin012j  csc2012 

- 2e°,(e°2 

+ q)  Sin012jcsc012  COt012  + |q)1  + q)2  COS012) 

+ <9(e4) 

reduces  to 


£°,  = e°,  +^(tp,  + q>2  cos012)  + 

+ tp|e°2csc0)2  - e°,cot012| 

+ 0(o*,  e4) 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 


CONTINUED 

° o 1 

£22  “ ®22  ■*"  2 

(e22csc012)  + (e°2  - cp  sin012)  csc2012 

- 2e° (e° 

^-c22l  c12 

- cp  sin012jcsc012  cot012  + cos012  + cp2j 

+ <?(e4) 

reduces  to 


£22  = ®22  +2  (^2  *Pl  COS012)  + 2^P 

+ cp(e22cot012  - e°2csc012) 

+ 0(o\  e4) 

and 


V/ 

2p  = 

°12 


2e,2  + 


e°,(e°2-cpsin012)  + e°2(e°2  + 


CSC  0 


(e°2  + cpsin012) 

e°,e22  + (e°2  + cpsin012)(e°2  - cpsin012) 

+ (cp.,  + cp2  COS012  jj  tp,  COS012  + cp2J  + 0(e4) 


CSC012COt012 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


reduces  to 


2e°2  = 2e°2  + |q)i  + q)2  COS012j(q)2  + COS01 

- q)2COS012  + q)(e22  - e^jcscO^  + £4) 


In  these  strain  expressions,  0\ 0 > £4)  indicates  that  terms  fourth  order 
in  the  rotations  and  fourth  order  in  the  strains  are  neglected;  that  is, 


0[®\  e4)  ~ ^ ( B4)  + 


• To  obtain  changes  in  reference-surface  curvatures  and  torsions  that 
have  a consistent  order-of-magnitude  accuracy,  it  is  useful  to  examine 
the  Green-Lagrange  shell  strains 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• In  particular,  consider  the  following  general  expression  for  the  Green- 
Lagrange  strain 


• Let  £ denote  that  maximum  magnitude  of  the  reference-surface 
membrane  strains  that  occur  during  deformation 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• Examination  of  the  expression  for  the  Green-Lagrange  strain 
indicates  that  the  maximum  bending  strain  contribution  occurs  on  the 
parallel  surface  the  farthest  from  the  reference  surface 

• Thus,  let  ^k°  denote  that  maximum  bending  strain  of  the  shell  with 
respect  to  the  reference  surface,  where  & denote  the  maximum  value  of 
the  shell  thickness,  h(^,  £2) 

• Examination  of  the  expression  for  the  Green-Lagrange  strain  also 
indicates  the  relative  proportions  of  membrane  strain  to  bending  strain 

is  determined  by  the  relative  proportions  of  £°  and  ^k° 

• The  same  observation  applies  to  the  other  Green-Lagrange  strains 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• If  the  magnitudes  of  the  bending  strains  are  on  the  same  order  as  the 
magnitudes  of  the  membrane  strains,  then  it  follows  that 

0(rfK-).0(eo) 


, which  indicates  that  the  changes  in 

surface  curvatures  and  torsions  do  not  need  to  be  represented  to  the 
same  degree  of  accuracy  as  the  membrane  strains 

• For  “small”  strains  and  “moderate”  rotations,  terms  in  the  membrane 
strains  given  herein  that  are  0{ 0 > £4)  are  neglected 


As  a result,  0[ K ) = O 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• Thus,  in  the  presentation  that  follows,  terms  are  neglected  in  quantities 
needed  to  obtain  the  changes  in  reference-surface  curvatures  and 

torsions  that  are  ^(0>£4)  and  smaller 


• In  addition,  it  is  presumed  that 


3<Pa 

s 0(e) 

and 

dq) 

© 

VI 

• The  changes  in  the  reference-surface  curvatures  and  torsions, 
associated  with  “small”  strains  and  “moderate”  rotations,  can  be 
obtained  by  systematic  simplification  of  the  corresponding  full 
nonlinear  equations  previously  derived  herein 

• However,  because  of  the  practical  significance  of  this  special  class  of 
shell  deformations,  these  quantities  are  re-derived  subsequently  from 
first  principles,  applying  the  order-of-magnitude  simplifications  at  each 
step 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• Hence,  substituting  the  simplified  membrane  strain  expressions  for 
“small”  strains  and  “moderate”  rotations  into 

= +£°,  + <?(e4)] 


applying  the  binomial  theorem  and  neglecting  terms  and 

smaller  gives 


/42-  A2[l  + e22  + 0(*)\ 


A A 1 

(1  + A11)a1  + A12a2  + A13n 

A A 2 

— — 

A21  a1  +(l  + A22)a2  + A23  n 

a 

*,= 

+ 

2 

1 - ^(<Pi + ^ cos0i2)  - + (e° 

,COt012  - e°2CSC012  + q)jcot012 

A 

at 

(e°2csc012  - e^cotO^  + q))csc012 

a2-  (q>,  + cp2cose12)  n + 0 

(03,  £4) 
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and 


A 

*2  = 
+ 

2 

1 - ^(q)2  + <Pi  COS012J  - ^q)2  + |e22COt012  - e°2CSC012  + q) 

COt012 

A 

a2 

|e°2csc012  - e22cot012  - q)Jcsc012 

a,-  (<p2  + <Pi  cos012J 

n + 0 

(03,  E4) 

where  At1  = e°u  csc0*2  - (e°2  csc012  + <p)cote12 

A12  = |e°2  CSC012  + qp  - e°A  cot012)csc012 
A13  = — («P-|  + <p2  COS012) 

A2i  = |e°2  CSC012  - q)  - e22  cot012)csc012 
A22  = e22csc0i2  - (e°2  CSC012  - cp)cot012 

a23  = - (cp1  COS012  + cp2)  have  been  used 
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vSI  o f o o \ 

Similarly,  — = 1 + 2£°2cot012csc012  - + £°2jcsc2012  + 0(e4)  reduces 


= 1 - l(cp2  + cp2  + 2cp2j  - q).,(p2COS012  + 2e°2cot012csc01 

- (e°i  + e22)csc2012  + 0{e\  e4) 


Recalling  that  £ = (w1a1  + #»2a2  + #»3n)  9 where 

J*  v ’ 


= <Pi  - (e°2CSC012  + qpj^qp-,  COt012  + (p2CSC012j 

+ e^cscO^lqp!  CSC012  + (p2COt012J 
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*2  = <p2-  (e°2CSC012  - qp) ^qp-,  CSC012  + (p2COt012j 

+ COt012  + (p2CSC012j 

- 2/0  o 00  ( o \2  I 2„ 

M 3 — 1 + *P  + ^©n  + ©22  "*■  ®11®22  — ( ©12)  jCS©  012 

- 2e°2cot012csc012 


and  simplifying  for  “small”  strains  and  “moderate”  rotations  yields 


1 = qp!  - qp(qp2  + tPi  COS012 

|csc012  + 0 

(03,  B4) 

#»2  = ^2  + qp(qpi  + <p2  cos012)csc012  + 

03,  E4) 

f»3  = 1 + q)2  - 2e°2cot012csc012  + I 

' 0 0 1 

©11  + ©22; 

|csc2012  + Q\ 

o3,  e4) 
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• In  addition,  the  components  of  the  vector  field  normal  to  the  deformed 

reference  surface,  * = + «2a2  + *3n  , reduce  to 

*1  = <Pi  - <p(tp2  + <Pi  COS012)cSC012  + 0(Q3,  e4) 

*2  = <p2  + + <P2  COS012)cSC012  + ^(03,  £4) 

«3  = 1 - ^(<P?  + V2)  - <Pi(p2COS012  + B4) 

• Moreover,  the  finite-rotation  vector  field  reduces  as  follows: 

Q,  = cpi|cot012  + icp  - ie°2  sin012J  + tp2|csc012  + e®  sin012j  [l  + 0(e2) j 

becomes 
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q^COtO^  + q)2CSC012  + ^cp^  1 + ^(0  , £2) 


- q>Jcsc012  + ie°2  sin012|  + tp2(le°2  sin012  + lq>  - cot012|  [l  + 0(e2)] 


becomes 


^^2  mmm 


- q^CSCO^  - cp2COt012  + ^q)2cp  1 + £2) 


and  = <p[l  + 0(e2)  becomes  - <p|^  + G\®  » g2)  j 

The  next  step  in  the  derivation  is  to  recall  that  the  deformed 
reference-surface  curvatures  are  given  by 
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• These  expressions  re-written  as 


and 


and  simpified  by  using  the  previous  expressions  for  and  £2  to  get 


1 =C11 

a,  • ' 

+ c12 

a,  • ' 

+ c13 

n • ' 

CO 

■N 

CO 

© 

+ 

*11 

v A1  j 

v A1  , 

1 = c21 

1 ^ 
a,  • ' 

+ C22 

( ^ \ 

L 1^1 

a,  • ' 

+ C23 

n • ' 

+ 0(e\  e4) 

*22 

v A2^2^ 

A2a^2J 

{ A2^2J 
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where 


0 

— k 
— k 

II 

1 

0 

-L  0 
— k 

1 

(cp1  + cp2  COS012] 

2 

| - q)2  - (e°2csc012  - e^COte^  + q)j 

|cot012 

C12  = |e°2CSC012  - e°.,COt012  + cpjcsc012  C13  = - (q^  + q)2  COS012) 


Cjj  = 1 - e°„  - | 

(q>2  + q>i  cos012] 

1 

CM 

8- 

1 

CM 

|e°2csc012  - e22cot012  - q)Jcot012 

C21  = (e°2csc012  - e22cot012  - cpjcsc012  C23  = - (cp2  + cos012) 


• Additionally,  the  deformed  reference-surface  torsions  are  given  by 

1 -2  i a*  J I1  a i 

— = - <*  • — — — and  — = « • — — — 

*12  *21  ^2 
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CONTINUED 


• These  expressions  are  re-written  as 


where 

An  = 1 ~~  ®22  “ ^(^Pi)  COS  012j  — ~ <PW2cosQ,2 

+ |e22csc012  - e°2cot012  + cpcos012jcsc012  + £4) 
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a12 _ tp-i! 

(<p2  + tpi  COS012) 

l + l 

Je22cot012  - e°2csc012  + 9] 

|csc612  + @ | 

(e3,  e4) 

A13  = -q)1  sinel2  + 0(e3,  E4) 


CM 

9- 

I 

II 

CM 

< 

(<Pi  + *p2  COS012) 

| + (e^cotO^  - e°2csc012  - cpj 

|CSC0,2+  ^(03,  e4) 

A 22  - 1 ®n  2(^2)  ("^  ^12]  2^  cp1(p2cos012 

+ ^e^cscO^  - e°2cot012  - (pcos012Jcsc012  + 0(q3,  e4) 

A 23  — — (p2  sin012  + 1 0 j e j 


and 


a = a1  csc012  - a2  cot012 


a = a2  csc012  - a1  cot012 
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• The  surface  torsions  are  simpified  to  get 


where 


= q)  + e°2  - q)1cp2COS2012  - lq)2cos3012  CSC012 

+ 

1 - 2e°i  - 4(^2  + 2tp?  + 4<p2) 

COt012  + e4) 
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D12  = <Pi<p2cot012  - 1 - e°,  - + (p2  + 2cp2)  csc012  + ^(03,  e4) 

D13  = tp2  sin0,2  + 0(e\  e4) 

D2,  = - (p,cp2COt012  + 1 - e22  - ^((p^  + cp2  + 2cp2)  CSC0,2  + 0(o\  e4) 

D22  = (p  - e°2  - ^,^00820,2  - ^q>2cos3012  jcsc012 

- 1 - 2e22  - i(cp?  + 2cp2  + 4cp2)  cot012  + 0(e\  e4) 

D23  = - <Pi  sin012  + e4) 
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Examination  of  the  components  of  * = + «2a2  + *3n  suggests  that 

it  is  beneficial  to  express  this  vector  field  as  £ = h + $ + 'Pj  where 
$ = + cp2a2  is  the  linear-difference-vector  field  defined  previously 

herein  and  w + ^2a2  + ^3n  contains  the  nonlinear  terms  given  by 


^ = - q)|q)2  + qp1  COS012)csC012  + 0[tf,  £4) 
'I',  = (p|cp1  + cp2  COS012)cSC012  + 0[Q3,  e4) 
^3  = " ^(<Pi  + ^2)  - (p^zCOS©^  + 0{ti\  e4) 
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CONTINUED 


• Thus, 


■j  ^ an  ^ acp  -|  aw 

and 

^ ^ an  ^ a$  -j  aw 

A,a^  A1a^1  a^^  a^^ 

A 2 a^2  A 2 a^2  A 2 a^2  A 2 a^2 

• The  components  of  these  derivatives  are  simplified  by  using 

a t i fln  _ 1 ^."|dn_  cos012  sin()12 

3l  * A^  " ru  32  # ~ r^  r^~ 

^ i an  sin012  cos012  ^ i dn  1 

a1  • ' — — = + — a2  • ' — — = — 

A2a^2  r21  r22  A2a^2  r22 


and  the  previously  defined  linear  deformation  quantities 


xL- 

fs  . 1 

(p 

2 A2di2J 

r21 

Xiis 

/ -»->  A 

^ i a<p 

<P 

' A , d!;,  J 

ri2 
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• Moreover,  it  is  convenient  to  introduce 


such  that 


X«  + X21  = 2Xl2  - 


cp  (p 


V f 22 


I’ll 


Isin012  + 


cp  _ cp 


COS0 


12 


V 1 21 


12  ) 


where  2%°2  is  the  following  previously  defined  linear  deformation 
quantity  given  by 


2Xl2- 


3i 


1 3$' 

J. 

( -j- > ' 

^ 1 dcp 

A2a?2J 

2 A,^] 

cp  cp 


V 1 22 


11 


|sin012  - 


cp  _ cp 


COS0 


12 


V 1 21 


12 
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• Using  the  previously  derived  general  expressions  for  the  components 
of  the  derivatives  of  a vector  field  given  by 


1 aV  1 a u,  „ * V2sin012  V3 

a,  • - — = - —IV,  + V2cos012)  — - - + 


' A,  a?,  a,  at=, 


'11 


I'll 


A 

a. 


i av 


1 dVt  V3 

A7  + 


I 


i a V2 

cos012  + - — + 

a,  a?, 


V,  V3 


V Mil  ■« 


sin0 


12 


1 av  1 av, 
• — 

CO 

> 

H 

> 

COS012  + 

fv,  M 

A2a^2  A2a^2 

^A2a^2  1 r22  J 

v 1*21  P22  j 

sine 


12 


V^inO^ 

P22 
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yields 


Xns 


• — — ^ - — = — — — (<p,  + cp2cos012)  - 


A,  a?, 


A,ag, 


q)2sin012  (p 

,r~ 


12 


X«" 

fg  . 1 ^ 1 

cos012  dtp.,  1 dtp2  q^sinO^ 

1 2 A,a^J 

A,  a^1  + A1a^,+  p„ 

✓s  1 d(p  1 

a • 1 

1 cos012d(p2  (p2sin012 

1 A 2 a'§2  j 

-A2a^2  A2  a^2  P22 

X22 


t ^ q>  1 d 

* A^W2  “ r^=  A~2W 


1 „ \ arsine 

<P2  + q^COSOj  + 

v ’ P22 


12 


q> 


21 


and 
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_ ° xs 

2Xl2  “ a-‘ 

1 

"A 


• In  addition, 


1 a$  1 

4. 

^ 1 aq) 

0 • 1 1 

A2a^2  j 

T 

2 a^iJ 

<P  q) 


Vr22 


sin012  - 


11/ 


q)  +_^ 


Vr21 


COS0 


12 


12  / 


aq^  COS0126q)2  COS012  aq^  1 aq)2 


A,  a^  A,  a^ 


q)i  q)2 


V ”ii 


P22  J 


sin012  + 


qj  qj 


V *"22 


11 


Isin012  - 


<P  +_^ 


Vr21 


COS0 


12 


12 


$ • n = 0 yields  the  identity 
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Using  these  expressions  gives 


~ 1 
n • -1 


dU 


<Pi 


ru 


+ <p2 


sin012  cos0 


12 


V 1 12 


I'll 


-|  dW 

a 7^17, 

i \ 

~ i aw 

n • ' — — 

A.a^j 

-I  aw' 

A ~W2) 
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^ 1 
n • -1 


dU 


A2ags 


= - (Pi 


r +X22+r  + 

1 22  1 21 

r2  A2a^2j 

sin012  cos012 

<p2 

/ -►  \ 
^ i aw 

n * 1 

r2i  ^22  j 

r22 

v A2a^ 

The  expressions 


rt  . 

— L 
— k 

II 

o 

— L 
— k 

^ 1 ^ ' 
[a’  A,  a|,  J 

+ c12 

/ A 

a2  * » 

A,a?,J 

+ C13 

1 d*] 

n • -J 

v a^  y 

+01 

CO 

CO 

© 

s*. 

— = C21 
*22 

. i & 

{*'  A.agJ 

+ C22 

^ 1 ' 
f2  A2a^2  J 

C23 

n • ' 

^ A2a^2J 

+01 

K *4) 

and 


reduce  to 
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1 


o 1 - eu  e^cotO^  - e12csc012 

Xu  + + 


'11 


<p 


rn 


i cote 


12 


qpiqj2  + qp2  COS012 


sinO 


12 


12 


12 


I'll 


12  / 


(x°2csc0,2  - X°i  cot0.2)  + 


a, 


.A 


A,a^ 


0{®\  e4) 


and 


1 


o l — ©22  \-12 

X22  + — — + — 


e?,csc012  - e22cot0 


12 


'22 


22 


21 


cp i cp2  + COS0 


12 


sine 


12 


21 


- cp 


i cote 


12 


22 


21 


'(X22 


[ 


C°t0i2  - X21CSC012  + 


xs  1 

a2#- 


aw 


v 


A2a^2  j 


0{*\  *4) 
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• Similarly, 


1 -D 

is  . 1 a*l 

+ d12 

^ ! 3»' 

o m 

+ D13 

^ ■)  a*  1 

n * 1 

+ 01 

(o3,  £4) 

— '-'ll 

*12 

JJLT 

<"© 

T" 

< 

1 

T“ 

3 

2 A,ag,J 

A i J 

— = D2i 
*21 

~ ! a* 

a.  • -J 

a2^2  j 

+ D22 

P A2a|2  J 

^23 

L ! «5' 

n • -J 

a2^2  J 

+ 01 

(o3,  £4) 

reduce  to 


1 


_ 1 


+ <P 


i cote 


12 


"12 


12 


vrn 


12  / 


+ Xl1COt012  - Xl2CSC012  + 


e°2csc012  - e°,cot012 


11 


’11 


12 


_A 

2r 


q)i  + q)2COS2012  + (p^CSCO^Sir^e 


12 


12 


+ <PX„  + 


a, 


. A 


A,ai, 


cot012  - 


A 

a 


1 dX¥ 
2# A;$r 


csc012  + $(e3,  e4) 
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and 


1 


_ 1 


+ <P 


i cote 


12 


"21 


21 


V  •  **22 


21  ) 


~ X22COt012  + X21CSC012  + 


e22cot012  - e°2csc0,2 


22 


22 


21 


JL 

2r 


Cp2  + q)iCOS2012  + 9192CSC012Sin20 


12 


21 


+ (P9C22  + 


ai 


. JL 


aw 


A2a?2 


CSC012  - 


1 # 1 aw^ 
A2a^2 


A 

a . 


cot012  + 0(e3,  e4) 


• Next, 


W,  = - cp|cp2  + 9i  COS012jcSC012  + 0(e\  e4) 
W2  = 9(9,  + 92  cos012)csc012  + 0(e3,  £4) 
^3  = - + wl)  - 9i<p2cose12  + 0(e\  £4) 
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are  substituted  into 


a. 


-i  d*P  1 d / 

• 1 = I UJ 

A ,35,  A,35,V  1 


+ W2COS012) 


W2sin012  *P3 

Pn  + ^7 


~ 1 av 

a • — 

' 1 aw,  *i<3' 

1 ^2 

[v, 

sin012 

2 a,  as, 

(a,  a?,  1 r„  J 

UUoUho  T , T 

a,  a|, 

k Pll  I"l2  j 

~ # 1 dW 
a'  ’ A2a£2 


i aw, 

A 2 a'§2 


' i aw2  w3 

^a|7  + ^ 


COS012  + 


^sin012 

P22 


and  simplified  to  get 
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a'  * A,  d|,  = ~ A,  d|,  (w2sme12)  - pii  (<P,  + <P2  cose12) 

2!  («Pi  + q>2  + 2cp1cp2cos012] 

+ 0(e\  £4) 

s .1  W sin012  d , , 1 dcos012  cp  , 

a-  A,«=,=  A,  s6i(w.)*w.“=e,.Ai  d%i  -p„(' 

+ 2|  r r ji'l’i  + + S'h'pjCOSU,.!  + Q\ 

qp2  + q).,  COS012j 
03,  e4) 

a 1 0W  sin012  d . , 1 dcos012  «P 

a''A,J6,  = - A,  a,Jw,)-W,osce,!Ai  -p_ 

- 2I  + r J(<p,  + v2  ♦ 2q>,%cose12)  ♦ 0 

-(tp,  + q>2  COS012) 
(03,  e4) 
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1 d'V  1 d 


A2d|2  A 2 d\. 


(qxp,sinei2)  - -^-(q>2  + «p,  COS012) 

- + *P2  + 2cp,cp2COS012)  + e4) 


Moreover, 


a, 


1 


d'P 


A,0i, 

y 

1 a 


cot012  - 


A 

a. 


i av 

A,^, 


CSC012  = 


I 


A,di, 

. W2_: 


(cpcp2COS012)  - ^(w,) 


A,^, 


1 


'll 


sin012  - + % + 2^20080^)  + 0(o\  e4) 


2r 


and 
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3i 


1 aw 


A2a^2 

/ 

1 a 


CSC012  - 


1 aw 

A2a^2 


cot012  = 


A2^JW'C°Se’2)-A2i(w2> 

^-sine^  - 2^— («Pi  + «Pa  + 2(p,cp2cos012)  + e4) 


22 


Furthermore, 


1 d . . , <P,  + (p2COS012  mCOtO 

X,2CSC012  - x„  cot012  = ^-^-(<p2sin012)  + — + 


12 


12 


X22cot012  - x2,csc012  = 


tp,COS012  + cp2  tpCOt012  13,  . „ , 

|(PiSin012  j 


'22 


21 


A2a^: 


and 
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Substituting  these  simplified  expressions,  along  with 


o 1 d I \ cp2sin012  a) 

X"  = + ^COsQ-) r2  and 


^ = ii(q,2  + tp'COS0'2)  + 


q^SinOu  cp 


P22 


r ’ 

1 21 


into  the  most  recent  expressions  for  the  deformed  reference-surface 
curvatures  and  torsions  yields 


1 1 0 1 

— = tL  + Xii  + y 
*1  1 11  1 1 
*11 


e^cote^  - e°2csc012  - (cp^  + <Pz  cos012Jsin0 


12 


1 l2e°„  + cp2  + cp2  + 2cp2  + 2cp,(p2cos012)  - (P^s|n9^  + Q[q\  e4) 


2r 

11 


Ai  d ^ 
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1 = 1 + X22  + } e°2csc012  - e22cot012  + (<p,<p2  + cp2  cos012)sin012 

‘22  '21  ’ . 


a„  2g22  + tpi  + ^p2  2(p  + 2cp1(p2cos0i2  + 

r 00  l 


q^sine^  dcp 

A 2 d%2 


_ 1 


1 cote, 


= -^  + <P  — + — + Xl1COt012  - Xl2CSC012  + 

1 12  1 11  1 12 


e°2csc012  - e°1cote1 


- - -1  («Pi  + tp2COS012)  + (P2  - (cp,  + cp2COS0|2  j J ^ + 0(03,  £4) 

* 12  ' 12  WSi 


_ 1 


1 cote, 


= y-  + <P  r r X22COt0i2  + X2,CSC012  + 

■ OI  I OO  ■ OI 


e22cot012  - e°2csc012 


7^-7-  («p2  + «P,COS012)  + cp2  - (cp2  + cp,COS012)J--^-  + #(03,  £4) 

■21  ■ 21  L j ”2°'S2 
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• The  changes  in  reference-surface  curvatures,  K„(li,  ?2,  *)  and 

K°2(§„  ?2,  r)  , and  the  change  in  reference-surface  torsion,  k°2(^,  £ 2 , *) , 
caused  by  deformation  have  been  defined  herein  by 

o 1 1 

Ka—  7 


o 1 

1 

K„  = 

*11 

• From  these  definitions,  it  follows  that 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


K 22  = X22  + r 
1 21 


e°2csc012  - e22cot012  + (q^cp.,  + q)2  cos012)sin012 


1 


2r 


22 


2e22  + q)2  + (p2  + 2q)2  + 2cp1cp2COS0 


12 


q^sin©^  dq> 

A2  W2 


0{*\  *') 


and 


2k°2  = (x°2  + xli)csc0«  - (x°i  + xL)cote12  + <P 


1 1 


V 1 22 


I'll 


CSC  0 


12 


©ii  e22  e12csc012  - e^cotO^  e22cot012  - e12csc012 


12  ■ 21 

, 1 


12 


11 

2 


22 


(cp1  + cp2COS012)  + q)2  - y~  (<p2  + q^COSOJ  + q) 

V ’ *21  V ’ 


(q>i  + <P2cos012)J-^  - (q>2  + (p,cos012)J--^  + 0(o\  £4) 


a2^2 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


where  the  identity 


1 1 

1 1 \ 

— + — = COt012 

- 

r r 

1 12  1 21 

i/n  r22) 

has  been  used 


Next, 


sin012  + 


is  used  with  the  previous  identity  to  get 


(X«  + 5Gi)CSC012  = 2X°2CSC0'2  + «P 


1 1 

i 

2 .. 

— 

CSC  012 

lrn 

>22  j 

Substituting  this  expression  into  the  previous  expression  for  the 
change  in  reference-surface  torsion  yields 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


2k°2  = 2x°2csce12  - (x°,  + xl)cot0'2  + y1-y1 


12  * 21 
o 


e12csc012  - e^cote^  e22cot012  - e12csc012 


rn 


22 


12 


(q>1  + (p2COS012)  +cp2  - -L  (cp2  + cp.COSOj  + q) 

v 7 r21  v 


+ (<P,  + cp2COS012)  - (cp2  + <P,COS012)  + 0(e\  E4) 


A2a?2 


• These  equations  for  the  changes  in  reference-surface  curvatures  and 
torsions  correspond  to  a “small”  strain  and  “moderate”  rotation  theory, 
like  that  of  Pietraszkiewicz,  that  includes  nonlinear  bending  action 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• For  orthogonal  reference-surface  Gaussian  coordinates, 


J+0K  e<) 
} + 0(e3,  e4) 

0(q\  c4) 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• Further  simplifications  to  the  changes  in  reference-surface  curvatures 
and  torsion  are  obtained  by  examining  the  terms: 

cp2sine12  a<p  . ° 

• — x -zz-  appearing  in 

" 1 


q^SinG^  6q) 

A2  W2 


appearing  in  k 


22 


(<Pi  + ep2COS012|  J 


• In  particular,  these  simplifications  are  facilitated  by  considering  the 
requirement  for  a single-valued  reference-surface  displacement  vector 
field;  that  is 


a / 

at n 

a 

1 au ' 

UlJ 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


By  using 

-4 

1 dU  /s  /\  /\  i ull  /s  /s  /\ 

» = An  ^ A12  ^2  A13  ^ and  . Tz-  = A21  + A22  a2  + A23  n 

A 1 Ot^i  A 2 0^2 

and  the  general  expressiond  for  the  derivatives  of  the  unit-magnitude 

d ( du)  a du 

base  vector  fields,  gives  the  following  three  scalar 

d§2  V 0^2 

equations 


1 aA„ 
A 2 d£j2 


i aA91  a,.  aA,  A--  aA,  i / \ 

1 ^ ^ ^ ^ ^ + — A12csc012  + K coteJ 
A,  a^  A1A2a?1  A,A2a^  p~v  12i 


+ A, 


i cote, 


A13csc912  _ j 
^21 


L(A21COt012 
11  v 


+ A22csc012 


A | csc012cot012  acos012  , A I esc  e12  acos012 

+ All  A ^ + A22|  a ^ 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


1 


aA 


22 


i aA12  _ a12  aA1 


a22  aA 


An  a^  A2  a^2  a^2  ag2  a^2  ai= 


1 Mil  v 


CSC012  + A22cot012 


+ A 


13 


1 COt0 


12 


V **22 


+ A 


CSC0 


12 


23 


21 


12 


r(A" 
>22  V 


CSC012  + A12cot012 


( 


+ A 


22 


cscO^cotO,,  acos0, 


1 


aA 


13 


aA 


23 


_ 23 


A12  A21 

+ — + K 


22 


I'll 


At  ^i  J 

r“ni 

( A 2 a^2 

aA2  a13  aA1 
2 A tA2  a^2 

( sin012  _ cos012] 

+ A 22 

sin012  cos012 

CM 

CM 

h 

T— 

CM 

^ 1*12  1*11  J 

'12 


Recall  that  in  these  expressions, 

A„  = e°u  csc2012  - (e°2  csc012  + tpjcote 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


= (e°2  CSC012  + cp  - cot012)csc012 

a13  = - (<Pi  + <p2  cos012) 

A2i  = (e°2  CSC012  - cp  - e22  cot012)csc012 
A22  = e22csc2012  - (e°2  CSC012  - <p)cot012 
A23  = — |cp1  COS012  + cp2) 

• Thus,  derivatives  of  cp  appear  only  in  the  left-hand-side  of  the  first  two 
scalar  equations 

• Specifically, 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


1 dAii 

A 2 


1 dA22 
A!  a^ 


1 aA21  csc012  aq)  cot012  aq) 

A!  a^  A1  a^  A 2 a^2 


1 


qs  acsc012 
At  a^T  A2a^2 
q)  acot012 

A 2 


e°T  csc012  - e°2  cot012  csc012 


e°2  csc012  - e22  cot012  csc012 


A,a^ 


*1  aA12  cot012  aq)  csc012  aq) 

a;ii7  " At  Wi  ~ a2  w2 


q)  acot012  -i  a 

+ a;^it  + a^i; 

qj  acsc012 
A 2 a^2  A2a^2 


(e22csc0i2  - ei2cot012]csc0 

1 d 


12 


e°2  csc012  - eTiCOt012  csc012 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


Thus,  it  follows  that  multiplying  the  first  two  scalar  equations  by  qpa  and 
using  the  general  expressions  for  the  geodesic  curvatures 


and 


yields 


9„ 


CSCO-,2  dq)  COt012  dq) 


A,  31, 


~ <Pa(<Pi  COS012  + q)2 


1 COt0 


\ 


12 


^r1. 


q>4«Pi  + <p2  cose 


12 


CSC0 


12  J 

l _ o 


A, 


^®12 /x  d622 


_ CSC012 — COt012 

all  aii 


CSC0 


12 


) 


12 


<P„ 


21 


aen 


CSC012  - 


de 


12 


cote 


12 


csc012  + E4) 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


and 

COt012  dq)  CSC012  dq) 


9C 


a,  ai, 


A 2 d'g. 


- «p„(<Pi  + <p2  cose 


12 


1 

COt012 

/ 

9a 

k **22 

r21  j 

A 

Mi  V 

de 


22 


*ll 


CSC012  - 


de 


12 


aii 


cote 


12 


CSC0 


12 


CSC012  q)a 


/ \ wOwO-io 

- •p„(‘Pi  cose12  + cp2)  p — + 


12  A 2 


csce12  - . COtO 


a|s 


12 


CSC012  + e4) 


• Next,  these  two  equations  are  solved  for 


9a  ^9 
A1  3§i 


and 


9g  ^9 
A2a^2 


to  get 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


cp  dec  I 

JTW  = ^“v qPl  + 92  cos0 


1 COt012 

— + 

1*21  1*22  J 


CSC0 


j \ udui 

cpa  (Pi  COS012  + <p2  — — 
v / ■ 11 


12 


+ cp 


f 

a 


a,  ai. 


1 

A 2 dl2 


\ 

csc012  + Q 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


Using  these  expressions  and  the  identity 
gives 


1 1 

1 1 \ 

+ = COt0i2 

- 

r r 

1 12  1 21 

lr-i  r»; 

^11  = 5Cii  r ( ® iiCOt012  — ei2CSC012)  ~ ^2 

I 12  V ) I 11 


1 de 


12 


1 deV 


A1  A2  a^2 
- 27“ (<Pi  + <P2cos2012  + 2(p2  + 29i92cos0i2)  + 0(q,  e4) 


o 

k°22  = xL  + ;r-(e°2csc012  - e22cot012)  - ^ - 

I 21  V J I 22 


<Pi 


1 de12  1 de 


o A 
22 


a2  a^2  Ai  a^i 


i 


2r 


22 


COS  2012  + 92  + 292  + 29i92COS0 


12 


0(e3,  e4) 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


2K°2  = 2x°2csc012  - (x°,  + Xl)c°t0i2  - 


e°2csc012  - e^cotO^ 


11 


®11  _ ®22  _j_  ^22^Q^12  Gi2CSC9-|2  ^ 2 

1*12  r21  " ^ 


22 


1 1 


V 1*12  **21 


[ rfi  poqA  X m 1 

(PiSin012  ( 

1 5©  22  1 5©  12  ^ 

^CP1UU5,D12  + T2  j 

r22 

A,  a ^ A2  a^2 ) 

Uol/U |2 

[ m x m POQ R 1 

cp2sin012 

1 ae12  1 ae„  ^ 

pcpfl 

^i  + q;2uus>D12  j 

rn 

^ A1  a^  A2  a£j2  y 

UOV/U-12 

0(e3,  e4) 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 

• For  orthogonal  reference-surface  Gaussian  coordinates,  these 
expressions  reduce  to 


K,,  = Xi. 


1 de°2 
A,  a§, 


1 ae; 

A2  t 


j-(cpj  - cp2  + 2cp2)  + 0(e3,  E4) 


o 


1 ae?2 
A2  d%2 


1 ae22 

a7^|7, 


2p-(<P2  - <p?  + 2<p2)  + 0(e3,  c4) 

22  V 7 


2K°2  = 2/°2  - (e«  + 


+ <Pi 


1 ae°2 

1 ae*] 

+ <p2 

1 de°2 

1 ae22 

[a,  a|, 

A2  d^2  J 

a2  a^2 

A,  3£,  J 

+ 0(e3,e4) 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• Let  l denote  the  maximum  value  of  the  shell  thickness  h(£„  £2)  , and  let 
TR  denote  the  smallest  magnitude  of  the  reference-surface  curvatures 
and  torsions  raP(^,  £2) 


• Similarly,  let  t denote  the  smallest  wavelength  of  the  deformation 
pattern  exhibited  by  the  shell  reference  surface,  as  illustrated  below 


Deformed 

Oil  AA 


Deformed  cylindrical-shell 
reference  surface 
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Cross-sectional  view 


“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• Recalling  that  the  purpose  of  a shell  theory  is  to  circumvent  the  use  of 
three-dimensional  elasticity  theory  for  curved  structures  with  one 
characteristic  dimension  significantly  smaller  than  the  other  two,  it 


follows  that  for  practical  applications  of  shell  theory, 


A 


< 1 


Next,  noting  that  the  changes  in  reference-surface  curvatures  and 
torsions  only  contribute  to  the  shell  strains  at  points  off  the  reference 


surface,  it  is  seen  that  terms  such  as 


<Pa<PP  <Pa<P 


associated  with  contributions  of  O 


YP 


<P 

r 


, and 


'op 


YP 


YP 


are 


to  the  shell  strains 


• In  addition,  legitimate  applications  of  most  practical  shell  theories 
presume  the  smallest  wavelength  of  the  deformation  pattern  exhibited 
by  the  reference  surface  is  large  compared  to  the  maximum  shell 

thickness;  that  is,  j«  1 
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The  requirement  <<  1 implies  that 


gradients  are  at  most  second-order  terms 


« 1 ; that  is,  the  strain 


• Thus,  all  nonlinear  terms  appearing  in  the  changes  in  reference-surface 
curvatures  and  torsions  are  associated  with  third-order  contributions  to 
the  shell  strains  and  can  be  neglected  for  the  case  of  “small”  strains 
and  “moderate”  rotations 


• Enforcing  these  conditions  yields 


?3K°,  = ?3 

X.i  + r 

1 12 

e^cotO^  - e°2csc012 

o 

-r” 
1 11 

+ 0 

V 

[f] 

[el 

2 \ 
2 6 3 a 1 

, e *,e , e4j 

?3K°2  = ?3 

X*  + r 

1 21 

e°2csc012  - e22cot012 

eL 

1 22 

* 0 

V 

[el 

, 0%e\  e4) 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


2'§3K  = £; 


2X:2csce12  - (xJ,  + xL)cote12  - e‘«csce12  - e^cote 

1 11 


12 


• It  is  important  to  point  out  that  the  linear  terms  involving  e°p  are  also 

third-order  terms  and  can  also  be  neglected;  however,  because  these 
terms  are  linear  they  are  often  retained  in  “moderate”  rotation  shell 
theories 

• Thus,  two  common  sets  of  strains  that  are  based  on  “small”  strains  and 
“moderate”  rotations  appear  in  the  literature  that  are  referred  to  herein 
as  the  Equations  of  Pietraszkiewicz  and  Sanders’  Equations 

• These  equations  are  listed  subsequently 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 

CONTINUED 


• Finally,  the  general  form  of  the  displacement-vector  field  for  points  of 
the  shell  is  given  by 

0 = u + £3($  - n)  + F^lYi  + f2(^)yI  *2  + ^(e4) 

• Substituting  the  expressions  for  the  convected  basis,  for  “small” 
strains  and  “moderate”  rotations,  into  the  previous  expression  and 
simplifying  yields 


® Next,  U — li  g 1 + U2g2  + U3g3  9 g1  jx-!-!  a-!  + ji12  a2  9 g2  — ji21  + ji22  a2  9 

u = + u2a2  + wn  , and  * = *^1  + *2a2  + *3n  ; with 
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“SMALL”  STRAINS  AND  “MODERATE”  ROTATIONS 
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#r1  = cpi  - cp(cp2  + cp!  COS012)CSC012  + 0[tf,  £4) 
#r2  = <P2  + <p(<Pi  + <P2  COS012)CSC012  + 0(O3,  e4) 


«3  = 1 - ^(<Pi  + <P2)  - cpl(p2COS012  + £4) 


where 


u°  = u,  + i3 

«Pi  - q)(cp2  + cpi  COS012)CSC012 

+ F,(is)Y°  + 0(&e2,  e3,  e4) 

U2  — U2  + ^3 

q)2  + q)|q)-|  + q)2  COS012JcsC012 

+ F2(^3)y°  + ^(0£2,  03,  £4) 

U°  = W - l(cp?  + cp2)  + cp^COSO^  + 0(Oe2,  03,  £4) 


are  used  to  get 


y _ ^22Ui  ~ t*2iU2  u = ^iU2  and  U3  = U° 


|X-|-||A'22  J-A<i  2 J-^21 
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EQUATIONS  OF  PIETRASZKIEWICZ 


• The  “small”  strain  and  “moderate”  rotation  equations  of 
Pietraszkiewicz  are  given  by 


° O 1| 

£11  = 611  + ^1 

(<Pi  + cp2  COS012] 

2 

| + lq)2  + cple^cot©^  + e°2csc012J 

° O 1 j 

£22  “ e22  + 2^1 

(<P2  + «Pi  COS012) 

| + iqp2  + (f)(e°2cot012  - e°2csc012) 

2e12  — 2e12  + + <p2  COS012)(q)2  + cp-|  COS012) 

+ (p2cos012  + q)(e22  - e^jcscO^ 


0 0 “I  , 

Kn  =Xn  + r 1 

1 12 

Je^cotO^  - e°2csc012j 

0 

1 ®n 

’ i’ll 

0 0 “I  , 

K 22  = X22  + ' 1 
1 21 

(e°2csc012  - e22cot012J 

!~ 
■ 22 
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EQUATIONS  OF  PIETRASZKIEWICZ 

CONCLUDED 


2k12  = 


2%12CSC0,2  - (x“,  + X22)COt012  + ® 

e°2csc012  - e^cotO^ 


22 


12  1 21 

e22cot012  - e°2csc0 


12 


ri1 


22 


For  orthogonal  reference-surface  Gaussian  coordinates,  the  equations 
reduce  to 

o 1/2  2 r\  ° \ „°  o 1/2  2 O \ 

- ®n  2\*Pi  *P  2e12cpj  B22  — ©22  2(^2  *P  — 2e12q)j 

2^12  — 2e12  + (pi(p2  ^P^ ® 22  — ®n ) 
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SANDERS’  EQUATIONS 


• The  “small”  strain  and  “moderately  small”  rotation  equations  of 
Sanders  are  given  by 

£°!  = + ^(<Pi  + <p2  cose12)  + lep2  e°22  = e22  + l(cp2  + cp,  cos012)  + 


2e°2  = 2e°2  + | 

[cp,  + cp2  COS012) 

(cp2  + cp,  COS012] 

| + cp2COS012 

K- = = + <P,COS01^ 


q^sin©,,,  cp 


'22 


21 


2K12  = 2X;  = 


1 dcp,  COS012dcp2  COSO^dq),  1 dtp. 


A2a?2 


A,  ag,  A,  ag, 


q)i  q)2 


sin012  - cp 


1 1 


V Mil 


'22  / 


vfn 


CSC0 


22  ) 


12 
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SANDERS’  EQUATIONS 

CONCLUDED 


• For  orthogonal  reference-surface  Gaussian  coordinates,  the  equations 
reduce  to 


° O 1/2  2 \ 

Ell  = eH  + 2(<Pl  +<P  ) 

° O 1/2  2 \ 

E22  = e 22  + 2(<P'2  + <P  ) 

2£i2  — 2e12  + q>i<p2 

° _ ° 1 dqpi  <p2  <p 

11  Pii  r12 


o o 1 dcp.  © 

22  X22  A2d^2  P22  r12 


_ ° _ o 1 aq)1 

2K, 2 = 2Xl?  = ^ + 


1 dtp. 


A, 


<Pi  tp2 


'11 


- q) 


'22  / 


1 1 


irH 


22 
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resume'  of  equations  for  linearized 

STRAINS  AND  ROTATIONS  - 
GENERAL  GAUSSIAN  COORDINATES 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 


• For  the  classical  case  of  completely  linearized  deformation,  the 

magnitude  of  the  linear  rotation  and  strain  parameters  are  presumed  to 
be  the  same  order  as  the  membrane  strains 


• The  Green-Lagrange  shell  strains 


are  given  by 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 
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where 


A A 

” l”  2 


. 13  cote12 

1 + + 


ii 


12 


\2 

+ 

' is  csce12 ' 

2 

2 

I 

l ri2  J 

1 

) 

1 + 


§3  is  cote 


12 


22 


^3  CSC0 


12 


21  J 


\ 1 21 


r„  = f,(§.) 


i + 


l3COt0 


12 


11 


12 


1 d (y°cos012)  - 


- F2(i,)f 
1 12 


( . °\ 

csc012  2 

A,  01, 


+ F.d.) 


Y°sin012 
Is  'l  1 °Yi  Is  Y- 


1 + 


/ A1  r12 


+ <9(e4) 


r22  = Fs(is) 


1 + 


Is  |3COt012 


22 


21 


1 d 

A 2 -)|: 


(y°cos012) 


y°sin0 


12 


22 


+ F,(|,)f 
1 21 


( , o\ 

csc012  ^Yi 

a2  W2 


+ f2(i.) 


/1  + l3'liaY2  Is  Y. 


22 


A 2 d\, 


21  P 


+ <5(e4) 


22 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


2r12  = f,(i,) 


i + 


|3COt0 


12 


11 


12  J 


1 »Y, 
A2ai2 


i + 


|3COt0 


12 


+ F,(S.) 


+ F2(l3) 


1 + 


|3cot0 


12 


22  1 21  ) 

1 cos012  &Y°  Y°sin0-^ 


22 


21 


1 <yh 


V 


Ai  d?i 


Pii 


J 


1 + 


^3cote 


12 


11 


12 


cos012  dyl  Y°sin0>2 


22 


+ F,(i,) 


is 

cscO^^Yi  1 

is 

/ 

csc012  a ( 

Y°cos0,2 

o ^ 

i Y- 

r21  ' 

A,  a%j 

1-12 

A 2 a^2 
V 

P22  j 

+ F2(|s) 


21 


csc012  a 

A,  Wi 


(Y2cos012)  - 


o \ 

li 

Pii 


12 


csc012  dy 

A 2 a§2 


O \ 


+ 0(e4) 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


Y°  = csc2e12(2e°3  - 2e°3cose12)  y°  = csc2e,2(2£°3  - 2£°3cose12) 

where  it  is  noted  that  2c°3  and  2e°3  are  fundamental  unknowns  and 
the  geodesic  curvatures  are  given  by 


[A2  COS012]  - 


csc61 


[A,  cos012]  - 


• The  transverse  shearing  strains  are  given  by 


2£  H’  = 

tl3  A, 

[f/(§,)+p’(§,)1 
■ 11 

0 

+ 

(f2'(i3)  + p;(§,)' 

rn  j 

|cos0,2-P^’)sin0'2l 

i r12 

0 CM 

2£  = 

23  A 

2 

[F2'(?1)+P2(i,)l 
■ 22 

Y2  + 

F,'(i.)  + 

V *22  / 

p,(i,)  sin012 
COS012  + 

X 

1 21 

o 

Yi 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 

where  Pi(£>)  = ^F/fe)  - f^)  and  P2fe)  = ^3f2'(^3)  - f2(i3) 


The  reference-surface  membrane  strains  are  given  by 


o 1 d , 

S'  — 1 

[u,  + U2COS012 

u2sin012  w 

| _ + 

11  A ,35,' 

Pii  ‘ 

o 1 d 

S'  — 

u2  + u^os©^ 

l ) 

u.sin©^  w 

22  A 2 r>'§2 

CM 

CM 

h 

CM 

CM 

Q. 

h 

_ o 1 dU.,  1 dU2  1 dU.,  1 dU2\ 

2b  = - — — + - — — + - — — + - — — cos012 
A2a^2  ^A^^  A 2d%2) 

I U,  Uo \ . I 1 1 \ I 1 1 


U<  u2  . 

— sin012  + w 

Pll  P22  j 


1 + — Icos012  + w 


I’ll 


22 


V 1 21 


sin0 


12/ 


12 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 

• The  reference-surface  bending  and  twisting  strains  are  given  by 


K1t  = Xn 


e„  e^cote^  - e12csc812 

— + 

r r 

1 11  1 12 


k22  = x 


o 

22 


'22 


22 


E12CSC012  - E22COt0i: 


21 


where 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


° 1 dr  \ (p2sin012  q) 

+ <P2COS0'2) p7 ^ 


5^ = + <p'cose^ 


q^sinO^  cp 


'22 


21 


2X°2  = 


1 3q)1  COS0i2  dq)2  COS012  6cp1  1 dq)2 


A2ags 


a?5 


A,  agt  A,  a^ 


<Pi  <p2 


sin012  - q) 


1 1 


'22 


vrn 


CSC0 


12 


22 


• It  is  worth  noting  that  no  shell  thinness  approximations  have  been 
made  to  obtain  these  equations,  and  the  bending-torsion  strain 

parameters  defined  by  X°i  , X22 , and  X°2  are  identical  to  those  of  the 

Sanders-Koiter  “best”  first  approximation  thin-shell  theory,  which 
vanish  under  the  action  of  rigid-body  rotations,  in  addition  to  the  linear 
membrane  strains 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 

• The  linear  rotation  parameters  are  given  by 


<P1  = 

ru1  1 aw1 

CSC2012  - U , 

f 1 _ COtH,2  1 

COt012  + 

r cot012  aw  uJ 

_i_ 

CSC012 

[rii  A,aiJ 

CM 

CM 

h 

T— 

CM 

v A 2 ag2  r21  j 

<p2  = 

u2  1 aw1 

csc2012  + u2 

1 COt012l 

COt012  + 

( cot012  aw  Ui 

CSC012 

(r22  A2a?2J 

ir12  I'll  J 

^ A1  r12j 

2qp  = 


1 au1  1 au. 


A,  dg,  A2d& 


Icot012  + 


1 au2  1 au1 


A,  agt  A2a^2 


Icsc012  + 


u,  . U2 


'11 


'22 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONTINUED 


• The  components  of  the  displacement  vector  field 
0 = U1g1  + U2g2  + U3g3  are  given  by 


0 0 1 1 1 1 

_ ^Ul  ~ M*21  U 2 y _ H"I1^2  ~ M-12^1  y3  = 

\lU\l22  M^I  2^*21  "|  |^22  M"12M"21 


U°  - u + £ <p  + Fl(|s)  1 

2e°3  - 2e°3cos012) 

U 1 — U 1 T C3ip-|  T 2 | 

sin  e12 

y°  - u + p w + Fz^3)  1 

- 2s°3cos012) 

2 — U2  +■  S3'r2  + 2 | 

sin  012 

and 


0 

3 ; where 
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LINEAR  EQUATIONS  FOR  GENERAL  COORDINATES 

CONCLUDED 


721 


resume'  of  equations  for  linearized 

STRAINS  AND  ROTATIONS  - 
ORTHOGONAL  GAUSSIAN  COORDINATES 
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LINEAR  EQUATIONS  FOR  ORTHOGONAL 

COORDINATES 


• For  orthogonal  reference-surface  Gaussian  coordinates,  the  Green- 
Lagrange  shell  strains  {£„»  £22>  2^^  2 2£23}  are  given  by 
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LINEAR  EQUATIONS  FOR  ORTHOGONAL 
COORDINATES  - CONTINUED 
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LINEAR  EQUATIONS  FOR  ORTHOGONAL 
COORDINATES  - CONTINUED 


where 


and  where  it  is  noted  that  2e°3  and  2e°3  are  fundamental  unknowns 
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LINEAR  EQUATIONS  FOR  ORTHOGONAL 
COORDINATES  - CONTINUED 


• The  transverse  shearing  strains  are  given  by 


2e  H'  = 

fcl3  A, 

F/(i.) 

f 1 + ) 

l rnj 

f,(i.) 

I'll 

1 

CO 

O 1- 

w 

CM 

^3F2f(^)  ~ F2(^3) 
1*12 

O 

28 

°23 

2e  H»  = 

°23  A 

"2 

f 1 + ] 

V **22  j 

f2(i.) ' 
1*22 

o 

2p  - 

°23 

1*12 

o 

28 

°13 

• The  reference-surface  membrane  strains  are  given  by 

o _ 1 au,  u2  w ° _ 1 au2  u,  w 

e"  “ a7 a|7  _ p7  + Ez2  “ + P v + 

0^°  _ 1 5U1  . 1 dU2  , U1  u 2 2w 

£'2  - + + p7  _ _ "i^T 
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LINEAR  EQUATIONS  FOR  ORTHOGONAL 
COORDINATES  - CONTINUED 


The  reference-surface  bending  and  twisting  strains  are  given  by 


0 ° _ 1 a<Pl  1 *P2  <Pl  ^2 

f1  - 1 ) 

a24  A,a^  p„  p22  ,p 

k ^11  ^*22  j 

u.  u. 


1 dw 


The  linear  rotation  parameters  are  given  by  = 1 — - - 

'll  ri2  Al"Sl 


u,  u2 

qp2  = + — 

r i p y 

■ 12  1 22 


1 aw  ^ 1 au2 

, and  2cp  = 


1 au1  u1 


u. 


A2d^ 


A,a^  a2  a^2 


mi 


'22 
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LINEAR  EQUATIONS  FOR  ORTHOGONAL 
COORDINATES  - CONCLUDED 


The  components  of  the  displacement  vector  u = 11,43,  + u2g2  + u3g: 
given  by 


U,  _ l^U,  ~ y2  _ EnU2  j and  U3  = U° ; 


where 


11^22  12^*21 


!^1 1 1^22  M"12M"21 


U-,  — U-,  + ^3<P-|  + 2£13  F.d.) 

U2  — U2  + ^3<P2  2^23  ^2(^3) 

C 

w 0 

II 

$ 

are 
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SPECIAL  CASES  OF  THE 
LINEARIZED  SHELL  STRAINS 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 


• The  linearized  shell-strain  equations  presented  herein  contain  several 
special  cases  of  historical  interest  as  proper  subsets 

• First,  consider  the  specialization  of  the  shell  strains  for  Gaussian 
reference-surface  coordinates  that  are  principal-curvature 
coordinates 

• For  this  case;  r„ r,  , r22^R2,and  r12  = - r21  qq 

• R1  and  R2  are  the  principal  values  of  r„  and  r22,  respectively 

• In  addition,  the  Gaussian  coordinates  of  the  reference  surface  are 
orthogonal ; that  is,  012  = f| 

• The  linear  rotations  reduce  to 


i aw 

_ _ U2 

i aw 

i“  CM 
II 
8- 

[ i au2 

1 aui  + u,  + u2  \ 

91  R, 

A, 

CM 

CC 

1 

CM 

> 

A2at=2 

A 2 0^2  Pll  P22  J 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 

where  the  geodesic  curvatures  are  given  by 


1 1 dA, 

and 

1 _ 1 dA2 

P11  ^1^2  ^2 

P22  ^1^2  ^1 

• Likewise,  the  linear  membrane  strains  reduce  to 


0 _ 1 U2  w 

0 _ 1 au2  u1  w 

11  a,  as,  Pl1  R, 

22  A2as2  p22  R2 

2 ° _ 1 dyi  1 dU2 

12  A2d-%2  A,  a?,  Pll  p22 


• The  linear-deformation  parameters  Xu  , X22 , and  X12  are  given  by 

o -|  d(p1  (p2  o -|  a<p2 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 


• In  addition,  the  changes  in  reference-surface  curvatures  and  torsion 

o 

8 

become  K°t  = X°i  - , 

• For  this  special  class  of  Gaussian  reference-surface  coordinates,  the 
normal  strains  in  the  shell  become 


o 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 


• Likewise,  the  shearing  strains  reduce  to 


with 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 


1 

II 

CO 

w 

CM 

1 

2£°3F,'(i,)  + [|3F,'(i,)  - F,(i,)^ 

o 

2E13 

1“r.) 

Ri 

2p  = 

°23 

1 

2eI3F2'(i.)  + [|3F2'(i.)  - F2(§3) 

o 

2e23 

( p 

1 + ^3 

k ^2  j 

r2 

• The  shifters  are  given  in  terms  of  the  Kronecker  Delta  symbol  by 

M"ap  ^ap  J thUS,  Qa  ^a 


• The  components  of  the  displacement  vector  field  for  points  of  the  shell, 
u = + u2a2  + U3h  , are  given  by  u3  = w and 


K 

u,  +^3tp,  + 2£°3  F,(i3) 

U2  = 

I p 

1 + R 

l tt2  / 

^2  "*■  S3*p2  "*■  ^^23^2(^3)| 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 


• By  neglecting  the  transverse  shearing  strains  and  noting  that 


the  strain  equations  of  the  present  study  reduce  exactly  to  the  linear 
strains  attributed  to  Flugge,  Lur’e,  Byrne,  Goldenveizer,  and 
Novozhilov;  as  given  by  Leissa  and  Kraus  in  the  following  references 

Leissa,  A.  W.:  Vibration  of  Shells.  NASA  SP-288, 1973. 

Kraus,  H.:  Thin  Elastic  Sheiis-An  Introduction  to  the  Theoretical 
Foundations  and  the  Analysis  of  Their  Static  and  Dynamic 
Behavior.  John  Wiley  & Sons,  Inc.,  1967. 


+ 5 + ■ + — L 

Ri  V A2  d%2  P22  / R2IAi6^  Pi  1 


1 / 1 aui  _ + _1_I  1 au2  + a. 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 


• It  is  important  to  reiterate  that  no  shell  thinness  approximations  have 
been  made  to  obtain  these  equations 

• In  addition,  the  bending-torsion  strain  parameters  defined  by  x°i > X22 , 

and  X12  are  identical  to  those  of  the  Sanders-Koiter  “best”  first 
approximation  thin-shell  theory 

• These  strain  parameters  vanish  under  the  action  of  rigid-body 
rotations,  in  addition  to  the  linear  membrane  strains 


• Now  consider  the  case  of  a thin  shell,  for  which 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 


Expanding 


( fc  A 

1 + ’3 

- 1 

and 

(1  + M 

, ; 

1 ^2 ) 

into  power  series;  substituting 


the  results  into  the  strain  equations  attributed  to  Flugge,  Lur’e,  Byrne, 

p 

Goldenveizer,  and  Novozhilov;  and  neglecting  products  of  and 

p 

products  of  ^ and  linear  strain  parameters  yields 

K 


o_o  _ / \ 1 \ 

e,,  = E„  + ?3Xn  + F'(§>) “ F^.)-^- 


o o / > 2^4  0 / , ^ d2^ 

822  — £22  + ^3%22  + ^2(^3 J-jj^ 


o 

23 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 


• Similarly,  one  can  obtain 

1 d2e°3  _ 2e^3 

ai  p22 

p o 

where  the  negligible  products  of  ^ and  £12  have  been  retained 


2£12  = 2£„  + i 


o 

12 


_ 0 0 

M_  1 \ 

2Xi2  + 

v R1  R2  j 

+ F^) 


1 d2z 

A 2 dZr 


o 

13 


2e 


13 


Pll 


+ F2(£) 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 


• When  the  transverse  shearing  strains  are  neglected  in  these  equations, 
they  reduce  to  the  linear  strains  attributed  to  Love  and  Timoshenko  in 
NASA  S P-288 

• It  is  important  to  note  that  these  strains  also  vanish  for  rigid-body 
motions 


CONTINUED 


• Furthermore,  the  transverse  shearing  strains  reduce  to 


2e,3  = 2£;3F/(i,)  + [i.F/d.)  - F.fs.)]-^  and 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONTINUED 


P o 

• If  the  products  of  ^ and  e12  are  neglected  in 


such  that  2e12  = 2e°2  + ^3[2x°2] 


then  the  Love-Timoshenko  strains  reduce  to  those  given  by  Sanders  in 

Sanders,  J.  L. : An  Improved  First  Approximation  Theory  for  Thin 
Shells.  NASATRR-24, 1959 


• Another  well-known  derivation  of  first-approximation,  thin-shell  strains, 
based  on  the  work  of  A.  E.  H.  Love,  was  given  by  E.  Reissner  in 

Reissner,  E.:  A New  Derivation  of  the  Equations  for  the  Deformation 
of  Elastic  Shells.  American  Journal  of  Mathematics,  vol.  63, 1941, 
pp.  177-184 
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SPECIAL  CASES  OF  THE  LINEARIZED  SHELL  STRAINS 

CONCLUDED 


• It  is  important  to  point  out  that  in  Reissner’s  derivation,  the  strains  are 
identical  to  the  Love-Timoshenko  strains  except  for  2e12 


• More  specifically,  in  Reissner’s  derivation,  the  quantity 


Xl2  + 


appearing  in 


2e12  = 2e°2  + 


0 

1 1 

p 

+ 

°12 

l Ri  R2J 

is  replaced  with 


X°2  + <P 

f1 

_ 1 dcp2  cp,  1 dtp,  <p2 

[r7  R2j 

^1  Pn  ^2  ^2  P22 

which  does  not  vanish  for  rigid-body  motions,  but  is  adequate  for  many 
practical  applications 
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STRAINS  FOR  SHELLS  WITH  “SMALL”  INITIAL 
GEOMETRIC  IMPERFECTIONS 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 

IMPERFECTIONS 

• Over  the  past  several  decades,  many  studies  have  been  conducted  that 
show  relatively  small  geometric  deviations  from  the  idealized  geometry 
of  a thin-walled  shell  can  produce  rather  significant  changes  in  the 
structural  behavior,  compared  to  that  of  the  corresponding  idealized 
shell 

• Thus,  accounting  for  relatively  small  geometric  deviations  in  the 
kinematic  equations  is  important,  particularly  when  buckling  must 
be  addressed 

• Following  the  present  custom,  relatively  “small”  geometric  deviations 
from  the  idealized  geometry  of  a thin-walled  shell  are  referred  to  herein 
as  “small”  initial  geometric  imperfections 

• In  general,  the  geometry  of  an  imperfect  shell  is  characterized  by  a set 

of  properties  |a  u A2,  0125  r i -| , r12,  r21,  r22,  Pi 1 5 p22}  that  are  slightly 
different  from  those  of  the  corresponding  idealized,  perfect  shell 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• Once  these  geometric  quantities  are  known,  the  shell  strains  can  be 
obtained  from  the  strain  equations  presented  herein 


• Typically,  the  exact  expressions  for  { A u A2j  0125  r115  r12,  r21,  r22,  Pii,  P22J 

are  very  complicated  for  imperfect  shells  and  involve  the  use  of  Fourier 
series  to  represent  the  deviation  from  an  idealized  geometry 

• Moreover,  design  engineers  are  interested  in  establishing  behavioral 
trends  that  are  based  on  idealized  geometries 

• Thus,  a simpler  approach  is  used  in  the  present  study  to  account  for 
“small”  initial  geometric  imperfections  that  follows  the  approach 
presented  by  Donnell  on  p.  349  of  the  book: 

Donnell,  L.  H.:  Beams,  Plates,  and  Shells.  McGraw-Hill  Book  Co., 
1976. 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• In  particular,  the  effects  of  initial  geometric  imperfections  are  modeled 
by  representing  the  deviations  from  a given  idealized  geometry  by  a 

normal  displacement  field  w,^,,  £2) 

• That  is,  the  normal  displacement  field  of  the  shell  reference  surface  is 
represented  by  the  sum  of  a component  w,(£1f  £2)  associated  with  the 

strain-free  unloaded  state  and  a corresponding  component  w(s„  t) 

that  is  produced  by  applied  mechanical  and  thermal  loads  and  by 
applied  displacements 

• The  total  “normal  displacement”  from  the  geometrically  perfect 
shell  reference  surface  is  given  by  w,(^1,  |2)  + w(£1f  t) 

• Next  w,(i1l  %2)  + w(i„  e)  is  substituted  for  w(|„  %2,  t ) in  the  strain 

equations,  and  ua(^,  £2,  t)  and  w(|„  %2,  t]  are  set  equal  to  zero, 
consistent  with  setting  the  applied  loads  and  displacements  to  zero 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• This  step  yields  residual  strains  associated  with  the  initial 
imperfections  that  must  be  removed  to  obtain  an  unloaded-shell  state 

• Thus,  strain  expressions  that  include  the  effects  of  initial  geometric 
imperfections  are  obtained  by  taking  the  strains  obtained  by  replacing 

w(^,  £2,  t]  with  w,(i1f  |2)  + w(s„  t)  and  then  subtracting  the 
corresponding  “no-load”  residual  strains 

• With  the  strains  for  geometrically  imperfect  shells  known,  the  geometric 

parameters  *115  *12,  *21,  *22,  pu,  p22|  that  define  the 

deformed-shell  reference  surface  in  terms  of  the  strains  are  also  known 

• Moreover,  the  imperfect-shell  strains  must  satisfy  the  compatibility 
equations  presented  herein  previously 

• Details  of  this  approach  are  presented  subsequently  for  shells  that 
undergo  “small  strains”  and  “finite  rotations” 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• By  observing  that  the  strain  fields  for  the  shell  depend  on  the  strain 
fields  for  the  idealized  reference  surface,  it  follows  that  the  influence  of 
the  initial  geometric  imperfections  enters  into  the  analysis  through  the 
reference-surface  strains 

• Consider  the  reference-surface  strains  for  a geometrically  perfect  shell 
undergoing  “small  strains”  and  “finite  rotations”  that  are  given  by 


£11  — A11  + A12  COS012  + 2 1 

|aii  + 2A11A12  COS012  + A12  + A13 j + ) 

£22  ” ^21  COS012  + A22  + 2 1 

|a21  + 2A21A22  COS012  + A22  + A23j  + 0(e4) 

2£°2  = A12  + A21  + (A„  + A22)cos012 

+ A^A^  + A12A22  + A13A23  + ^A^A^  + A12A21  jcos012  + #(e4) 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


where 


A„  = e°u  csc2012  - (e°2  csc812  + cp)cot012 
A12  = (e°2  csc012  + cp  - e°u  cot012)csc012 
A13  = - (<Pi  + <P2  COS012) 


a2,  = (e°2  CSC012  - 

A 

- cp  - e22  cot012 

)csc012 

A22  = e22csc012  - | 

e°2  csc012  - cp) 

COt012 

A23  = - (<Pi  COS012  + cp2) 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 

• These  equations  show  that  the  reference-surface  strains  are  quadratic 
in  the  following  terms 


(Pi  = 

f u,  1 aw1 

csc2012  - u. 

f 1 _ COt0,2  1 

COt012  + 

r cot012  aw  uJ 

_i_ 

CSC012 

lrn  A,a^,J 

CM 

CM 

h 

T— 

CM 

v A 2 ag2  r21  j 

(p2  = 

u2  1 aw^ 

csc2012  + u2 

1 COt012l 

COt012  + 

( cot012  aw  u/ 

CSC012 

(r22  A2a^2J 

[r12  ru  j 

^ A1  d^1  r12  ^ 

1 au, 

A,  a'§, 


1 au2 

A 2 a'§2 ; 


cot0,2  + 


1 au2 

A,  a'§, 


i au, 

A 2 a'§2 


Icsc0,2  + 


o i a , 

A — 1 

Ju1  + U2COS012 

u2sin012  w 

1 __  + 

11 " A.aiJ 

! Pn  ‘ ru 

o 1 a 

p — ] 

u2  + l^cos©^ 

UnSin©^  w 

22“A2a^ 

CM 

CM 

h 

CM 

CM 

a 

h 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


_ O 1 dUn  1 ^Uo 

^C12  “ 


A2dh>2  A1 


U1 


u 


|sin012  + w 


mi 


'22 


1 au1 


1 1 
+ — 


vrn 


22 


1 au2) 

COS012 

A 2 J 

COS012 

+ w 

1 

k **21 

sin0 


12 


12/ 


• By  substituting  w w + in  the  previous  equations,  it  follows  that  a 

given  equation  is  converted  into  itself  plus  an  increment  associated 
with  the  initial  geometric  imperfection 


• For  example  substituting  w ^ w + into  the  previous  equation 


for  produces  plus  the  term 


i CSC012COt012  dWj 

m — 

csc2012 

awj 

a2  a^2 

A, 

a?1 

• This  process  is  indicated  by  the  notation  cp1  ->  cp1  + cp1, 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


i csce12cote12  aWj 

csc2012 

aw j 

% A,  31, 

a2 

In  contrast,  the  rotation  cp  remains  unchanged 
In  addition, 


and 


'12 


o w,sinO 

®12  "*■  O 


12 


1 1 
+ 


rn  r 


Icot012  + 


22 


1 1 


V **21 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


i i 

Moreover,  by  using  the  identity  — + — = cote 


ri2  r21 


, it  follows 


that 


A22  — * A22  + Wj 


‘ i cote12  A 


22 


21  / 


Substituting  these  expressions  into  the  reference-surface  strain 


£-11  — A11  + A12  COS012  + g ^ii  ^Aii Ai2  COS012  + A12  + A13 j + ) 


gives 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• When  the  shell  is  not  subjected  to  loads  (u1  = u2  = w = 0),  this  expression 
reduces  to 

Wi  + 1 wi  Y + wi \2  + l 1 dVJ-X 
*"l1  ^ ^11,  k  •  **12  J \ A 1 ^1  J 

• For  the  shell  to  be  strain  free  in  the  unloaded  state,  these  terms  must  be 

subtracted  from  the  strain  expression  given  above 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


This  process  yields  the  strain 


< w w,  I w,sin0.2  1 dw, 

(^11  ^12  COS012)  "I  ~ — A12l  y ^13  "A 

' '\  *uj  l ri2  / A,a§, 

+ 11a',  + 2a11a12  cose12  + a'2  + a'3|  + <9(e4) 


which  is  the  same  as 


O ^ VV:  VV:  / o \ O V 

= e„  1 + — - cot012—  - e12  csc012  + cp  e„cot012  + - 

In  ■ 12  V ' * 


( \ 1 d\N  1/o  \z  1 / o 

— |q)1  + qp2  COS012)  ^ ^ + ^-(enCSCO^)  + 2^[®i2  CSC012  + cp 

2 

+ l(cp1  + cp2  COS012)  +0(e4) 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 

• To  simplify  the  presentation  and  enhance  clarity,  let  the  reference- 
surface  strains  of  a geometrically  perfect  shell  be  denoted  by 

e°,  = e°,  - (e°2  csc612  + cpje^cote^  + l(e°,csc012)2 

2 2 

+ i(e°2  CSC012  + (p)  + ^(cp,  + qp2  cos012)  +<9(e4) 

£22  = ®22 - (®i2  CSC0,2  - tp)©22  cot0,2  + 2^(e22csc012) 

2 2 

+ l(e°2  CSC012  - qj)  + l(cp,  COS012  + qp2)  + 0(e4) 


2e°2  = 2e°2  + 

e^e^cscB^  - q)j  + e°2(e°2  csc012  + tp) 

CSC012 

— 

(e°2  + qpsin0,2)(e°2  - <psin0,2)  + e°,e22 

COt0,2CSC0,2 

+ (qp,  + <p2  COS012  jj  qp,  COS0,2 

+ <p2)  + 

755 


STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


Then,  e„  for  the  corresponding  imperfect  shell  is  given  by 

o _o  =° 

et1  = et1  + eu  , where 


Bn  — en 


w 


rn 


- - cote 


12 


£)-< 


e12  csc012  + 


\ Wj  / \ 

<pL  -(<p, + <p2  cos012 

’ 1 12  V ’ 


1 awj 

a7^I7 


• Likewise,  the  other  two  strains  are  given  by 

e22  = c22  + e22  and  2e°2  = 2e12  + 2e12  9 where 


and 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• Now,  consider  the  previously  derived  expressions  for  the  changes  in 
reference-surface  curvatures  and  torsion,  for  a geometrically  perfect 
shell,  given  by 


K>  j--1+3f1  + eL  + 0(e4) 


'11 


I'll 


_ o 

1 1 

1 

1 1 

0 

1 

0 

CM 

O 

O 

1 

CM 

12  = - 

— 

r ! 

+ — 28,,  + - — £„  + 2£  1 

*12  £21 

^l2 

■21  ) 

■l2V  ' >21  ' ' 

where 


L J 

= (l  + e„]  ** 

+ ( cos012  + e°2  + cp  sin012)  m 

(2) 

/I  \ 

*11 

(1)  V / 

l1/ 

- |q)1  + q;2  COS012)  #»(3) 

(1) 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


— = (l  + a22) 


'22 


(1) 

m 

COS012+  w{2) 

(2) 

(2) 

+ A 


21 


(1> 

m 

, (2) 

, 4 + m 

COS012 

+ A23 

(3) 

tu 

(2) 

(2) 

(2)  _ 

1 


= [**2A13  - 


«.A 


3“12 


m 


<i) 


(i) 


'12 


sin012  + «»3(l  + AnJ  - 


13 


tft 


(2) 


C) 


sine 


12 


+ «*,A12  — 2(  1 + A11)1 


«<3>  (i)  sine 


12 


= **3(  1 + A22)  - A23  ^ 

» L 


1(2) 


Sin012  "t"  fjf,  ^ A 23  #0£g  A21 


(2) 


(2) 


sin0 


12 


21 


+ #»2A21  - + A22)|  w sin012 


with 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


mA  = i Pi  - | 

e°2csc012  + <pj 

H 

(<Pi  COt012 
h ©22csc012| 

1 

+■  qp2CSC012 

j 

r 

qp!  CSC012  - 

h qp2COt012j 

= <P2  - | 

e°2CSC012  - qp) 

H 

|q)1  CSC012 
h e^cscO^I 

+ qp2COt012j 

q?.,  COt012  + qp2CSC012) 

- 2 o o oo  ( ° \*  \ 2„ 

1 + (p  + I 6^  + 622  + ©i-i©22  — 12)  ]CSC  012 


- 2e12cot012csc012 


m 


(i> 


1 dm,  #»2csc012  aei9  csc012  ( „ \ 

— + m2J  + m. 


(1)  A,  d%, 


A,  d 


1 cot0 

+ 


12 


I'll 


12 


m 


(2) 


1 dm  2 CSC0-, 


#»2COt012  00 


W A P 


+ — + «»2COS012J  + — m 


12  _ CSC012 

A,  d%,  r12 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


w 


(1) 


i ^cote,,  a0i2  CSC0 


(2>  a2 


scu12/ 

P22  v 1 


'12  1 *W" 2 | 1 


COS012  + #»0  j + 


(2) 


1 dw2  m,CSCQ,2dQ^2  CSC0 


'12 


<2 


' A2  d\. 


'22 


+ #»2COS012  j 


+ M, 


1 

\ ^ 22 


(3)  _ 1 a<*3 

rsin012  cos012l 

w2 

<2)  A2  a^2  1 

\ **21  **22  J 

Y22 

CSC012 


COt012^ 

r21  j 


761 


STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• Next,  substituting  <p,  -*  <p,  + <pi , <p2  -*  <p2  + <p2 , e°,  -*  e°,  + — , 

fii 

, and 

into  the  components  of  » and  eliminating  terms  that  produce  strains 
in  the  absence  of  applied  loads  yields  m,^**,  + **\  , n2->*t2  + vt2, 
and  ; where 


'12 


e12  + 


W:Sin0 


12 


1 1 


V r21 


12 


m 


= cpi  + (e°2csc012  + cp  )csc012  I 


aw . 


W=  W=COt0 


12 


22 


21 


<Pl 


A2a^2 

WjCSC012 


o 2„  i aw; 
- e22csc  012  — 


A,  a?, 


q)2 


21 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


m. 


= cp'  - (e°2CSC012  - q,)csce12  1 


aws 


A,a^ 


o 2„  i aw, 
- e^csc  012  — 


A2a^2 


w^sce 


12 


cp,  + 


12 


W;  WiCOtB 


12 


I'll 


12 


cp2 


m. 


-( 


e22csc012 


e°2cot012)— csc012  + 


(e?, 


CSC01O  - 


12  e°2cot012)— csc0 


1*22 


12 


/ Wi  W;  A 


I I 


viV. 


e12csc012 


12  / 


<k> 

(k) 

, (k) 

<4t 

. + *i 

<«) 

<«> 

(«> 

for  ke{l,2,3}  and 


a £=  {l,  2}  , where 


W: 


c) 


i «:,csc012 a0i2  Csc0,2/  , , 

— — + tft,  2 J + w 


(1)  A,  a^ 


A,  ag, 


1 cot012 
+ 


rn 


12 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


m. 


(2) 


1 dm 


(i) 


A, 


2 CSC0 
+ - 


^12  / i 

— 

11  V 


+ #»2COS0 


m2COt012  $0 


12 


12 


A, 


~ fft  . 


(3) 

mt 

1 

«i  j 

4. 

sin012 

COS012] 

W"  A, 

^1 

r 2 

1 11 

k ^iz 

r11  J 

m 


0) 


(2>  A2  d \ 


1 dm,  m,  COt012^09  CSC0 

+ 


>CU12/  „ A 

— 1 + #«2 1 + m 

P22  V / 


m 


(2) 


1 dm2  m,C  SC012^0iz  CSC0 


'12 


(2 


' A2  d\. 


'22 


(#»1 


+ #»2COS012  j + m3 


1 

\ f 22 


(3)  _ 1 a<*3 

rsin012  cos012l 

m2 

<2>  A2  o^2  1 

\ 1*21  1*22  J 

X 22 

CSC012 


CSC012 


COt012^ 

r21  j 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• Substituting  these  results,  and  the  corresponding  previously  obtained 
results,  into  the  expression  for  and  eliminating  terms  that  produce 


strains  in  the  absence  of  applied  loads,  yields 


1 

1 

1 

■"*  _ 

+ — 

* 

* «p 

*ap 

• The  expressions  for  — are  very  complicated  nonlinear  functions;  for 


example, 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• The  changes  in  reference-surface  curvatures  and  torsions  are 

o _o  =° 

expressed  as  KaP  = Kap  + Kap  , where  the  single  and  double  overbars 

denote  the  quantity  for  the  geometrically  perfect  and  imperfect  shells, 
respectively 

• In  particular, 


k;i  = -L.1+8,"  + »-  + 0(,4)  K;i=l-ue”  + 38%^(e4) 

**11  i22  ^22 


for  the  geometrically  perfect  shell 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• Moreover,  the  contributions  of  the  initial  geometric  imperfection  to  the 
changes  in  curvatures  and  torsions  are  given  by 


K 


11 


^[1  + _3_' 

**22  ^ 1*11  **22  j 


.O 

" 12 


CM 

H 

H 

1 

f 2 1 ) 

2Wj 

f1  + 2) 

- - r 

ft  ft  1 12 

*12  * 21 

T 

k **11  **22  j 

**21 

k **11  **22  ) 

• Inspection  of  these  equations  for  the  general  case  of  “small  strains” 

and  “finite  rotations”  reveals  that  modelling  the  effects  of  initial 
geometric  imperfections  is  a difficult  process 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


• The  displacement  fields  for  points  of  the  shell  are  given  by 

U = U,g,  + U2g2  + U3g3  with 


U2  = 


\lU\l22  M*12M*21 


M*11^2  ^12^1 

M"11  \^22  1^12^21 


, and  U3  = U3 ; and  where 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
IMPERFECTIONS  - CONTINUED 


l)“  = u,  + + m\ ) 1 + 2e°2cot012csc012  - ( 8°,  + e22)csc2012  + 0(e4) 


1 + A„  + 


W,  W,COt0 


'll  '12 

W:CSC0 

A2i  + 

r21 


12 


(Fife)Y°  + <5(' 

(F2[i;3)Y°  + <9|£ 


U2  = u2  + ^3(«f2  + i»2)|l  + 2e°2cot012csc012  - ( e°,  + e22)csc2012  + 0(e4) 


A12 


w^sce 


jWWWVS-|2 


12 


(Fife)Y°  + <5(' 


1 + A22  + 


Wj  WjCOtO^ 


22 


21 


(f2(?3)yI+<?(' 
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STRAINS  FOR  SHELLS  WITH  INITIAL  GEOMETRIC 
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771 


“SMALL”  STRAINS,  “MODERATE”  ROTATIONS, 

AND  “SMALL”  INITIAL 
GEOMETRIC  IMPERFECTIONS 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

• The  previous  section  of  the  present  study  shows  that  including  the 
effects  of  “small”  initial  geometric  imperfections  in  the  equations  for 
shell  undergoing  “small”  strains  and  “finite”  rotations  is  a rather 
difficult  process 

• Fortunately,  many  engineering  problems  of  practical  importance 
undergo  “small”  strain  and  “moderate”  rotations 

• For  this  class  of  deformations,  including  the  effects  of  “small”  initial 
geometric  imperfections  is  much  simpler 

• Subsequently,  the  strains  for  imperfect  shells  are  derived  by  using  a 
“small”  strain  and  “moderate”  rotation  theory,  like  that  of 
Pietraszkiewicz,  that  includes  nonlinear  bending  action 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 

• For  a “small”  strain  and  “moderate”  rotation  theory  like  that  of 
Pietraszkiewicz  (1980),  that  includes  nonlinear  bending  action,  the 
magnitudes  of  the  linear  deformation  parameters  are  restricted  by 


<Pa 

s<5(0) 

5 

<P 

*0(0) 

, and 

o 

epy 

CM 

© 

VI 

; where  o < e < i 

• For  this  case,  the  reference-surface  Green-Lagrange  strains  are  given 
in  terms  of  the  linear  deformation  parameters  by 


£°,  = e°,  + i(tp,  + cp2  cos012)  + l(p2  + cp| 

(e°2csc012  - e°  cot0,2)  + 0[b\  e4) 

£22  = e22  + ^(<P2  + *Pi  COS012)  +l(p2  + qp| 

(e22cot012  - e°2csc0,2)  + 0(o\  e4) 

2e12  — 2e12  + |<p-i  + cp2  cos012j|(p2  + (p1  cos012) 

- q)2COS012  + q)(e22  - e^jcscO^  + $(q\  £4) 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 


• In  these  strain  expressions, 


0(e4,  s4) 


indicates  that  terms  fourth  order 


in  the  rotations  and  fourth  order  in  the  strains  are  neglected 


• The  changes  in  reference-surface  curvatures,  *)  and 

k°22(^,  S2,  t)  , and  the  change  in  reference-surface  torsion,  k°2(£i,  *) , 

for  a geometrically  perfect  shell  that  are  caused  by  deformation  are 
given  by 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
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CONTINUED 


1 


K22  = X22  + j- 
1 21 


e°2csc012  - e22cot012  + (q^cp,,  + q)2  cos012)sin0 


12 


2r 


22 


2e22  + q)2  + q)2  + 2q)2  + 2q)1q)2COS0 


12 


<p1sin012  dq) 

a2  W, 


0(0V) 


o _ o 
22 


ZlC  = 2Xl2CSC012  - (X«  + XL)COt012  + Gr"  ~ 

v / 1 12  1 21 


e12csc012  - e^cotO^  e;,cot0io  - eT,csc0, 


rn 


22 


1 


12 


(cp1  + cp2COS012)  +cp2  - -L  (cp2  + q^COSOJ  +cp 

v 7 r21  v 


(<Pi  + q>2COS012)J-^  - (cp2  + (p,COS012)J-^  + 0(q\  e4) 


A201: 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 

where  the  additional  linear  deformation  parameters  associated  with 
bending  and  twisting  of  the  reference  surface  are  given  by 


° 1 dr  n \ cp2Sin012  cp 

5C”  = A7^;(tp'  + tP2COS0’2) — ^ ^ 


X22  = ^-^(<P2  + «P,COS012)  + 


cp.,sin012  tp 


2Xl2  = 


11  -‘I  P22 

1 dq^  COS012  dq)2  COS012  6cp1  1 dq)2 


21 


A2a?2  a2  a^2 

A, 

3£, 

A,ai, 

+ 

' <Pi  <P2  | 

sin012  - 

IPlI 

P22  J 

1 1 


vrn 


CSC0 


12 


22 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 


• Making  the  substitutions  cp,  -*  <p,  + , q>2  -*  <i>2  + q>'2 , e°,  e°,  + — , 

l^ii 

, and 

and  then  enforcing  the  requirement  that  the  strains  vanish  in  the 

unloaded  state  yields  = eafi  + and  K°aP  = K°aP  + KaP , where  the 

single  and  double  overbars  denote  the  quantity  for  the  geometrically 
perfect  and  imperfect  shells,  respectively 


• Specifically,  the  contributions  of  the  initial  geometric  imperfection  to 
the  reference-surface  strain  measures  are  given  by 


= ° ( n \ 1 dWi  W: 

Eli  = - <Pi  + cp2COS012  - <p  ^ 

Ai  05-1  r12 


778 


“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 


o 

2e12  = (p  csc012 


Wj  Wj  / \ 1 dWj  / \ 1 dWj 

- - - - (<P,  + «p2  COS012)-—  - (cp,  COS0,2  + cp2)-— 


K„  = - 


+ (p2  COS012  1 aq) 

( cot012  aWj  csc012  aWj  ] 

r,2  ' A,  01, 

CM 

JJLP 

CM 

< 

1 

JJLT 

T“ 

< 

[ 1 aw,  <p2sin012  | -f 


A,  01, 


12 


i'll 


‘ q^  dWj  q)2  aWi A 


At  A2a^2 


k22  = - 


q)2  + q^  COS012  1 aq) 

csc012  aWj  cot012  aWj 

CM 

JJLT 

fO 

CM 

< 

h 

1“ 

CM 

A!  a^  a2  a^2 

1 aWj  q^sin©^  1 


A 2 ^ 


21 


22 


q^  aWj  q)2  aWj 

A^^  A2a^2 


) 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 


2K°2  = - 

o <Pi  + «P2COS012  , 

1 dqp 

1 

A,  35, 

A, 

+ 

0 <P2  + cp,COS0,2  _ 1 3cp 

1 awj 

*21  A23|2 

A2a^2 

The  displacement  fields  for  points  of  the  shell  are  given  by 

U = U1g1  + U2g2  + U3g3  with 


y _ M*22^1  M*21  U 


U2  = ^1lUz — ^1zUl  , and  U3  = U3 ; ancj  where 

M*11  \^22  ^12^21 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 


1 + 


|3  cote12 


1 1°  V 

U,  = u,  + ^3 

qp,  + q>i  - <p 

f 1 dW=  ' 

m -1-  m rOQ  ft  * 

CSC012 

+ F,(i3)Y°  + 0l 

[0£2,  03,  84) 

t 2 ^ Vr  1 

^ A 2 Ot,2  ^ 

■ 1°  S- 

U2  = u2  + |3 

(p2  + CP2  + <P 

1 dW:) 

m 4-  m POQn  1 

CSC012 

+ f2(i3)y°  + ^i 

0£2,  03,  £4) 

'Pi  + t2  ^U5>D12 

^ Ai  j 

U°  = W + Wj 

-5. 

2 2 

i(«pi  + <p;)  +^(«p2  + (p2)  + («p,  + «p;)(tp2  + <p2)cose12 

+ ^(0£2,  03,  £4) 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 


Limitation  estimates  on  the  magnitude  of  the  initial  geometric 
imperfections  are  obtained  by  recalling  that  “small”  strains  are 

characterized  by  £Py  ^ 0(e2) 


As  a result,  it  follows  that 


'Py 


< 0(£2) 


Enforcing  |<pa|<0(e)5  |<p|  ^ 0(Q) , and  £Py  in  the  previous 


equations  for  £Py  yields  the  conditions 


• In  addition,  it  follows  that 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 

• For  the  “small”  strain  and  “moderate”  rotation  theory  of 
Pietraszkiewicz,  that  neglects  nonlinear  bending  action, 


= 0 l „ \ 1 dWi  W: 

£„  = - (fPi  + q>2cos012)— — - cp  — 


o 

2g  = qp  CSC012 


w,  w,  \ / \ i aw,  , , i aw, 

- - - - K1  + «p2  cos0-)  a;^  - («Pi  cose12  + cp2)^^- 


• However,  because  the  changes  in  reference-surface  curvatures  and 

o o o 

torsion  are  linear,  it  follows  that  K„  = K22  = 2K12  = 0 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONTINUED 

• For  the  “small”  strain  and  “moderately  small”  rotation  theory  of 

Sanders,  the  reference-surface  strains  for  a geometrically  perfect  shell 
are  given  by 


£°!  = e°i  +^(<Pi  + <p2  COS012)  + lq)2  e°22  = e°22  +^(cp2  + cp1  cos012)  + ^cp2 
2e°2  = 2e°2  + ((Pt  + cp2  COS012)(cp2  + q^  COS012j  + cp2COS012 


• In  addition, 


K1t  = 5Cn 


i a 

Ai 


(<Pi  + cp2COS012) 


cp2sin012 

Pn 


1 a 


K°“ = ^ = + <PiCOS0'2) 


(p.,sin012  q) 


and 


'22 


21 
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“SMALL”  STRAINS,  “MODERATE”  ROTATIONS,  AND 
“SMALL”  INITIAL  GEOMETRIC  IMPERFECTIONS 

CONCLUDED 


2k; = 2X;2 = 


1 dq^  COS012  6cp2  COS012  aq^  1 dcp2 


A2a^2  a2  a?2  A,  a^  A,a^ 

( 


_5PL_V2_ 
Pi  1 P22 


sin012  - cp 


1 1 


vrn 


CSC0 


22  / 


12 


For  these  equations, 


=°  i \ 1 dw= 

Bn  = “ (<Pi  + cp2COS012)^-— 


-°  ( \ 1 aw=  / \ 1 aWi 

28i2  = - (cp1  + cp2  COS012j— — - [cp1  COS012  + cp2] 


A,a^ 


Because  the  changes  in  reference-surface  curvatures  and  torsion  are 

0 o o 

linear,  it  follows  that  k„  = k22  = 2k  12  = 0 
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